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We study the unextendible maximally entangled bases (UMEB) in C¢® C? and connect the
problem to the partial Hadamard matrices. We show that for a given special UMEB in C* &) C?,
there is a partial Hadamard matrix which can not be extended to a complete Hadamard matrix
in C?. As a corollary, any (d — 1) x d partial Hadamard matrix can be extended to a complete
Hadamard matrix, which answers a conjecture about d = 5. We obtain that for any d there is a
UMEB except for d = p or 2p, where p = 3 mod 4 and p is a prime. The existence of different
kinds of constructions of UMEBs in C™* @ C™* for any n € N and d = 3 x 5 x 7 is also discussed.

PACS numbers: 03.67.Hk,03.65.Ud
I. INTRODUCTION

It is well known that quantum states are divided into
two classes: separable states and entangled ones. The
pure product states are a special set of separable states.
While the maximally entangled states are another set of
states that plays important roles in many information
processing [1, 2, 3, 4]. One of the significant proper-
ties of quantum systems is the quantum nonlocality. An
unextendible product basis (UPB) in bipartite quantum
system C™ @ C" is a basis consisting a set of less than mn
orthogonal product states such that no further product
states are orthogonal to every state in that set [5, 6]. It
is proven that the UPBs may display nonlocality without
entanglement [6, 7]. Similar to UPBs, Bravyi and Smolin
first proposed the unextendible maximally entangled ba-
sis (UMEB) in 2009, which consists a set of less than d?
orthonormal maximally entangled states in C* & C* such
that no more maximally entangled states are orthogonal
to all the states in the set. The UMEBs are helpful in
constructing quantum states with special properties of
the entanglement of assistance (EOF) and can be used
to find quantum channels that are unital but not convex
mixtures of unitary operations [8].

It has been proved that there do not exist UMEB-
s for d = 2, and a 6-member UMEB for d = 3 and
a 12-member UMEB for d = 4 have been construct-
ed [8]. UMEBs have been investigated extensively s-
ince then. Many UMEBs have been constructed in
C?'QC¥(d # d') [9, 10]. In Ref. [11], the authors s-
tudied the UMEB in C?® C?, and shew that if there
is an UMEB in C?® C¢, then there is also an UMEB
in C14® C for any ¢ € N. However, for UMEBs in
C?® C?, some results are obtained only for the cases
of d = 3,4,3n,4n. It is of significance to consider the
UMEBEs in higher-dimensional system C? &) C? for gen-
eral d.

The construction of Hadamard matrices is also an in-
teresting topic. In this paper, we mainly concern about

the complex Hadamard matrices, see Refs. [12, 13, 14].
A partial Hadamard matrix is a matrix H € M, x,(T)
with entries in the circle T, whose rows are pairwise
orthogonal. Given a partial Hadamard matrix H €
M, 5n(T) (n > m), one interesting problem is to justify
whether this matrix can be extended to an n x n complex
Hadamard matrix. For the real case, there are already
many results [15, 16]. But for the general complex case,
fewer result is known about this problem [17].

In this paper, we show a relation between UMEBs and
partial Hadamard matrices. In particular, we show that
if there is a special UMEB in C¢ & C¢, then we can find
a corresponding partial Hadamard matrix which can not
be extended to a complete Hadamard matrix, and vice
versa. Then by using the extendibility of any d? — 1
orthogonal maximally entangled states, we give an an-
swer to the conjecture in [17]. The relation between
UMEBs and partial Hadamard matrices also gives us a
method construct UMEB. As a example, we first con-
struct a 23-member UMEB in C® (@ C5. Then we gen-
eralize the example to higher dimension C**+1 & C4+1,
We show that for any n € N, there exists a UMEB in
Cintl @ C4" L. Then from the results in [11] we ob-
tain that there is an UMEB in CI(47+1) @ Ca4n+1) for
any q € N. Therefore, we solve the problem for most of
the cases except for d = p or 2p, where p = 3 mod 4
and p is a prime. In addition, we also give a UME-
B in C"@®C7, as the most easy case for the remained
unsolved cases. Then by using the UMEBs constructed
from d = 3,5, 7, we show that there are different kinds of
UMEBs in CG*5*Mn &Q CE*5X1n for any n € N.

II. UMEBS IN C?‘® C¢ AND PARTIAL
HADAMARD MATRIX

Definition 1. A set of states {|¢,) € C¢!QC? : a =
1,2,---,n,n < d?} is called an n-number UMEB if
and only if (i) |¢a), @ = 1,2,--- ,n, are maximally en-



tangled; (i) (Galés) = dapi (i) if (gat?) = O for all
a=1,2,--+ ,n, then |1)) cannot be maximally entangled.

Here under computational basis a maximally entangled
state |¢,) can be expressed as

d
16a) = (I © U,) % Sl @ i), (1)
=1

where I is the d x d identity matrix, U, is any unitary
matrix. According to (1), a set of unitary matrices
{U, € My(C)la = 1,...,n} gives an n-number UMEB in
C?® C if and only if

(i) n < d?%

(i) Tr(UiUy) = dbap, Ya,b=1,--- n;

(iii) For any U € M4(C),if Tr(UJU) =0, Va=1,--- ,n,
then U cannot be unitary.

Definition 2. Partial Hadamard matrices: A partial
Hadamard matrix is a rectangular matrix with entries
in the circle T, H € M,,,xn(T), whose rows are pairwise
orthogonal.

In studying the UMEB in C? & C? we need the follow-
ing result from [11].

Lemma. If there is an N-number UMEB in C*® C¢,
then for any ¢ € N, there is a N-number, N = (qd)? —
(d> — N), UMEB in C%? & Ca.

In this paper, we mainly study the UMEBs in C? &) C¢
containing the following set of unitary matrices, we call
them a special form of UMEB if exists,

So={X"Z"|m=1,2...,d—1,n=0,1,...,d—1},

d—1 d—1
where X =Y i+ 1)(j|, Z =Y wili)(j], wa =T
j=0 j=0

Suppose A = (ast)kxd is a k x d partial Hadamard
matrix, ag, @, ..., q are the rows of A, and |ag| = 1,
azas = ddg. Given a partial Hadamard matrix A =
(a1, o, ...,ak)t, where ¢ denotes transposition, we con-
struct a set of unitary matrices , denoted by

S(A) = {diag(as) | s =1,2,...,k},

d
where diag(as) = Zast|t><t|. Then the elements in
t=1

S(A) are unitary and orthogonal with each other under
inner product (A4, B) = Tr(ABT).

Proposition 1. Given a k x d partial Hadamard matrix
A, then Sy U S(A) can not be extended to maximally en-
tangled basis (MEB) if and only if A can not be extended
to a complete Hadamard matrix.

Proof. =-: Suppose A can be extended to a complete
Hadamard matrix. That is, there are d — k mutually or-
thogonal vectors vy, vs, ..., V4 with modules 1 for each

entry which are orthogonal to all the rows of A. Then
U, = diag(v;) are unitary matrices which are orthogonal
to each other, and lie in the orthogonal complement of
SoUS(A). Then SoUS(A)U{U;|j=1,2,...,d—k}is
a MEB. This is contradicted to that So U S(A) can not
be extended to MEB.

<: If Sp U S(A) can be extend to MEB, then there
are d — k orthogonal matrices Uy, Us,...,Ui_ which lie
in (Sp U S(A))*t. However, Si- are the set of diagonal
matrices. Hence, (Sp U S(A))+ C Sy is a subset of di-
agonal matrices. Suppose U; = diag(v;) for some vector
v; in C? for j = 1,2,...,d — k. Then the unitarity of
the matrix U; gives that the entries of v; are module 1.
The orthogonality of S(A)U{Uy, Us,...,Us—k} gives that
(A, v1,v9, ..y l/d_k)t is a Hadamard matrix. ]

Now we give an answer to the conjecture in [5]: any
4 x 5 partial Hadamard matrix can be complemented to
a complete Hadamard matrix.

Corollary 1. If Ais a (d—1)xd partial Hadamard matrix,
d > 2 is an integer, then A can be complemented to a
complete Hadamard matrix.

Proof. Suppose A = (a1, ag, ..., ad_l)t, then we have

.,O[d_l}) =d- 1a

. ,Ozd_l})L =1.

dime (spanc{ay, as, ..

dimg (spanc{ay, as, ..

Choosing
Vg = (lea Vaz, ..., Vdd) € Spa‘n{ala az,..., Oéd—l}l
such that |vy| = 1, we have that U =

t
(al/\/ﬁ, ag/\/&...,ad,l/\/&, l/> is a matrix with or-
thonormal rows. Namely, U is a unitary matrix. Then
all the columns of U are also orthonormal. Hence, vg, =

t
1/Vdfor k=1,2,...,d. And (ozl,ozg,...,ozd_l,\/gy) is
a Hadamard matrix. |

Corollary 1 can be also understood in the following
way. Since A is a (d — 1) X d matrix, one has that Sy U
S(A) is a set of maximally entangled states with d? — 1
states. By [8] it can be extended to MEB. Hence from
Proposition 1, A can be complemented to be a Hadamard
matrix.

Remark 1: Proposition 1 gives a way to construct
UMEBESs. Suppose there is a partial Hadamard matrix A
whose orthogonal complement contains no vectors with
each entry module 1. Then Sy U S(A) is a UMEB.

Ezample 1. In C® @ C®, there exists a UMEB with 23
elements.

Let

{11111
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27i

where w = €73

. If we denote
1

”1:(f f 0

22 2w

Vo = (
75 7% 0 i
-1 w?2-1
o302 2,
then spanc{ai,as}t = {vi,ve,15}. Let a = kv +

kovo + k33 be a vector with each entries module 1, that
is

);

vy =

NoRavi
_ kL
V2

V10
|\/§k3| = ]-a

k1] + [ko|* + |ks|? = 1.

From these equations we have |ki| = |ko| = |ks| = /3.
|
o 1 1 1
Qo 1 w w
A= Qs _ 11 W w
oy, 1 w2n—1 w2(2n71) .

2mi

where w = e2n, 0 = eI, Firstly, we compute the
orthogonal complements of the subspace V spanned by
the rows of A. Obviously,

2n—1 2n

ﬂf(loo 0.--L.50 0)
1 — \/é \/§a77 s V)
2n—1

1 /—/ﬁ 1 202

07 ) )
\/8n+2 vVe&n+2 /8n+2
2 2n—1 20
)

Van+2 U \Bn+2

P = (—(—

are orthogonal to aq, s, ..., as, and B1 LB, Set

2n 2n+1
——N—
Y1 = (07170707"‘7070707();"'70)7
Y2 = (03071707"'7070703();"'70)7

Yon—-1 = (0u070707"' 717070707"' 70)

w(2n71)(2n71) 1 g2n—1

Moreover, ko = tiky, ks = +ik.

. . /5 A
If we set ag = \/gz/l + Z\/%I/Q + z\/gug, then ( s )

is also a partial Hadamard matrix. However, any vector
lies in spanc{ay, as, a3}t C spanc{a;, as}t. Hence, if
v € spanc{ay, az, az}t with each entry module 1, then
v has the form v = kyvy £ ikive £ ikiv3. However, v
can not be orthogonal to ag, Hence, we have a UMEB in
C* @ C°. [ ]

Proposition 2. In C***! there exists a partial Hadamard
matrix which can not be complemented to a complete
Hadamard matrix.

Proof: Set
1 1 1 1 S 1
w2n—1 1 o 0_2 . 0_2n
W2(27171) 1 o2 ot 0_2(271)

0.2(277,71) O.2n(2n71))

(

By Schmidt orthogonalization we have

2n+1
2n +1
Bs = (07\/74n+170707--‘70707075317ﬂ327"' ,B3,2n),
2n+1
— (0,0 0,...,0,0,0 coe Basn),
64 (7 ) 4n+17 ) sy Uy Uy 7/6417ﬂ427 >/64,2L)
2n+1

/82n+1 - (05070707"'507 4n+1707/62’ﬂ+1,15"' 7/82’ﬂ+172")'
Then we have spanc{ai,ag,...,az,}" =

spanc{f1, B2, ..., Bant1}. Suppose v = kafy + kzﬂg +
-+ + kopt1P2n+1 18 a vector with entries module 1. We



must have
| kl + kg | =

k2|

87+
|5k — o

|y Seirkal = 1,

|y Skl = 1,

:’
|/ i konga| = 1,

k1| + [kal? + - + |konsa]? =

|v|? = 4n + 1.
Solving the above equations we obtain

in+1

or| = k| 2n+1

|k2nt1]| =

and ky = =iks. If A can be extended to a com-
plete Hadamard matrix by adding 2n + 1 the rows
V1,Va,...,Vant1, we have

k11B1 + ki2fBa + -+
vy = ko1B1 + koofB2+ -

+ k1,2n+102n+1,

151

+ k2,2n+152n+1,

Vong1 = kont1,181 + kony1282 + - -+

4n+1
TR Clear-

ly, the orthogonality of v1,vs,. .., 2,41 implies that the
vectors (ki1, k12, .., k1,2n41), (F21, k22, - k2 2n41)s - - )
2n+1,1,kon+1,2,- -, kan+1,2n+1) are orthogonal each
other. Hence, if we denote K = (kst)(2n+1)x (2n+1), then

The above analysis gives that |kg| =

iﬁi}K is a matrix with entries module 1 and the rows
being mutually orthogonal. Hence, H = ZZEK is a
Hadamard matrix.

However, kjo = =ikj; for j = 1,2,---,2n +

1. If we replace each row (kji,kjo,...
kj%(kjl’ kjg, PN
so a Hadamard matrix with the entries of the first col-
umn all being 1, and the entries of the second column
being either 7 or —i. The Hadamard matrix H also gives
that the columns of H are mutually orthogonal. How-
ever (1,1,...,1)T can not be orthogonal to the second
column. Therefore A can not be extended to a complete
Hadamard matrix. |

skjont1) by
kjont1), then the new matrix H is al-

From Proposition 2 we have

Corollary 2. There exists a UMEB in C*"*! @ C4"+! for
any integer n.

Corollary 3. There exists a UMEB in C?® C¢, whenever
d#por2p (p=3mod4 and p is a prime).

Proof: Let d = p'py? ..
po < ... < pg,and r; € Nfori =1,2,...,

.pzk, where p; are primes, p; <
k. If pP1 =

+ kont1,2n+102n+1-

2,71 > 2, then we have a UMEB when d is multiple of
4. If p; = 4n+ 1(n € N), from the corollary 2 we have
an UMEB. Hence we can suppose that all the primes are
of the form p; = 4n 4 3 except for the case that the first
one is 2. Now suppose there are two primes p; = 4n + 3
and ps = 4m + 3 (m € N). Then we have 4t + 1|p;p; for
some integer ¢, and we can also get a UMEB. ]

Remark 2. From the Corollary 3, we have solved the
problem for all d, except for d = p or 2p, where p =
3 mod 4 and p is a prime. The most simple unsolved
case is d = 7 = 4 + 3. If one can construct a UMEB
in C" ® C7, then from Lemma one can get a UMEB in
C™ ®C™(n € N).

Example 2. In C” ® C7, there exists an UMEB with 45

elements.
o 11 111 1 1
Let A= a |=|1w w?1 i -1 —i |,
Qasg 1 w? wil-11 -1
where w = 5. Obviously,
1 1
= 770707_770707()’
1 1 -2 -2 24
62 = ( )a

70707 ) ) )
V14 V14T /147 /147 V14

are orthogonal to ai,as,a3 and 1 1f3;. Set vy =
(0,0,0,0,0,1,0). By Schmidt orthogonalization we have

2w 2w? —1 2 )

fs =0, 7= O A VAT Vi

).

Let B4 be a normalized vector and orthogonal to
a1, 09,03, ﬁl, ﬂz, ﬁg. Then we obtain
—2w?  w—-1_ w-1

B1= 0 o 0 0

)-

Therefore spanc{ai,az, a3}t = spanc{p1, B2, 33, Ba}-
Let a« = k181 + kafo + k3fB3 + ks34 be a vector with
each entries module 1, that is,

ki

f
|2wk3 + 2k4 | _ 1

2w? k3 2Wk4| —

V14 V14

|—21k2 ks (w—1) k4|
V14 \ﬁ V14
|21k2 zk3 + (w\/17k4‘ -1
Qk‘g | _ 1

| 2k‘2

|]<?1\2 + V€2|2 + |ks]? + [ka|> = 7



From the above equations we have

kq|? ko |?
[F1| +|2| -1

2 14 J
k1 L ko,

Alks|® | Alka|® _
14 + 14 _17

whks L ky = kg L w?ka,

[(w=1)k4|? |2ikotiks|?
14 + 14 =1

(w — 1)/€4 1 (QZkJQ + ’Lk‘3) = —\/§in]€4 1 (27,k‘g + ik3),
k1?4 [k [* + [k |® + [ka]?> = 7.

2 |ks?+
|ka|? = % Since w?ky L k3, w?ky L (2ka + k3), we get
w?ky L 2ks, and ko and ks are collinear. Hence we can
suppose ko = rks, where r is a real number satisfying

r?—2r — % =0,

r2—2r—1=0.
As r has no solutions to the above equations, no
ki1, ko, ks, kg satisfy the required conditions. That is,
there is no vector in spanc{ay, as, az}t with each en-

try module 1. Hence, by Proposition 1 we have a UMEB
in C" @ C". |

Actually, for d = 3 the UMEB contains 6 MEBs and
needs other 3 states to form a full base. Similarly, for
d=>5and d =7, 2 and 4 more states are needed to form
a full base, respectively. Then there are three ways to
obtain the UMEBs for d = 3 x 5 x 7 by the method of
lemma, respectively from the constructions of d = 3,5, 7.
The one obtained from d = 3 needs 3 x 35 = 105 more
states. The one obtained from d = 5 needs 2 x 21 = 42
more states, while the one obtained from d = 7 needs
4 x 15 = 60 more states. Hence these three UMEBs are

The above equations give rise to |k1| = |ka| =

different from each other. For the case d = 3 x 5 x 7,
there are at least three UMEBs. Moreover, the approach
can be generalized to the case of d = 3 x5 x 7 x n for
any integer n.

III. CONCLUSION AND DISCUSSION

We have studied the UMEBs in C%&® C? and con-
nected the problem to the partial Hadamard matrix. It
has been shown that the existence of a special UMEB
in C?@ C? is equivalent to the existence of an uncom-
pletable partial Hadamard matrix. In particular, as a
corollary, we have shown that any (d — 1) x d partial
Hadamard matrices can be always extended to a com-
plete Hadamard matrix, which gives an answer to the
conjecture in [17]. Actually, the Proposition 1 also gives
us a method to construct UMEB by using an uncom-
pletable partial Hadamard matrix. We have proven that
there exists an uncompletable partial Hadamard matrix
for d = 4n+1, which implies the existence of a UMEB in
Cintl @ Cin L. At last, combining the Lemma and the
proposition 2, we have obtained that for any d there is a
UMERB except for d = p or 2p, where p =3 mod 4 and p
is a prime. In addition, we have also presented a UMEB
by the partial Hadamard approach for d = 7. We have
concluded that there are at least three different sets of
UMEBs in C? @ C? when d is multiple of 3 x 5 x 7. Our
results may highlight the further researches on the con-
structions of UMEBSs and the partial Hadamard matrices.
Moreover, our results may be also helpful in studying the
constructions of non-UMEBSs such as the ones with the
maximality of states given by Schmidt numbers [18, 19].
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