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We study remote creation of coherence (RCC) for a quantum system A with the help of quantum
operations on another system B and one way classical communication. We show that all the non-
incoherent quantum states are useful for RCC and all the incoherent-quantum states are not. The
necessary and sufficient conditions of RCC for the quantum operations on system B are presented for
pure states. The upper bound of average RCC is derived, giving a relation among the entanglement
(concurrence), the RCC of the given quantum state and the RCC of the corresponding maximally
entangled state. Moreover, for two-qubit systems we find a simple factorization law for the average

remote created coherence.

PACS numbers: 03.65.Ud, 03.67.-a

I. INTRODUCTION

Quantum coherence is one of the fundamental features
which distinguish quantum world from classical realm. It
is the origin for extensive quantum phenomena such as
interference, laser, superconductivity [1] and superfluid-
ity [2]. It is an important subject related to quantum
mechanics, from quantum optics [3], solid state physics
[1, 2], thermodynamics [4], to quantum biology [5]. Co-
herence, together with quantum correlations like quan-
tum entanglement [6], quantum discord [7], are crucial in-
gredients in quantum computation and information tasks
[8]. Coherence shines its quantum merits in quantum
metrology [9, 10], quantum key distribution [11], entan-
glement creation [12, 13], etc.

Unlike quantum entanglement and other quantum cor-
relations, coherence, regarded as a physical resource
[4, 11, 14], has been just investigated very recently in
establishing the framework of quantifying coherence in
the language of quantum information theory [13, 15—
31]. Due to its fundamental role in quantum physics
and quantum information theory, it is still necessary to
understand how coherence works in information process-
ing and investigate the relations between coherence and
quantum correlations.

In this paper, we consider the creation of coherence of
a quantum system A, which initially has zero coherence,
with the help of quantum channels on another quantum
system B. Such creation of coherence depends on the cor-
relations between A and B, as well as the quantum op-
erations on system B. We establish an explicit relation
among the creation of the coherence on system A, the
quantum entanglement (concurrence) between A and B,
and the quantum operations.

Remote creation of coherence (RCC) can be illustrat-
ed by a simple example. Consider a two-qubit system
AB, which is initially in the maximally entangled state
(]00) + [11))/v/2. If B undergoes a projective measure-
ment under basis {|8), |51)}, and tells measurement out-

come, for example |fBy), to A, the system A’s final state
would be a superposition of |0) and |1) with some prob-
ability, if the basis |Bo) is neither |0) nor |1). The same
analysis also holds for measurement outcome |3;). Name-
ly, system A can gain an averaged coherence over all the
outcomes.

For general states, we first investigate what kind of s-
tates can be used to create remote coherence and present
a necessary and sufficient condition. Then for pure states,
we give a necessary and sufficient condition that the op-
erations must satisfy for nonzero RCC. And finally, we
give upper bounds of RCC and investigate the relations
between coherence and entanglement in our scenario.

Since a quantum state’s coherence depends on the ref-
erence basis, throughout our paper, we fix the system A’s
reference basis to be the computational basis. A well de-
fined and mostly used coherence measure is the {; norm
coherence Cj, [14]. The I3 norm coherence of a quantum
state is defined as the sum of all off-diagonal elements of
the state’s density matrix under the reference basis, i.e.,

Cr(p) = lpisl, (1)

i#]

where |p;;| is the absolute value of p;;. In the following,
we use the /1 norm coherence when we discuss the upper
bound of RCC and its relation to entanglement.

II. CONDITIONS FOR CREATING RCC

Let pA% be a bipartite quantum state and $(-) =
>on Fn()FnT a quantum operation acting on the subsys-

tem B. Let pA’ = trp[(1® $)pAB]/ tr[(1® $)pAB] be the
reduced state of the system A after the operation. Con-
cerning the quantum operations used for remote creation
of coherence with a general quantum state, we have the
following theorem.



Theorem 1. Given a bipartite quantum state pAZ, for
any quantum operation $(-) = . F,(-)F,' acting on
the subsystem B, the coherence of the final subsystem A
C(pA/) =0 if and only if pAP is an incoherent-quantum

state pAP =S, pi S, qi k) (k| @ pP.

Proof: Let pAP = > ik Pigki| 1) (k| @ 7) (1| be the quan-
tum state of system AB under the computational basis,
then the marginal state p* = trp pA8 = > ik Pijokilt) (Kl
After the quantum operation $ acting on B, pA8 be-
comes,

PP =@ 8$)p"" Jp'

1 ) .
= D il @ 37 Fal {UF,

ijkl n

where p' = tr[(I® $)p* 5] is the probability of getting the
state pAB ", Tracing over the system B, we get the final
state of system A,

pA, = 1/p/Z(Zpij,klNlj)‘i><k‘a (2)

ik gl

where Njj = ([|N]j) and N =Y F,'F,.

“=”. From equations (1) and (2), for any operation
$, C(p?) = 0 means that for any N and i # Fk,
> PijlNy =0, ie.,

> pigwiNij + Y pigaaNy + Y piwiNia=0. (3)
j

J<li <l

For the arbitrary Hermitian operator N < I (the opera-
tion § is aribitray), Nj; = N}; and the diagonal entries of
N are arbitrary real numbers which are independent of
the off diagonal entries. Thus from (3), we get p;; x; = 0,
Vj,i # k. On the other hand, for all i # k,

Zpij,klNlj + pitk; N = 0.
j<l

Set Nij = ayj+by;1, where I = v/—1is the unit imaginary
number. Substituting it into the above equation, we get

Z[(pij,kl + pitkj)ai; + (Pijkt — Pitks)bii ] = 0. (4)
j<l

Since N;; (j < 1) is arbitrary, a;; and b;; are all indepen-
dent. Then equation (4) implies that for all i # k,j <,
Dij,kl + Dilkj = Pij,kl — Pilkj = 0, 1.e., pij 1 = pirkj = 0,
Vi # k,j <l. Therefore p;; iy =0, Vj,{,% # k. Hence the
initial state pAZ becomes pAP = > i1 Pig,al ) (i) @ [5) (1|
which actually is an incoherent-quantum state [13].
“<” If pAB is an incoherent-quantum state, pA8 =
v >op di|k) (k| @ pP. 1t is easy to check that, for any
operation $ acting on system B, the final state of the
system A, pA = trp[(1©$)pAB]/ tr[(1® $)pB], has zero
coherence. ]

2

From the above proof one can see that ¥ $, C'(p2") = 0
also means that the initial coherence of system A is al-
so zero, C(p?) = 0. The above theorem implies that
any non-incoherent quantum state can be used for RC-
C under certain operations. Note that the incoherent-
quantum state actually is the classical-quantum corre-
lated state with the fixed reference basis [13]. Thus the
states, that can be used to create coherence, are not lim-
ited within entangled states. According to theorem 1
a non-incoherent-quantum separable state, with the sys-
tem A having zero coherence, can also be used for RCC.

Interestingly, the condition in theorem 1 for creating
nonzero RCC is the same as the distillable coherence of
collaboration in [16]. However, it should be noticed that
our scenario is different from the asymptotic scenario
in [16]. In [16], they study the maximal distilled co-
herence of collaboration under local quantum-incoherent
operations and bilateral classical communications for the
asymptotic case. While our work investigates the sys-
tem A’s average coherence after system B going through
a certain quantum channel (see the rest of our paper),
and the RCC in our scenario only requires one way clas-
sical communication and does not involve the maximal
process [16].

The next natural question is, for a non-incoherent
quantum state, what is the exact form of the operation
acting on system B for the creation of coherence? Obvi-
ously for operation $ =" F,(-)F, acting on system B
such that N =% F!F, =1/q, where ¢ is an arbitrary
real number bigger than 1, the coherence can not be cre-
ated, which can be seen by substituting N = I/q into
equation (2). One can check that the important quan-
tum operations including depolarizing operations, phase
flip operations, bit flip operations and bit-phase flip op-
erations all belong to this form. Moreover, all the trace
preserving quantum channels will not create the coher-
ence remotely, and measurements on the system B are
necessary in order to create nonzero coherence. We give
the necessary and sufficient condition for RCC in the fol-
lowing. Let |)4B) be a pure bipartite entangled quantum
state with zero coherence of the system A. We have

Theorem 2. After a quantum operation $(-) =
S Eu()E,T acts on the system B, the system A, with
initial coherence being zero, gains coherence if and on-
ly if there is a computational basis |i) with [N, ({i] ®
D)) AB(|(|i) @ I))] # 0, where |)AP is the initial s-
tate of AB, N =Y, F,'F,, and [a,b] = ab — ba is the
Lie bracket.

Proof: With the local computational basis, the state
of system AB can be expressed as |[¢p48) = > Wigli)]d)s
with >, |w;;|> = 1 the normalization condition. One
has p? = trp [) AP (Y| = 32, wijwi; i) (k]. Respect to
C(p?) = 0, the rows of the coefficient matrix W = (w;;)
are mutually orthogonal. Then the singular value de-
composition of W has a simple form, W = DV, where
D = (\/w;) is a diagonal matrix with nonzero singular



values ,/w; (zero singular values are trivial for our proof),
V' is a unitary matrix. Thus we get the Schmidt decom-
position,

[$45) Zﬁzvml i) Zm 8:),  (5)
where [8;) = 37, Vijlj), 22, wi = 1. We also have ((i| @

D[yp*P) = \/wilBi).
After the local operation acting on the system B, the
final state of the system A has the form,

pA =trp(1 @ $)|0)AP (W] /p'
=trp[(I®$) Z Vwiw;i) (il @ 18:) (B /v’

=3 Vel a3 s s EL O
=D V@ Nli) il

where N = Y FIF,, N = (B;|N|3;) and p/ =
tr[(I ® $)|1/1>AB<¢|] the probability of getting the state
pAI. Since /w; # 0 V 4, all the off diagonal entries
of pAI vanish if and only if Nj; = 0, V j # ¢, which
means that |G;)s are just the eigenvectors of N. Equiv-
alently, [N,w;|8;)(8i]] = 0, V i. Thus C(p?) # 0 if
and only if there is a computational basis |i) such that
[N, wil Bi)(Bsl] # 0, where \/wj]8;) = ((i| @ D[pAF).  m

For a pure bipartite entangled state |458) with A’s
initial coherence being zero, we have presented an opera-
tional way to determine Whether $()=>, Ful: JF, on
system B can create system A’s coherence. In fact, from
the proof we have also given the explicit form of the quan-
tum operation that can not create coherence of system
A. Such operation N has the form: N = >".n;|8;)(fil,
where n;s are arbitrary real numbers in [0,1], |8;) =

(il @ D AP) [/ (AP (Ii) @ T)) (] © D]pA5).

IIT. UPPER BOUND FOR RCC AND ITS
RELATION WITH ENTANGLEMENT

Theorem 2 shows the necessary and sufficient condition
for quantum operations that create nonzero coherence.
Now we study how much RCC can be created and the
relation between RCC and the entanglement between A
and B.

Lemma 1. Under a quantum operation $(-) =
>, En(-)E}, the remote created coherence for a pure bi-
partite state WJAB> is bounded by

|¢AB
C(P ) /Z|Nﬂ‘2 (7)

where C' is the Iy norm coherence, E is the entanglement
measure, concurrence, p' is the probability of getting the

state pA', N = Y2 FIF, <1 and Nj; is the matriz

elements under |1/)A§> ’s Schmidt decomposition’s basis of
system B.

Proof: From equations (1) and (6) we have,

Cp™) = 1/p" Y \/wiw;| Ny (8)

i#]

By Cauchy inequality » . a;b; < />, a:2); b2, we

have

> VNG| < Y wiws > NG

i#] i#] i#]

\/22&)1'60]'\/2 ‘N]1|2
i i<j

On the other hand, the concurrence of the state (5)
is given by E(|yA7)) = /2(1 - t1[(trp [)AB(4])?]) =
\/22_ix; wiwj, which together with (8) and (9) complete
the proof. [ |

Under the operation $ acting on the system B, one in-
teresting thing is that the upper bound of RCC (7) is
proportional to the entanglement while inversely propor-
tional to the probability of getting the final state. Here,
one should note that N;;s depend on the local Schmidt
decomposition basis, hence the bound (7) not only de-
pends on the entanglement between A and B, but also
the local basis of the system B, as the coherence is a basis
dependent quantity. Next, we investigate the relations a-
mong the average RCC under an operation on the system
B for maximally entangled states, that for an arbitrarily
given pure quantum state and the entanglement of this
given state.

Consider a pure bipartite entangled state |)48) and a
trace preserving quantum channel $(-) = > F,(-)F,",
>on F,'F, = I. Under the channel $ on the system B,
the state [¢pA8) becomes (I ® F,)|[v)4E (v|(1® F,)t/pl,
with probability p/, = tr[(I ® F,)[¥)AB@|(I @ F,).
Bob communicates each outcome to Alice such that, un-
der the channel $, Alice can gain an average coherence

over all the outcomes, 6A‘B(|¢AB>) => . 0Crp[(I®
F)l9) AP (I ® Fo)'l/pr).

Theorem 3. For a pure bipartite entangled state |pAB)
with zero coherence of system A, under a trace preserv-
ing quantum channel $(-) = 3., Fn(-)F," on system B,
the average created coherence of system A satisfies the
following relation:

(9)

dp
2

BuaBy) < SE(wAP)T P (1642)),  (10)

where |¢pAB) is the mazimal entangled state in the
o

Schmidt decomposition basis of |18, C ‘B(W’AB)) and

6A‘B(|¢AB>) are the average coherence of systems A un-

der the channel $ for states [pAB) and |¢pAP) respectively,



C is the Iy norm coherence, d is the dimension of system
A and FE is the concurrence.

Proof: By setting w; = 1/d, Vi, in (5) we get the max-
imally entangled state with respect to [1/4)’s Schmidt
basis,

|¢AB

) =1V 1915, ()

where d is the dimension of system A. Under the channel
$ on system B, the final states of system A corresponding
to [¢A4B) and |¢pAB) are given by

pi = trp[(L® F) |08 (4T F,)1/pl,

and

pi" = trp[(1® F) o) AP (o)1 @ Fu)'] /0,

where p!, = tr[(I® F,)|v)AB (y|(I® F,)T] and p!! = tr[(I®
F.)|#)2B(¢|(I® F,,)'] are the probabilities of getting the

states pfl‘/ and pﬁ” respectively. Employing equation (6),

we get the coherence C(pA') = > iz /@5 Nl /pl,, and

0( A" = L5 INjil/pll, where N = 3~ F,'F, and
= <ﬁj |N|ﬁz>

Utilizing the following relation

YoV < O INal)? = %Z [Nl (12)

i<j i<j i#j

and Lemma 1, we get the relation

2,02y < LB(uAB) oA,

Since $ is trace preserving, the average coherence satisfies
AB A”
> m,C E(ly Z PrC(py
n

which gives rise to the relation (10). ]

Theorem 3 shows that for a bipartite state [1)47) with
initial zero coherence of system A, under a tracing p-
reserving channel of system B, the average increasing
of the coherence of system A is bounded by the entan-
glement between systems A and B, and the average co-
herence of system A for the maximally entangled state
|¢4B) under the same channel for the system B. In fac-
t, (10) is also valid for the system going through some
non trace-preserving channels with certain probabilities.

Let $5(:) =, Fk(- )F’ch be a set of quantum operations

such that >, > F,’f Fk =1, i.e., each $}, is not a trace-
preserving channel, but all $; together is. If the system
B of a given state [1))A? and the maximally entangled
state |¢pZ) go through the operation $;, with probability
pi = tr[(T® $)[4) 7 (y[] and py = tr[(T ® $i)]0) 47 (4[],
respectively, then one can prove that the average coher-

P(048)) = Sy s Clerp[L@ $)[)AB (W] /p})
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FIG. 1: The relation between entanglement (horizontal ordi-
nate) and the average RCC (vertical ordinate). We randomly
generate over 2 x 10° pure states with the form of equation (5)
in 2®2 system, of which the average RCCs are under the phase

damping channel {Fy = |0){(0] + /1 — r|1)(1], F> = /r|1){1]}
acting on the system B. The average RCCs, AIB(|1,ZJAB>)

(blue dots), get larger as the phase damping rate r increases
(the different darkness of blue dots stands for different val-
ues of r), while the ratio between the average RCC of a state
and the average RCC of its corresponding maximal entangled
state, C' AlB(|1/JAB>)/CA|B(\¢AB)) (red dots), is always equal
to its entanglement for all r.

and 017 (1645)) = 5, plC(tral(1  $4)|8)A2 (]} /o))
satisfy the relation (10). Here, if each $j is given by one
Kraus operator, $x(-) = Fi(-)F%', then one recovers the
result for a trace preserving channel. It should be noticed
here that for the remote creation of the averaged coher-
ence, the one-way classical communication is required.
Otherwise, one would end up with super-luminal signal-
ing.

Remark Averaging the $;s for equation (7) we can also
obtain a tighter bound for the average RCC.

P8y < E(w )Y 3O INER, (13)

k j<i

where N* = 3° FFFF and NE = (8;|N¥|8,), with |8;)
as given in (11). This inequality provides a tighter bound
than (10) and could be used to estimate the average RCC
for a pure entangled state and a set of operations.

Nevertheless, the Theorem 3 gives a more explicit re-
lation among the entanglement, RCCs of the given state
and the corresponding maximally entangled state. In
particular, for two-qubit case, we have the following the-
orem:

Theorem 4. For a pure 2 ® 2 entangled state |pAB)
with zero coherence of system A, under a trace preserv-
ing quantum channel $(-) = 3., F.(-)F," on system B,
the average RCC of [1pAB) equals to the product of the
entanglement of [1vAP) and the average RCC of |AB) s
corresponding maximally entangled state |<{>AB>, i.e.,

B1wABy) = E(p?B) TP (164B)).  (14)



The proof for the above can be derived by noting that,
in 2® 2 case, the summation in (9) and (12) only con-
tains one entry which leads to that the equality holds in
Theorem 3. The above factorization law manifests that,
in a 2 ® 2 system, if the operations satisfy the nonzero
RCC condition in Theorem 2, then the average RCC of
the state is proportional to its entanglement. Since the
entanglement is smaller than 1, its average RCC is al-
ways smaller than its corresponding maximal entangled
state’s average RCC. Fig. 1 shows the relations between
the average RCC and entanglement for 2 ® 2 pure states
under phase damping channel.

For higher dimensional systems, while the upper bound
of the average RCC for a state is proportional to its en-
tanglement, depending on the operations one chooses, its
average RCC can exceeds its corresponding maximally
entangled state’s average RCC. Here it should be noted
that the coherence depends on the reference basis, while
the entanglement is local unitary invariant. Hence we fix
the same basis for the maximally entangled state |¢*5)
to the one of [1)AF)’s Schmidt basis.

Besides quantum entanglement, similar relations like
(10) or (13) may also exist for other quantum correla-
tions like quantum discord, as Theorem 1 implies that
all the non-incoherent-quantum states are useful for R-
CC, other quantum correlations could be responsible for

RCC ceither.

IV. CONCLUSIONS

In conclusion, we have studied the coherence creation
for a system A with zero initial coherence, with the help
of quantum operations on another system B that is cor-
related to A and one-way classical communication. We
have found that all the non-incoherent quantum states
can be used for RCC and all the incoherent-quantum
states can not. For pure states, the necessary and suf-
ficient condition of RCC for the quantum operations on
system B has been presented. The upper bound of av-
erage remote created coherence has been derived, which
shows the relation among the entanglement and RCC of
the given quantum state, and the RCC of the correspond-
ing maximally entangled state. Moreover, for two-qubit
systems, a simple factorization law for the average remote
created coherence has been given.
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