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REGULARITY OF DIRAC-HARMONIC MAPS WITH 1-CURVATURE TERM IN
HIGHER DIMENSIONS

JURGEN JOST, LEI LIU, AND MIAOMIAO ZHU

ABsTRACT. In this paper, we will study the partial regularity for stationary Dirac-harmonic maps
with A—curvature term. For a weakly stationary Dirac-harmonic map with A—curvature term (¢, y)
from a smooth bounded open domain Q C R” with m > 2 to a compact Riemannian manifold N, if
Y € WhP(Q) for some p > % we prove that (¢, ) is smooth outside a closed singular set whose
(m—2)-dimensional Hausdorff measure is zero. Furthermore, if the target manifold N does not admit
any harmonic sphere Sl 1=2,...m—1,then (¢, ¥) is smooth.

1. INTRODUCTION

Variational problems from fields of theoretical physics, like quantum field or string theory, usu-
ally come in some particular dimension, with some finite dimensional, but non-compact symmetry
group. These include harmonic maps coming from the nonlinear sigma model in dimension 2 or
Yang-Mills fields in dimension 4. Typically, they then represent borderline cases of the Palais-
Smale condition, and therefore, standard PDE methods for proving the regularity of solutions may
not apply. In those dimensions, geometric analysis can usually identify a particular blow-up behav-
ior, that is, a special scheme for the emergence and the control of singularities. That is, minimizing
sequences can develop singularities, but in the limit, these singularities can be described as regular
solutions on some blown-up domain.

The mathematical aspects, however, are also of much interest and subtlety in higher dimen-
sions. In those dimensions, solutions can really become singular. Again, this has been widely
explored in geometric analysis. For instance, the equations for minimal submanifolds in Euclidean
or Riemannian spaces loose the conformal invariance, and completely new phenomena emerge,
in particular around the Bernstein problem, and this has been a key trigger for the development
of geometric measure theory. For harmonic mappings, see [18, [15) 16, 35], and for Yang-Mills,
Riviere has carried out the systematic investigation in dimensions larger than 4, see [32]] and the
references therein. In those cases, the best analytical results that can be obtained are usually partial
regularity results, that is, one can control the Hausdorff dimension of the singular set and often
also the structure of the singularities.

Here, we engage in such an investigation for Dirac-harmonic maps, a variational problem mo-
tivated by the supersymmetric non-linear sigma model of quantum field theory. They arise again
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naturally in dimension 2, where we again find conformal invariance and can perform a — rather
subtle — blow-up analysis. Dirac-harmonic maps were first introduced and studied in [9, [8] in
dimension 2. In light of the above, it seems worthwhile to also investigate them in higher dimen-
sions, and again, we expect that the analytical behavior will be rather different. Such an analysis
has been started by Wang and Xu [40]. In particular, they derived a monotonicity formula and
controlled the singular set as for harmonic maps. In fact, since Dirac-harmonic maps generalize
harmonic maps in the sense that they couple a harmonic map type field with a nonlinear Dirac
field, one should naturally expect that the structure of harmonic map regularity theory can serve
as a guideline. Nevertheless, as it turns out already in dimension 2, while the results are indeed
roughly similar to those known for harmonic maps, their proofs can become considerably more
difficult. This forces the development of new techniques, some of which then in turn also lead to
deeper insights for harmonic maps. Here, we take a step further by implementing the important
analysis of Lin [26] who could show regularity in the absence of obstructions, represented by har-
monic spheres in a certain range of dimensions. Also, we consider a model that is more general
than that in [40]], but which is important from the original perspective of quantum field theory, that
of Dirac-harmonic maps with curvature term. While the curvature term usually only comes with a
constant factor in the literature, we find that we can also admit a field-dependent, variable factor,
without impeding the analysis.

We now recall the technical details of the models, and then state our main results at the end of this
introduction. Let (M, g) be an m-dimensional compact spin Riemannian manifold, XM the spinor
bundle over M and (:, -)s» the metric on ZM. Choosing a local orthonormal basis e¢,,a@ = 1,...,m
on M, the usual Dirac operator is defined as @ := ¢, - V,_, where V is the spin connection on ZM
and - is the Clifford multiplication. For more details on spin geometry and Dirac operators, one
can refer to [25]].

Let ¢ be a smooth map from M to another compact Riemannian manifold (N, #) with dimension
n > 2. If ¢*TN is the pull-back bundle of TN by ¢, we get the twisted bundle XM ® ¢*TN.
Naturally, there is a metric (-, -)syegry 0N XM ® ¢*TN which is induced from the metrics on
XM and ¢*TN. Also we have a natural connection VonIM® ¢*T N which is induced from the
connections on M and ¢*TN. Let ¢ be a section of the bundle ZM ® ¢*T N. In local coordinates
{y'}, it can be written as

¥ =y ®0,(9),
where each ¢/ € I'(ZM) is a usual spinor and {0} is a local basis on N. Then V becomes
(1.1) Vo = Vo' © 0,(¢) + (T, Vo ® 0,:(9),

where I“;.k are the Christoffel symbols of the Levi-Civita connection of N. The Dirac operator along
the map ¢ is defined by

Dy = ey Vo .
Now, consider the action functional introduced in [&, 9]

(12) L) = [ (o + . DOYsuserdvol,
M

Critical points (¢, ¥) of L are called Dirac-harmonic maps from M to N.
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In local coordinates, the Euler-Lagrange equations of the functional L are given as follows

. . . 0
(1.3) (A¢' + Ty g gl ) Gy ) = K@),
(1.4) Dy = 0,
where R(¢, ) is defined by

1 . .0
R(§,4) = SRi($(x)Re(y, V¢’ - W) g 0.

Here Re(z) denotes the real part of z € C and R’;l?j stands for the Riemann curvature tensor of the
target manifold (&, g). See [8, 9] for details.

Dirac-harmonic maps are motivated from the supersymmetric nonlinear sigma model from quan-
tum field theory [12] [19]. They have been investigated extensively in recent years. This subject
generalizes the theory of harmonic maps and harmonic spinors. The regularity problem for har-
monic maps has been extensively studied in the literature, see e.g. (28, 35, [17, [13} 3} 6] for the
classical regularity theory of minimizing harmonic maps and stationary harmonic maps. Based on
the geometric analysis techniques developed for harmonic maps and more generally critical ellip-
tic systems with an antisymmetric structure [31}33]], regularity issues for Dirac-harmonic maps in
dimension two were systematically studied in [8} 43} 40, [11} [37]. In higher dimensions, Wang-Xu
[40] introduced the notion of stationary Dirac-harmonic maps and derived a monotonicity for-
mula for stationary Dirac-harmonic maps, based on which some partial regularity results were
obtained. They proved the singular set has Hausdorff dimension at most m — 2. In this paper, we
give conditions on the target manifold under which the dimension can be reduced further. More-
over, we prove these properties hold for a general case, i.e. Dirac-harmonic maps with A-curvature
term. The blow-up analysis for Dirac-harmonic maps has been investigated in [8} 42} 144, 27]. To
study the existence problem, a heat flow approach was introduced in [10] and further explored in
(21}, 22} 23]

Usually, the supersymmetric nonlinear sigma model of quantum field theory includes an addi-
tional curvature term in addition to (1.2)). This leads us to consider the following functional

1 1 o
(1.5) L(p,¥) = 5 f (|d<15|2 + (U, DY )smepTn — gRiijW, YA, Wl>) dvol,.
M

Critical points (¢, ) of L. are called Dirac-harmonic maps with curvature term from M to N.
They were first proposed and studied by Chen-Jost-Wang [7], where a type of Liouville theorem
was proved. The regularity for weak solutions in dimension two was considered in [4]. The
blow-up theory, including the energy identity and bubble tree convergence, for a sequence of Dirac-
harmonic maps with curvature term from a closed Riemann surface with uniformly bounded energy
has been systematically investigated in [20]]. For the regularity problem of a similar model with
a different type of curvature term, i.e., Dirac-harmonic maps with Ricci type spinor potential, we
refer to Xu-Chen [41]].
In this paper, we shall consider the following functional:

A o
@Rikﬂ(@(lﬁl, v, l,bl>)dvolg

1
Lo, ¢) = 3 L (|d¢|2 + U, DY) smepTn — 6
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where A is a smooth function on N. Since (N, h) ia a compact Riemannian manifold, we define a
nonnegative constant:

(1.6) Ay = maxyey [A(Y)| + [VA(Y)I.

The critical points (¢, ) of L, are called Dirac-harmonic maps with A-curvature term from M to
N. Thus, (¢,y) is a Dirac-harmonic map iff A = 0 and it is a Dirac-harmonic map with curvature
termiff 1 = 1.

By the Nash embedding theorem, we embed N isometrically into RX. Following Wang-Xu’s
analysis set up for Dirac-harmonic maps in higher dimensions in [40]], we denote

WYA(M, N) := {p € WM, RE)|p(x) € N, a.e.x € M},
SHUBEMQ¢'TN) :={y eT(EM @ ¢*TN)| f W1 + [Vi]?) < o).
M

Here € T(EM ® ¢*T N) should be understood as a K-tuple of spinors (', ..., ) satisfying

K
Sones
i=1
for any normal vector v = (vi, ..., vg) € RX.

In the sequel, for simplicity, we shall consider the case that M = Q is a bounded open domain
of R™ with smooth boundary and equipped with the Euclidean metric. Then, the spinor bundle XM
over M can be identified with £ = Q x CF, L = rankcX. See [23].

Definition 1.1. We call (¢, ) € W'2(Q, N) x S 3(CL® ¢*TN) a weakly Dirac-harmonic map with
A-curvature term if it is a critical point of L, over the Sobolev space W!2(Q, N)xS "*/3(CL@¢*TN).

Our first main result is the following small regularity theorem.
Theorem 1.2. For m > 2, there exists an € = €(m, A;, N) > 0 such that if (¢, ) € W'2(Q, N) x

S 1’%(CL ® ¢*TN) is a weakly Dirac-harmonic map with A-curvature term satisfying

(1.7) sup  ~" (IVol* + ly|Hdvol, < €,

x€By, (x0),0<r<rg B,(x)

then (¢, ) € C*(B 0 (x0)), and it satisfies
2 -7 2
(1.8) IVl p0xon + WL, oy < Co " UVl 00 + Iy, (100

where C = C(m, Ay, N) > 0 and A is as in (1.6).

When 4 = 0, the conclusion in the above theorem has been proven in [40]. When m = 2 and
A =1, one can refer to [4]].

Similarly to the classical regularity theory of harmonic maps, in order to study the partial regu-
larity in higher dimensions, we need to introduce the notion of stationary solutions.
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Definition 1.3. A weakly Dirac-harmonic map with A-curvature term (¢, ) € W'4(Q, N)xS "3 (CL®
¢*TN) is called stationary if it is also a critical point of L, with respect to the domain variations,
i.e. for any Y € C(Q,R"), it holds

d A o
d—|z:o f (|d¢z|2 + (Y1, DY s e TN — —RikJ'z(lﬁ;,MXW?J&Q)dVOl =0,
t Q 6

where ¢,(x) = ¢(x + tY(x)) and ¥,(x) = ¥ (x + tY(x)).

We would like to remark that for the cases A = 0, 1, the above definition has been introduced in
[40, 5], respectively, where the following monotonicity formula was derived: for any x, € Q and
0 < r £ry <dist(xy, 09),

A . A o
" f (VP + =Ry, y Yy ' dx — i7" f (VP> + =Ry, w! Y, o' y)dx
By (o) 6 By, (x0) 6

=f rz_mf (2Ia—¢|2+R€<l//,5r'lﬁr))dH”_1dr
r dB, (91"

where 0, = % = 6|fo0| and ¢, = V. The second term of the right hand side of the above equation

does not have a fixed sign, which makes the use of this formula difficult. This is why in [40], some
additional condition on the spinors was imposed in order to get the partial regularity of stationary

Dirac-harmonic maps.

In this paper, we shall impose the same extra condition for the spinor as in Wang-Xu [40] and
get the following partial regularity theorem for stationary Dirac-harmonic maps with A-curvature
term. For similar results for stationary harmonic maps and stationary Dirac-harmonic maps, we
refer to 3} [13] 40].

Theorem 1.4. Form > 2, let (¢, ) € W'2(Q, N)x S 13 (CL @ ¢*TN) be a weakly stationary Dirac-
harmonic map with A-curvature term. Suppose ||Yllwir) < A for some p > 27’”, then there exists a
closed subset S (¢) C Q, with H" (S (¢)) = 0, such that (¢, ) € C*(Q\ S(¢)).

Furthermore, we have

Theorem 1.5. Under the same assumption as in the above theorem, if N does not admit harmonic
spheres, S', 1 = 2,....,m — 1, then (¢, ) is smooth.

To prove Theorem [I1.2] we firstly use the idea of Wang in [39] to improve the regularity of
the spinor ¢ and then apply regularity results for elliptic system with an antisymmetric structure
(see e.g. Theorem [5.2] in Appendix) to handle the map ¢. For Theorem [I.4] since V¢ € L?
for some p > 27’", it follows from using Theorem the monotonicity formula and applying
similar arguments as in Wang-Xu [40]. As for our last Theorem thanks to the observation in
Proposition 4.5 for some formulas of the spinors, following Lin’s scheme in [26], we consider the
concentration set of a blow-up sequence of Dirac-harmonic maps with A-curvature term. The proof
is based on the analysis of defect measures by geometric measure theory.

The rest of the paper is organized as follows. In Section [2] we first derive the Euler-Lagrange

equation for stationary Dirac-harmonic maps with A-curvature term. Secondly, we establish the
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monotonicity formula crucial to prove Theorem and Theorem In Section [3) we prove
the small regularity Theorem and then Theorem follows immediately by applying some
monotonicity formula argument. In Section 4 we use the blow-up analysis to prove Theorem
For the reader’s convenience, we will state some well-known regularity results and estimates for
some first and second order elliptic systems in Section [5]

2. EULER-LLAGRANGE EQUATIONS AND MONOTONICITY FORMULA

In this section, we will derive the Euler-Lagrange equation and the monotonicity formula for
Dirac-harmonic maps with A-curvature term.

First, similarly to the cases 4 = 0, 1 considered in [9] and [7], respectively, the Euler-Lagrange
equations of the functional L, can be derived in terms of local coordinates as follows:

Lemma 2.1. Let (¢, ) be a Dirac-harmonic map with A-curvature term from M to N. Then, in
local coordinates, ((/), W) satisfies

A o 0
w(¢) = l,,(¢><w Vo' <¢)——hmI’leﬂ;pwzW><w",wl>ay—m<¢)
VN/l
@0 D R, W><w o,
(2.2) Dy = —R’,’W w2 )

6 m

where T(¢) = ( Ag' + T kg“ﬁgba(pﬁ) 9 (p(x)) is the tension field of ¢ and VNA = W™ gﬂpayim is the
gradient vector field on N.

Proof. By the computation of Section /1 in [7]], we obtain the y-equation for L,,
A , 0
Dy = 3RGAW W 55 (@)
and

d 1
d—|z 0= f(|d¢z| + (yr, Dy))dvol,
1 2
) 2fM( =23, (@) + ST RO W YW ) + 0, V- W>Rmzu)f dvol,,

where ¢, is the variation of ¢ with ¢y = ¢ and %|,:0 =¢&.
We just need to compute the last term:

d AP,
_d_tltzoL 5(12)) i W whdvol,

A 1 : C o0
= fﬁ; 1(;5) Rijum(W' WO e dvol, —ELRijsz/’l,lﬂkxl//],lﬂl)(%)—mfmdvolg.
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Thus,
_dLid)
dt "
1 . . . A . .
= E f ( - ZhimTl(¢) + <wl9 V¢l : wj>leij - %Riﬂd;m(wl, wk><wj, wl>
M

1 , . o1
- gRiﬂd(W, N, W)ay—m)fm-

The conclusion of the lemma follows immediately.
O

By the Nash embedding theorem, we embed N isometrically into RY, denoted by f : N — RX,
Since A4 € C*(N), there exists an extended function A € Cg"(RK ) (for simplicity, we still denote it
by 1), such that

llc2@ry < CANIAlc2vy-
Set
¢'=fo¢ and Y = fu.
If we identify ¢ with ¢’ and ¢ with ¢/, similarly to the case of 4 = 1 and dim M = 2 considered in
[4, 20], we can get the following extrinsic form of the Euler-Lagrange equation:

Lemma 2.2. Let (¢,¢) € W'2(Q,N) x S 1’%(CL ® ¢*TN) be a weakly Dirac-harmonic map with
A-curvature term. Then, (¢, V) satisfies

(2.3) -A¢p = A(d¢,dp) + Re (P(A(dd(es), eq - ) ¥)) — GW),
(2.4) dy = Adp(eq), eq - ) + F, Yy
where

Re (P(A(dg(e,), eq - ¥); ) = P(A(Dy1,8,); 0y)Re(y', V! - yrl);
A .
GW) = (VA Aw) = (VA Aj))Re((W/', YW ')

T

B . .
= 5 R0,y ) u;
A .
F(lﬁ, W)W = g (P(A(a)h ayl); ay"') - P(A(ayja ayk); ay’)) <wj’ lﬁlﬁﬂk,

and B := (%, ves a%), BT is the tangential part of B along the map ¢, P(-;") is the shape operator,
Le.

(P& X),Y) =(AX, Y),&)
forany X, Y € I(TN),& € I(T*N), A is the second fundamental form of N in RX and

A(dP(es), eq - ) = (Vo' - /) ® A(Dy, D).

Proof. The proof here is almost the same as the computations in the case of 4 = 1 (see Section 3 in
[20] where the inner product for the spinors was taken to be Hermitian as in this paper and hence
one needs to take the real parts for certain terms. See also Lemma 3.5 in [4]). We omit the details
here. O
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Secondly, we will derive some useful formulae (i.e. Lemma[2.3]and Lemma[2.4) for stationary
Dirac-harmonic maps with A-curvature term which are just Lemma 4.2 and Lemma 4.4 in [40] for
A = 0 and Proposition 5.3 and Proposition 5.5 in [S] for 4 = 1.

Lemma 2.3. Let (¢,¢) € W2(Q,N) x S 1’%(CL ® ¢*TN) be a weakly Dirac-harmonic map with
A-curvature term. Then (¢, ) is stationary if and only if for any Y € C7(€2,R"), there holds

B

oo 0 0 = A o oY
2.5) fQ ( )~ 3IVolou+ SRetw, = vow>—ERikﬂ<w’,w><w’iw’>aaﬁ)aa

Ix’ OxP P =0.

Proof. Lett € R small enough andy = F(x) ;= x+tY(x)and x = F, !(y). On one hand, by Lemma
4.2 in [40]], we have

d 1
Eh:o— f(|d¢z|2 + Wi, DY )smesTN)AX

oy 0. 1 _ 1 3 o
2.6) f (<8a 0y = S0P, + sRe(, afﬁw) o
On the other hand, we have
d 1

1 o
Ell:OELERikﬂ(l//;’ Ut whydx

= oo [ SRasw 0@ Wac dx
@) = 55 || Raw' it whdive,
where we used the fact that
%I,zojacF;] = —div(Y).
Combining (2.6) with (2.7)), we will get the conclusion of the lemma. m]

Now, we can derive the monotonicity formula for weakly stationary Dirac-harmonic maps with
A-curvature term (see [40, 5] for the cases of 4 =0, 1)

Lemma 2.4. Let (¢, ) € W'2(Q,N) x S 1’%(CL ® ¢*TN) be a weakly stationary Dirac-harmonic

map with A-curvature term. Then for any xy € Q and 0 < r| < ry < dist(xy, 0Q), there holds

1 o
rﬁ " f ( )(|V¢| + Rtk]l<w W)(lﬁ lﬁ Ndx — B f ( )(|V¢|2 + gRikjl@V, l//]><wk’ wl»dx
ry (X0 Br| o

B,

_ f = xo P ¢| + Re.d, - y,))dx
) (XO)\Brl (XO)

where 0, = +- = and Y, = garlﬁ.

or (')Ix Xo|

Proof. For simplicity, we assume xo = 0 € Q. For any € > 0 and 0 < r < dist(0,09Q), let
@e(x) = @ (|x]) € C3'(B,) be such that 0 < p(x) < 1 and ¢(x)|p,_,, = 1. Taking Y(x) = xp.(x) into
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the formula (2.5]) and noting that

oYP x¥xB

= Pe(X)00p + —— é s
T = P+ gl

we have

1 . .
<1—§> f IV ee(x) + f SRew, Dyypd(x) - f %Rikﬂwal//’><¢//k,l//l>soe(X)
B, B, B,

0 1 1 — 1 o /
= jl;r (_|8_le + §|V¢|2 — §R€<lp, 8}" . Vﬂrw> + ERikjl<lV, wj><wk’ wl>) |X|SDE(X).

Using the equation (2.2)) and letting € — 0, we get
Pl o A o
@=m) [ (0P + SR w0 0+ [T + SRt 0 )
B, B,

=r f (2|‘;—¢|2 + Re(y, 0r - V),
8B, r

which yields

d( 2m 2 A i ik

r (IVOI" + —Rije', Y)W, ¥ ))dx
dr B, 6
) —
=2 f QUL + Rew, or - Vo).
OB, al"

The conclusion of the lemma follows by integrating r from ry to r;. O

The following corollary is a small extension of the case of 4 = 0 considered in [40]:

Corollary 2.5. Let (¢, ) € W'2(Q, N) X S "3(CE ® ¢*TN) be a weakly stationary Dirac-harmonic
map with A-curvature term. If we assume

llwirg) < A

or some 2 < p < m, then for any xy € Q and 0 < r; < r, < min{dist(xy, 0Q), 1}, there holds
3

2m

33—
2— 2 2— 2
n IVl dx <r,™ IVol"dx + Cem)llll e IVUllrs,,cont, "
L™=P (B, (x0)) 2
Brl (x0) Br2 (x0) "2

_4m

6
+ Clm, NYA I r, ",

L7 (B, (x0))

where A, is as defined in (1.6).



10 JOST, LIU, AND ZHU

Proof. By Lemma[2.4] we know

pl o
" f VolPdx < 2 f (VO + 2R,y )@ 4
By (x0) Br, (x0)

+ f lx — xo* "Wl Vldx
Brz(xo)\Brl (XO)
—-m /l i /
—r f gRikﬂ(lﬂ SR ylydx,
Brl (.X())
which implies

rf_mf IVpl*dx < rg_mf Vol dx + C(N)Alrg_mf y*dx
Br1 (x0) Br2 (x0)

Brz(x())
(2.8) + f lx — xo* " WlIVYldx + C(N)A 7™ f ly|*dx.
Brz(x())\Bq (x0) Brl (x0)
By Sobolev’s embedding and Young’s inequality, we have

2— 2—
f lx = xol "Wl IVildx < [lll, e IV Lo, cxopllix = Xol ™11 e
By (x0)

L™P (B,(x0)) L’””‘Zl'”"” (Br(x0))

2m

3_i
(2.9) < Cmlll e, IVl o™
and
(2.10) e f ll*dx + 5" f li*dx < Cm) I mp r, .
Br] (x0) B,-z(xo) Lm p(Brz(XO))

Then the conclusion of the corollary follows immediately from (2.8).

3. PrOOF OF THEOREM AND THEOREM [1.4]

In this section, we will prove our main results: Theorem@ and Theorem@
For Theorem[I.2] we will firstly use the idea in [39] to raise the integrability of . Let us recall
the definition of Morrey spaces (see [29]). For p > 1,0 < ¢ < m and a domain U C R™, the

Morrey space M"#(U) is defined by
MPHU) = {f € L, (O I fllsrawy < o0}

loc

where

W= sup " [ 1P
B,

B,.cU

Lemma 3.1. Forany 4 < p < co and m > 2, there exists a positive constant €, = €(p,m,N) > 0
and C = C(m, p,N) > 0, such that if (¢, V) is a weak solution of [2.4)) and

IVllp22s,) + ”l/l”le”Mz’z(Bl) <€,
then € LP(B, ;) and satisfies the estimate
3.1 Wlrs, ) < C(m, p, N)IWAIpse28,)-
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The idea of proving this lemma is similar to Lemma 2.2 in [39] which has been applied to some
other Dirac type equation in dimension 2 in [37, 4]. Recently, [24] (Lemma 6.1) proved a similar
lemma for a more general equation in higher dimensions which can be used in our case.

Proof. By (2.4), it is easy to see that y satisfies the equation of the form (5.1)) in the Appendix with
Al < (V! + 1Ay, B =0,

the conclusion of the lemma follows from Lemma [5.1] in the Appendix (or Lemma 6.1 in [24])
immediately. O

Combining Lemma [3.1] with Theorem we can now prove Theorem

Proof of Theorem [1.2l Without loss of generality, we may assume ry = 1. By assumption (1.7),
it is easy to see that

IV@ll 2208, (x)) + |||W|2||M2f2(31(x0)) < &.
If e < ——, by Lemma we have ¢ € L%(B%(xo)) for any 2 < g < oo and

1+A1 ’
117 e < C(m, q, N)IWlp208,(x0))-

LTHI(B%(XO))

Thus e
GW) € L*(B3(xo))-

By slightly modifying the extrinsic equations for Dirac-harmonic maps (i.e., the case of 4 = 0)
considered in [43} [11}37] (see equations (3.6) and (3.8) in [37/]), it is easy to see that the equation
(2.3) for the map can be written as the following form
Ap=Q-Vo+f
with an antisymmetric potential Q satisfying
Q1 < CN(VY| + Iy P,

and with an error term f satisfying

11 = 1GW)I < C(Ay, N)lyl*.
Take €y = min{ 13\1, 5(51\/)}’ where € is the constant in Theorem in the Appendix. By Theorem
we know V¢ € M‘f’z(Bg(xo)) for any 2 < g < oo and

IVAllrra2(85 oy < Cm, q, NYUIVAlL2(85 (x0)) + IGWI| s )
8 4

Lm(B%(XO))

< C(m,q, A1, N)UIVOll 28, x0)) + I pr228, (x0)))5

which implies |A¢| € L‘f(B% (x0)) and for some g > m. The elliptic theory tells us ¢ € WZ"I(B%(xO)).
Thus ¢ € C l"’(B%(xo)) for some @ > 0. Then by (2.4) and the standard first order elliptic estimates
Lemma we get € Wl’q(B%(xO)) which yields € Cl’“(B%(xo)) and (T.8) holds. The higher
order regularity then follows from the classical Schauder estimates for the Laplace and Dirac equa-
tion (see Lemma [5.4|in the Appendix) and a standard bootstrap argument. O

Now, we prove our main Theorem [I.4]
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Proof of Theorem[1.4. Without loss of generality, we assume A # 0 (for A = 0, one can see [40]).

Let g > 0 be the constant in Theorem Define
2

€
(32) S(@) = lx € Q: liminf 2" f Vo > 2.
™o B, () 2"
It is well known that H"~2(S (¢)) = 0. Next, we show S (¢) is a closed set and (¢, ) € C®(Q\ S ().
For any xp € Q \ S(¢) and € > 0, there exists 0 < ry < € such that,
2

(3.3) Qro)™ f VoPdx < <.
Boyy (x0) 2"

Therefor,
62
(3.4) sup 2" f IVolPdx < .
ZEBrO(xO) Br()(z) 4

By Corollary forany 0 < rj < % min{dist(xy, 0Q), 1}, we have

sup | (Ve + wlt)dx

Z€B,(x0),0<r<ry B.(2)
2m
2— 2 7
< sup B f VoPdx + Comlll 2o, ) IVl anry
2By (x0) Byy(2) 200
6—4m
4 D
+ C(m, N)(1 + ADIYA" mp ry "

L7 (B (x0)) ©
& 2 N
3.5 < Z+C(m,p,Q,N)(A +(+ADADry, 7,

where the last inequality follows from Sobolev’s embedding W' (Q) — L%(Q).
2

. & m_3
Taking € < (3 —ammeraeapan) /- We get
&2
(3.6) S (Ve + y|Hdx < 2.
2€By, (x0),0<r<rg B (2) 2

Then Theorem [I.2] tells us that (¢,y) € C(By,2(xo)) which implies B, ;4(xo) C Q\ S(¢). We
finished the proof. O

4. ProoF oF THEOREM

In this section, we consider a weakly converging sequence of stationary Dirac-harmonic maps
with A-curvature term.

Let {(¢,,¥,)} be a sequence of stationary Dirac-harmonic maps with A-curvature term with
bounded energy

E(pn, ) = L(IV%IZ + ylh) < A

Additionally, we assume
lnllwir) < A
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for some p > %’” Similar to harmonic maps [34]], define the energy concentration set X as follows

n—oo

4.1 T = {x € Q|liminf liminf *™" f \Vol*dx > &).
™0 B,(»)

Suppose (¢, ¥,) — (¢, ) weakly in W2(Q, N) x L*(CF ® ¢:TN) and
tn = [V, dx — pu = |Vel’dx + v

in the sense of Radon measures.

Without loss of generality, we assume B;(0) C Q. Then, we have

Lemma 4.1. Let {(¢,, ¥,)} be a sequence of stationary Dirac-harmonic maps with A-curvature
term with bounded energy and ||y, ||lw1» < A for some p > %” Denote

2
€
4.2) T = {x € By|liminf lim inf 7*™ f IV, |2dx > =2},
™0 B,(x)

n—oo - 2”’

where € is the constant in Theorem then X is closed in B, and H"*(Z) < C(€,m, ). More-
over,

4.3) X = spt(v) U sing(¢p),
where sing(¢) denoted the singular set of ¢, i.e. for any x, € sing(¢), ¢ is not smooth at x.

Proof. For xy € By \ Z, by the proof of Theorem [I.4] there exists a positive constant r, > 0 and a
subsequence of {n} (also denoted by {n}), such that, for any n, there holds

2
S

(2r0)* ™ f IVgulPdx < -,
BZrO(x) 2

which implies (similar to deriving (3.6))

2

€

sup " f (VS* + [WulHdx < 2.
B.(2) 2

Z€B,(x),0<r<rg

By Theorem|[I.2] we know
(4.4) 1ollV@ullo, pon + VrollWallio, oy < Cm, 1o, €0, A1, N).

Then, it is easy to see that there exists a small positive constant r; = r|(m, ry, €&, 41, N), such
that, whenever r < ry,
2

€
sup > f IV, [2dx < =~
B (x)

ot
XEBy14(x0) 2

Thus, B,,/4(xp) C B; \ . So, X is a closed set.

It is standard to get H"%(X) < C(e&, m, A) by a covering lemma (cf. [26]).

For (4.3), on the one hand, let xo € B; \ . Then (4.4) holds and by standard elliptic estimates,
we have

4.5) ||¢n||C1+"(B,O/4(x0)) + ||lﬁn||C0(B,0/2(x0)) <C,
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for some 0 < @ < 1. So, there exists a subsequence of {¢,,,} (also denoted by {¢,, ¥, }) such that
¢, — ¢ strongly in W2 and ¢ € C*(B,,3(x0)) which imply that x; ¢ sing(¢) and x; ¢ sptv since
v =0on Bro/g(XQ).

On the other hand, let x; € X, by the definition, for any r > 0 small enough, when # is sufficient
large, we have

(B, (x0) &
ym=2 — om+l”

Letting n — oo,

HB,x) | &
rm—2 - 2m+1

for a.e. r > 0. Suppose xy ¢ sing(¢), then

&
2—m 2
r f Vo|~dx < 2
B, (x0)

whenever r > 0 is small enough. Then we have

V(B,(x0) &
ym-2 — Jm+2

for all small positive r > 0 and x; € sptv. This finishes the proof of lemma. O

Lemma 4.2. Under the assumption of the preceding lemma, the limit

V(B,(x))
rm—2

(4.6) lim
exists for H"? a.e. x € X. If we denote it by 0,(x), then
2

€
2—31 <6,(x) < C(m,p,Q, A, A, N)écz)_m’

where 8y := dist(B1(0), 0Q).
Proof. For any x € Q and any two sequence s; — 0, ; — 0, by Corollary and Sobolev’s
embedding W'(Q) < L7 (Q), we have

Hn(By (X)) _ Hn(B(x))

m—2 - m—2
S; t i

(4.7) +COm, p, QAL A N1

for s; < t;. Letting firstly i — oo and secondly j — oo, we get

B, .. B,
p ,u—( %) < liminf H(B())
ym=2 r—0 ym-2

lim su

r—0

b

which implies that
nNO M2

exists for any x € Q.
Noting that for H"? a.e. x € Q,

(4.8) lim 2™ f Vo> dx = 0,
By (x)

r—0
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therefore,

B B
lim Y80 L HBX))
r—0  pm2 r—0  pm=2

Obviously, from (4.7)), we can get
Pu(B,(x) < CIA)SZ™ + Cm, p, @, A, A, N)(G0) 7 < Clm, p, @, Ay, A, N)SZ™.

This implies | X is absolutely continuous with respect to H” 2| X and the Radon-Nikodym theorem
tells us that there exists a measurable function 6(x) such that

Ul = 0(x)H™ | X.
Noting that for H" 2 a.e. x € X,
H™*(ZNB, H™*(ZNB,
( () < lim sup ( ) <1

r—0

227" < liminf

r—0 ym-2 ym-2

and (4.8), we have
VIZ = O(x)H" 2|2
and

o S 0,0 = 6) < Cm, p. Q. Ay A N)ST™.

By modifying Lin’s method in [26] or applying Preiss’s result [30]], we have

Corollary 4.3. The set of energy concentration points X is (m — 2)-rectifiable.

For any x € ¥ and A > 0, we define a scaled Radon measure y,; by
fya(A) = 2 7"u(y + AA).
If there is a Radon measure u. such that
Hy.a = M

in the sense of Radon measure as r N\ 0, then we say that u, is the tangent measure of u at y. (See
(14 38].)

Lemma 4.4. Suppose H"2(X) > 0, then there exists a nonconstant harmonic sphere S* into N.
Before we prove this lemma, let us state a basic proposition for the Dirac operator.

Proposition 4.5. Suppose ¢ € C*(M,N), ¢ € C*(M,EZM ® $*TN). Let {e,}"_, be a unit normal
basis of TM and eg € I'(T M) a section satisfying

leg,e.] =0, a=1,..,m,
then
(4.9) (W, Ve, (DY) = 2(Re (P(A(dp(en), eq - W): 1)) . bs) + (b, D),
where [, -] is the Lie bracket, ¢g = d¢(eg) and g = FVveﬁw.
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Proof. The proof is similar to the Proposition 2.2 in [22] (see also the computations of Proposition
3.3 in [9]]), where the case of a two dimensional domain was considered. O

Proof of Lemma Since X is (m — 2)-rectifiable, we can find a point x, € X, such that v has a
tangent measure at xy and

v, = 0(x)H™ | Z.

where X, C R™ is a (m — 2) linear subspace which is usually called the tangent space of X at x.
Without loss of generality, we assume xy = 0 and X, = R"2 x {(0, 0)}.
In fact, by a diagonal argument, we can find a sequence r,, — 0, such that,

IVu,[*dx — v,
in the sense of Radon measures (cf. [26]]), where
(Un(X), Va(%)) 1= (BaX0 + 7X), Vnhn(Xo + 7,X)).

It is easy to see that (u,, v,) 1s also a stationary Dirac-harmonic map with A—curvature term. By
Lemma we have

r2 a —
f f 1 = X022 P + ReVn, 8y - Vorvu))dH" \dr
r1 JB(x0) or

A . .
=" f (Vun|* + ZRiji(Vi, vV V) dx
Brz(x()) 6
A . .
(4.10) — f (IVua)* + =Ry ji(Vi, vidY(Wh v Yydx.
By, (x0) 6
1
By (2.9) and (2.10), we have
fB - Ix = X0/ " v,llVv,ldx < C (m)l[vall e, (BV(XO))||an||L1’(B,(x0))r3 P
_2m
= COmIull mo VWllLr (r7,)*
(4.11) < C(m, p, A, Q)(rr,)" 7
and
(4.12) rm f lWl*dx + 3" f ly|*dx < C(m, p, A, Q)(rzr,,)6_47m.
By, (x0) By, (x0)
Since r37"v.(B,,(0)) = r=""v,(B,,(0)), letting n — oo in @.10), we get
ouy,
(4.13) lim f 1224y = 0.
=00 ) By (0) Olx|

Noting that v, , = v, fory € X,, we also have

ou,
(4.14) lim =2 _Rdx =0, foryeT. N B,
n—=00 JB,(0) dlx -yl
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These imply

m-2
0 n
(4.15) limZ f 0Z = 0.
n—oo BZ(O)

Let X' = (X1, s X 2), ¥ = (X1, %), define f, : B'2 - R by

= ou
a / n /’ ’7 d N.
Jol) Zf(@) 3Xk )

Then,
Tim 1 £,z 20 = 0-
Let M(f,)(x") be the Hardy-Littlewood maximal function, i.e.
M(f,)(x) = sup rz_mf f(xXNdx', x e Bﬁ”/_zz(O).
0<r<} B} ()

By the weak L!—estimate, for any p > 0, we have

C(m)

ltx € BYOIME) > ol < =N full iy

which implies

l{x e Bl/2 (0)|11m sup M(f,) >0} = 0.

Combining this with Theorem there exists a sequence of points {x, € B’1"/22(0)}, such that
(Uy, v,y) is smooth near (x, x”) for all x” € B}(0) and

(4.16) lim M(f,)(x)) =0
By the blow-up argument in [26]], there exist sequences {0} and {x”/} C B? /2(0) such that o, —

0, x;; — (0,0) and
2

0
Ci(m)’

4.17) max o> f |Vu,|dx =
o2 (x, )X B, ()

¥'€B? ,(0)

where the maximum is achieved at the point x; and C;(m) > 4™ is a positive constant to be
determined later.
In fact, denote

gn(0) := max o> ™" f |V, |>dx.
¥"€B} ,(0) 72 (37, )X B3 (x"")

On one hand, since (u,, v,) is smooth near x;, X Bf(O), we have
liII(l) gu(0)=0
On the other hand, for any o > 0, when # is big enough, we must have

62

0
> .
gnl0) 2 5
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Otherwise, by Theorem (similar to deriving (3.6)), u, will converge strongly in W' which is
contradict to |Vu,|’dx — v.. Thus, there exists o, such that

2

0
Ci(m)

and we may assume the maximum is achieved at x/. Next, we show o, — 0 and x;] — (0, 0).
If o, > 6 > 0, by Corollary [2.5] we have

Gg . . 3_2m ()
= lim sup g,(c7,) = limsup (g,(6) = C(m, p, A1, A, Q. N)(r,,)* 7 ) 2 .
Cl (m) n—oo n—00 2m
which is a contradiction.

If x — xi € B2,,(0) and x; # (0,0), for any 0 < " <

gn(o-n) =

17
ol
2 b

26—31 < lim sup g,(c7) < 02"y, (B"2(0) x B,(x]))) = 0.

n—oo

This is also a contradiction. O

Let x, = (x,, x;/) and

(Z:Zn(x)avn(x)) = (un(xn + O',,X), \/OTnVn(xn + O-nx))

Then (u,(x), v,(x)) is a stationary Dirac-harmonic map with A—curvature term defined on Bz’n‘z(O) X
B}, (0), where R, = 7— which tends to infinity as n — co.

By (.16)), we have

m=2
. du,
lim sup R*™ f E |—=?dx
B2 (0)xBg, (0) Oxy

n—o00
0<R<R, =1

m—2
ou
1 2-m n2
= lim sup (o,R) L - i Z | anl dx

n—oo ! i
0<R<R,, o RCWXBL e () Gy

(4.18) < lim M(f,)(x],) = 0.
By @.T7), we get
€2
(4.19) 0 _ f \Vii,’dx = max f Vi, dx.
Ci(m) B"2(0)xB3(0) X"eBén,l(O) B"2(0)xB3(x”")

By Corollary for any R > 0, we obtain

f Vi, |*dx = (o7, ™ f |V, |>dx
BI2(0)xB%(0) B R (x)XB? p(x)

(4.20) < C(m, p, 8y, A1, A, Q, N)R™ 2,

when 7 is big enough.
Let £ € C(‘;“(B’I"‘Q(O)) be a cut-off function such that 0 < ¢ < 1 and ¢ |B’;7/-22(0) = 1. Letn €

C5(B3(0)) also be a cut-off function such that 0 < ¢ < 1 and 7| B,(0) = 1. Similarly to [26]], for any
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R > 0, we define F,(a) : Bf~%(0) X Bx(0) — R as follows:
F,(a) = f Vit (a + )¢ (X n(x")dx.
BnFZ (0))(32 (0)

Computing directly, one has

6Fn (a) 0 ’ ’”
o) f |V Pa + 0

ow, O*u,
=2 (o= Ya + x){(x)n(x")dx
Lm Z(O)XBZ(O) axz axla g 77

- f 8T Ty 4 0
B 2(0)xB2(0) 0x;

-2 fB 2(0)X32(0)<‘3;, 2: x)%(éu')n(x"»dx.
On the one hand, by Propositlon
(421) s V3, (B9,) = 2ARe (PEAT(€0): € - T): V), V . Tin) + T DV 5, T0),
and (2.3), we have

-2 f (Auy, @Xa + 0 (X m(x")dx
B"2(0)xB2(0) Oxy
= f @V o (BV,) = BV 2 )@ + ) (X n(x")dx
Bm72(0)xBZ (0) axk axk

(4.22) - f (G, >(a + ) (xX" n(x")dx.
B"2(0)xB%(0)

Noting that

(%7,, 10 (/l(i‘-n)Rijkl(i[n)) C e
(G, k =1 T Vs VXV Vi)
integrating by parts and using Young’s inequality, then the right hand side of (#.22)) is controlled

by

C(A1,N) (VWA + Wol* + IVl Wal)(a + x)dx

BI2(0)xB2(0)
< Cm, p, A1, A, QN)(ar,) 7
On the other hand, by Holder’s inequality, one has

du, Ju, 0
-2 f (o Ty + 0) 2= (OO dx
B X1

r]n—Z(O)XB%(O) axz an

< C( Vit ) B gy

B (0)xB%, (0) Br-2(0)xB2, ,(0) Ox
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Combining these and letting n — oo, we obtain
oF,(a)
oay,
uniformly in By'~2(0) x B;(0) for any fixed R > 0.
Thus, for any a = (a’,ad”) = Bg"‘z(O) X Bfe(O),

f Vi, |*dx < F(a)
B 2(a )XBZ/Z(Q”)

1/2

-0, k=1,...m=2,

m—2

oF
< R0, )+ Clom 315 (),

m—2

< Vi, *dx + C(m) ) |
Lmz(O)sz(a ") Z

& OF
+Clm )Z| (),

oF (a)

1( )
Therefore, for any R > 0, when 7 is big enough, we have
2- 2 Cm)e; 2
(4.23) 6 ’"f IVu,|” (%', x"" + b)dx < O forallbe By 6.
B"2(0)xB%(0) 1(m)

Taking C,(m) > 2"C(m), similar to deriving (3.3), we have

sup " f (Vi * + [APP,D &, X7 + b)dx
(xo0)

x0€B3(0),0<r<3

& w6
SZ+C(m’p7A1’A79,N)(rno-l’l) P < E’
whenever n is large enough.

By Theorem we know (u,,Vv,) sub-converges to a Dirac-harmonic map with A-curvature

term (u,v) in C} (B3 2 %(0) x R?). Moreover, by [.18)-(@20), for any R > 0, we have
m=2
0
f DI Pdx = 0,
Br(0) 15 Ox

62
f \VulPdx = —2—, f \Vul?dx < C(m, p, 5o, A1, A, Q, N)R" 2.
B1(0) Ci(m) Bgr(0)

loc

and

Furthermore, since
. . _2m
f v*dx = lim Wl*dx < lim C(m, p, 8o, A1, A, Q, N)(r,onR)* ™7 =0,
Br(0) =0 J Br(0) n—ee

we know v = 0 and u : R> — N is a nonconstant harmonic map with finite energy. By the
conformal invariance of harmonic maps in dimension two, u can be extended to a nonconstant
harmonic sphere.
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Proof of Theorem The conclusion of Theorem [I.5] follows from Lemma .4 and the Federer
dimension reduction argument which is similar to [35]] for minimizing harmonic maps. We omit
the details here. This completes the proof. O

5. APPENDIX

In this section, for reader’s convenience, we recall some known results which are used in this
paper.

Lemma 5.1 (Lemma 6.1 in [24]). Letm > 2 and 4 < p < co. Let y € M**(B,, Ct ® RX) be a weak
solution of the nonlinear system

(5.1 M =Ay’+B, 1<i<K,

where A € M**(B,, gl(L,C) ® gl(K,R)) and B € M**(B,,CF @ RX). For any U C By, there exists
€ = e(m, p) > 0and C = C(m, p,U) > 0 such that if

Allp228,) < €0,
then € LP(U) and the following estimate hold:

I lzry < C(m, p, U)W las2s,) + IBllpz2es,))-

Theorem 5.2 ([33]], Theorem 1.2 in [36]]). Let m > 2 and 2 < p < oco. Let u € W'*(B,RY),
Q € M**(By, so(d) ® A'R™) and f € LP(B;,R?) with 5 < p <m, satisfy weakly

5.2) Au=Q-Vu+ finB;.

Then for any U C By, there exist € = e(m,d,p) > 0 and C = C(m,d,p,U) > O such that if
1€ 3225,y < €, then

2
IVZully 2oy + IVl 2 < COmads p, UN(lullzi sy + 1l s)-

M m=p (U

Lemma 5.3 (W*P-estimates, c.f. [2]). Let (M, g) be an m-dimensional spin Riemannian manifold.
Suppose € T(EM), € L*(B.(xy)) is a weak solution of

@’J’ = f in Br(-xO)

where B.(xy) is a geodesic ball of M and f € W*P(B,.(xy)) for some 1 < p < oo, k > 1. Then
Yoe Wk”’p(B%(xo)) and

”l//”W’”lvP(B%(xo)) < C(p, k, r, M)W 128, xo)) + N1 f lwrrs,xon)-
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Lemma 5.4 (Schauder estimates, c.f. [2]). Let (M, g) be a m-dimensional spin Riemannian mani-
fold. Suppose y € T(EM), € L*(B.(xy)) is a weak solution of

dy = f in B,(xo)
where f € C*%(B,(xy)) for some 0 < a < 1 and k > 1. Then € Ck”’“(B%(xo)) and

||W||Ck+1~a(35(xo)) < C(a,r,k, M)(||¢||L4(B,(x0)) + ||f||ck«r(3,(xo)))-
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