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The definition of accessible coherence is proposed. Through local measurement on the other
subsystem and one way classical communication, a subsystem can access more coherence than the
coherence of its density matrix. Based on the local accessible coherence, the part that can not be
locally accessed is also studied, which we call it remaining coherence. We study how the bipartite
coherence is distributed by partition for both [; norm coherence and relative entropy coherence, and
the expressions for local accessible coherence and remaining coherence are derived. we also study

some examples to illustrate the distribution.
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I. INTRODUCTION

Quantum coherence is one of the key features of the
quantum world. It is the origin of many quantum phe-
nomena such as the interference of light, the laser [1],
superconductivity [2], and quantum thermodynamics [3].
Recent researches show that quantum coherence also in-
creases the efficiency of photosynthetic light-harvesting
complexes [4, 5]. Coherence is also the key ingredi-
ent in quantum computation and quantum information
processing [6]. Recently, quantifying coherence as a re-
source in the context of quantum information science has
been extensively investigated [7]. Many different coher-
ence measures have been proposed and their properties
have been studied [8-13]. The relations between coher-
ence and quantum correlations like quantum entangle-
ment [14] and quantum discord [15, 16] are also a research
hot spot [17-22].

The quantum entanglement and quantum discord char-
acterize the correlations between quantum systems. Ba-
sically these correlations are due to the superposition of
quantum states, i.e., the quantum coherence. Neverthe-
less, the quantum coherence exists in a single quantum
system. In this sense, quantum coherence is more funda-
mental. As quantum correlations like entanglement satis-
fy trade-off relations among multipartite systems [23], it
is also natural to ask how coherence is distributed among
the subsystems.

In this paper, we study the distribution of coherence
for bipartite systems. Different from the point of [24],
which regards the entanglement as the intrinsic coher-
ence between subsystems, we study the distribution of
coherence from the point of view of local accessible co-
herence. As an illustration, let us consider a bipar-
tite state 1/2|+)(+| ® |0)(0] + 1/2|=)(—| ® [1)(1] with
[+) = 1/v2(|0) + [1)) and |-) = 1/v/2(|0) — [1)). This
bipartite state has nonzero coherence under local com-
putational basis. However, the reduced density matrices
of the state are both identities: both subsystems have no

coherence. The non-zero coherence of the whole system
is due to the states |+) and |—) in the first system. How-
ever, the coherence is eliminated in the reduced state
of the first system. We show that contributing to the
coherence of the whole bipartite system are the coher-
ence of the subsystems and the ‘accessible’ coherence of
the subsystems, together with the ‘remaining’ coherence.
We first propose the concept of accessible coherence, and
analyze the property of accessible coherence. Then we s-
tudy the property of the ‘remaining’ coherence, the part
that besides all the coherence and accessible coherence
of the subsystems. At last, we illustrate how bipartite
coherence is distributed by computing the accessible co-
herence and remaining coherence in detailed examples.

Throughout our paper, we take the reference basis to
be the local computational basis and two important co-
herence measures, the relative entropy coherence and the
l1 norm coherence [7] will be used. The I; norm coher-
ence C' of a quantum state p is defined by the sum of
the absolute value of the density matrix’s off-diagonal
elements,

Ch(p) = Ipijl, (1)

i#]

where |p;;| is the absolute value of entry p;; of the density
matrix p under the reference basis. The relative entropy
coherence is defined by C"(p) = min,ez S(p||o), where
S(pl|o) is the relative entropy of states p and o, Z denotes
the set of incoherent states. C"(p) has a simple form,

C"(p) = S(pa) - S(p), (2)

where S(p) = —tr(plogp) is the von Neumann entropy
of p, and pg is the matrix of p eliminating all the off-
diagonal elements.



II. ACCESSIBLE COHERENCE

Consider a quantum system with state p, we define the
accessible coherence of p as the difference between the
maximum average coherence of its state ensemble and
the coherence of the state,

C*(p) = maXZPiC(pi) - Clp), 3)

where the maximization is taken over all state decompo-
sitions of p = >, pips. The accessible coherence is always
positive since coherence measure is nonincreasing under
mixing of quantum states [7], i.e., C(p) < >, piC(pi)-
Hence the coherence for a state is always smaller than or
equal to the minimal value of the state’s average coher-
ence, and the accessible coherence quantifies the maxi-
mum extra coherence one can gain when one knows the
corresponding ensemble of the state.

Due to the convexity of the coherence measure and the
compact convexity of the density matrix set, the max-
imum in (3) can actually be achieved by taking over
all pure-state decompositions, i.e., max) . p;C(p;) =
max y_, p;C (1)), with p = >, pi|1;) (¥|. Then the ac-
cessible coherence of p actually equals to its coherence
of assistance [17] minus its coherence, and achieves it-
s minimum, zero, when the state p is pure. Note that
the coherence of assistance is not a bonafide measure of
quantum coherence for a single system [25], neither is the
accessible coherence then. Take a zero coherence state,
1/21 = 1/2(]+) (+| +[=){=]), with |+) = 1/v2(|0) + 1))
and |—) = 1/v/2(]0) — |1)), for example, it is easy to see
that the state’s accessible coherence and the coherence of
assistance are all nonzero, which violates the conditions
for a bonafide measure of coherence [7]. However, the ac-
cessible coherence reveals the difference between a state’s
coherence of assistance and the quantum coherence itself.

We have defined the accessible coherence in (3) with
a maximization over all ensembles of a state decomposi-
tions. For a specific ensemble of p = >, p;p;, we denote

CH(p) = ZpiC(m) - Cl(p), (4)

the accessible coherence for the specific ensemble. Under
the relative entropy measure, the accessible coherence is
tightly connected to the Holevo quantity for the accessi-
ble information [6].

Suppose there is a sender, Alice, who prepares states
p; with probabilities p;. Through a channel, she sends
these states to a receiver, Bob, who performs a POVM
measurement to distinguish these states to get as much
information as he can. If there is no noise in the chan-
nel, the mutual information between Alice and Bob is
bounded by the Holevo quantity:

x(p) = S(p) — ZpiS(m), (5)

where p = >, pip;. If Alice sends the states through
a decoherence channel II(-) = 3. [¢)(i|(-)|7)(¢], then the
Holevo quantity decreases to

X'(p) = S(I(p)) — ZpiS(H(m)), (6)

where II(p) = >, piIl(p;). Using (2), (4), and II(p) = pa,
we get

C(p) = x(p) — X' (p), (7)

from (5) and (6). Hence we see that the accessible co-
herence with respect to the information source’s ensem-
ble equals to the decrease of Holevo quantity due to the
channel’s decoherence. This relation holds also for C*(p).

The accessible coherence plays roles in the distribution
of coherence. As the accessible coherence with respect to
a specific ensemble comes from the information of the
ensemble, for a bipartite system AB, one way to gain the
ensemble of system A is to measure system B and com-
municate each measurement outcome to A [26, 27]. In
this way, the system A can gain an averaged coherence
which is lager than the coherence of its density matrix,
denoting as C'4, and the extra part is the accessible coher-
ence of system A, denoting as C4. The similar analysis
also holds for system B. In the following we consider the
local measurement under the reference basis.

From the analysis above, the coherence contained in
system A (B) are given by C4 and C4' (Cp and C%).
The total coherence of the whole system AB is from
Ca, ij“, Cg, Cﬁ and some ‘remaining’ coherence, denot-
ing as C7, between A and B. C7 represents the part
that can not be locally accessed under local reference ba-
sis measurement and one way classical communication.
Hence from the point of view of local accessible coher-
ence, we have the partition for the bipartite coherence
Cap of paB,

Cap=Ca+CL+Cp+Ch+0C7. (8)

Later, we will show that the remaining coherence C7 is
always non-negative for relative entropy coherence and
l; norm coherence measures. Basically C7 is due to cor-
relations between systems A and B. In the following we
investigate and calculate the quantities Cjg4, C’f, Cp, C“é
and C7 in detail.

IIT. COHERENCE DISTRIBUTION WITH
RELATIVE ENTROPY MEASURE

The first thing we notice is the connection between
coherence and the measurement dependent quantum dis-
cord D [16] with the measurement basis being the local
reference basis. Here D is distinguished from the orig-
inal discord [15, 16]. The unilateral quantum discord
D¥ 5 with respect to the local projective measuremen-
t II(-) = >, [9)(¢](-)|7)(i] on system B is defined to be



the difference of mutual information I4p and the mutual
information I, 5z after the measurement on B [16],

Dy =Iap — 1,5
ZSA+SB—SAB—SA—S§+SA§ 9)
=Sp — Sa — S+ 5,5

where ‘“” means that the measurement takes on system

B, Sx denotes the von Neumann entropy of the system

X and X denotes the measurement II on system X. Sim-

ilarly, we have unilateral discord D’z = Iap — I ;5 and

bilateral discord Dz = Iap — I35, where ‘77 and “*’

denote the measurements on system A and both systems

AB respectively.

The unilateral and bilateral (bipartite) coherence [9] is
defined as

O = 81y — San,
C™" =8S,5—Sas,
C™" = S35 — Sap,

which correspond to the measurements on system A, sys-
tem B, and both systems AB respectively. From (2), (9)
and pp, = II(pp), we have unilateral coherence with re-
spect to the measurement on B, C"~ = O3 + Dip. If
C™ = 0, which means that the state is a quantum-
incoherent state [21, 28], i.e., pap = >, pipst @ |i)(i], the
coherence of system B is zero, and there is no right side
quantum correlation D%, between A and B. Similarly,
we have unilateral coherence with respect to the mea-
surement on A, C"~ = (") + D5. Following the above
steps we also have the coherence with respect to bipartite
local measurements,

C™ =C4 +Ch+ Djyp. (10)

From equations (8) and (10), we see that the local acces-
sible coherence and the remaining coherence are related
to the quantum discord,

Dy =CT 104 +0f. (11)

Next, we find out the expressions for C7 ", Cj{, C’ﬁr,
and their relations with the quantum correlations D and
coherence C". Note that I,z in (9) is actually the clas-
sical correlation [15, 16] (the Holevo quantity for system
A), which can be reexpressed as

Iz =5Sa—> piS(pa,): (12)

where the state pa, with probability p; corresponds to
system B’s measurement outcome i. If one applies mea-
surement II on system A too, one gets the bilateral clas-
sical correlation,

Iz =S1—Y piS(Pa,), (13)

which corresponds to the bilateral discord D{5. Equa-
tions (12) and (13) give rise to

ZPiCT(PAJ ~Ch=Djp—Diyp. (14)

From (4), (11) and (14) we have Dz = C7 +C4", and
similarly D75 = C7" + C4". From the definition (9)
and the relation (14), we have the expression of the local
accessible coherence for system A,

CAT = DX)B - DZB

(15)
:SAE*SAEwLSA*Sg.
Similarly, for system B we also have
CéT:DXB_DXB (16)

=Sip —Sipt 58— 5p

Next we compute the remaining coherence C7  in
terms of the relative entropy measure of coherence and
discuss its physical implications. From the definition
(9), the bilateral discord can be split into two parts,
D% =Dy + DZE =Djs+ DEB. Therefore we have
the following expression for the remaining coherence,

T _ _
CT' = D3y~ D3 =Dip DL, o
= SAEJFSEB *SAB*SKE.

Since the quantum discord quantifies the change of mu-
tual information induced by measurement, equation (17)
indicates that the remaining coherence quantifies a kind
of decrease of quantum discord: The quantum discord,
i.e., the amount of mutual information revealed by a mea-
surement on system A, D%, decreases if another mea-
surement on system B has already revealed some mutual
information.

The remaining coherence is always non-negative. From
(17) we have

CT" = (8,45~ Sap) — (S5 — 5ip)
= S(pasllpsg) —S(pzigllrig) =0,

(18)

where the second equality is due to the fact that for pro-
jective operator II and matrices A and B, tr[(IIA)B] =
tr[AIL(B)] = tr[II(A)II(B)], and the inequality is due to
that the relative entropy is contractive under any com-
pletely positive trace preserving map [29, 30].

Moreover, for any incoherent-incoherent, quantum-
incoherent and incoherent-quantum state [21, 28],
CT" = 0. An open question is whether the incoherent-
incoherent,  quantum-incoherent and incoherent-
quantum states are the mnecessary and sufficient
conditions such that the equality in (18) holds. Note
that the remaining coherence is different from the intrin-
sic coherence in [24], which actually is the entanglement.
It can be shown that only for some states the remaining
coherence is equal to the entanglement (see state (25) in
examples).



IV. COHERENCE DISTRIBUTION WITH [,
NORM MEASURE

Let us first analyze the coherence of a bipartite state
pap in terms of its entries under local reference basis,

pan =3 pinatli)(il @ )1 (19)
ikjl

The entries p;r jr(ixj) contribute the coherence for the
system A only. However, the coherence induced by
Pik,jk(i#;) may be canceled when we only consider the
marginal state ,oA = trp pap, since there may exist some
entries such that pju jrr(izj) = —Pik,jk(izj)- This indi-
cates that the coherence induced by the entries pi jx(ij)
can be divided into two parts: The first part is not can-
celed and still lives in the density matrix p# after tracing
over the subsystem B, and the second part is canceled in
pa. As we will show, the first part actually is the {1 nor-
m coherence of p4, denoting as Cféxl, and the second part
actually is the local accessible coherence of system A, de-
noting as Cfll. The same analysis also holds for entries
Pik,il(k1), Which correspond to the coherence partition
for the system B. Hence the above analysis of the entries
of density matrix also shows that, for a subsystem, there
are some accessible coherence besides the coherence of

the subsystem’s density matrix.
Next we find out the expressions for Cfil, C§117 and

CT" . For the state (19), we have the bipartite coherence
for I; norm measure,

Clip = Z |pik.ji| + Z |pik,jk| + Z |pir,al- (20)
i#j k#l i#j,k i, k£l
Under local measurement II on system B, the state
of system A is given by pa, = ;. pik,jk/prli)(j|, with
probability pi = 21 Pik,ik- For the middle term of the
right hand side of (20), from (4) it is easy to check

3" lpikgrl = > pkCM (pa,) = Ch+ O (21)
i£j,k k

The above equation means that, for the {; norm coher-
ence, the total coherence induced only by system A’s ba-
sis, Ei#’k |pik jk|, equals to the average coherence of A,
which is the summation of coherence and accessible co-
herence of system A. This result is in consist with our for-
mer analysis according to the entries of density matrix.
From (21) we get the expression of accessible coherence
for system A,

Al
CAt =D "0 pikgkl = 1) pikrl)- (22)
i#j k k
Similarly, we have that the average coherence of B equals
to the summation of coherence and accessible coherence

of system B. And the expression of accessible coherence
for system B is given by

CAt = Z(Z |pik.it| — |Zpik,il|)- (23)

kAL i i

C c
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FIG. 1. The distribution of coherence for the ground state
of (26) with relative entropy measure (a) and the /; norm
measure (b). At J/A = 0, for both relative entropy coher-
ence and /1 norm coherence, the local coherence (blue dots)
and local accessible coherence (green dots) are all zero, and
the bipartite coherence (black dots) is just the remaining co-
herence (red dots). At J/A — oo, for the relative entropy
coherence, the local accessible coherence and the remaining
coherence approach to zero. And all the bipartite coherence
is from local coherence. While for the {1 norm coherence the
remaining coherence is nonzero, and the bipartite coherence
is distributed into both local coherence and the remaining
coherence.

The remaining coherence can be obtained from (8),
(20), (22), and (23),

1y
cTt = Z |pik,jil- (24)

i#5,k#l

Obviously, o7 s always non-negative. Since the en-
tries pik j with i # j and k # [ represent the correlation
between the two subsystems, the remaining coherence
cT quantifies all the correlation induced by these en-
tries. However, CT" is different from the entanglement
in general, although it equals to entanglement for some
states (see examples).

Note that the zero points of the remaining coherence
for the relative entropy measure and [; norm measure
may be different. For states which do not contain entries
pikji With i # j and k # I, CT" = 0, but possibly
cT" £0.

V. EXAMPLES

We now consider some examples for the partition of
coherence in bipartite systems, and show how the local
accessible coherence and the remaining coherence are dis-
tributed for both relative entropy coherence and /1 norm
coherence. First let us consider the Schmidt correlated
state [31],

Pap = Zpii,jj\iﬂjl ® [i) (G- (25)

The marginal states of (25) are all diagonal, thus the
local coherence C%, = Cp = C4 = C4 = 0. S-
ince the state becomes diagonal under local measure-



ment IT on systems A or B, its local accessible coher-
ences are also zero, %' = COf = C’fll = Cﬁll =0
The remaining coherence C7'* (Pag) = 2 iz |piizs] and
CT (p%p) = S(p%g) — S(piyp), which are actually the
entanglement under negativity measure and relative en-
tropy measure, respectively [32]. Hence for the state (25),
the total coherence is contributed by the remaining co-
herence, here the entanglement between A and B.

For another example we consider the ground state of
N = 2 Ising model described by the Hamiltonian [24],

H = Xofoi + J(o} +03) + Ao +03),  (26)

where J, A are the coupling parameters and e is the
symmetry-breaking term. The ground state approach-
es to the Bell state [00) + [11)/v/2 for J < A and the
product state (|0) 4+ |1))(]0) 4+ |1))/2 for J > A. The
distribution for both retaliative entropy coherence and Iy
norm coherence are shown in Fig. 1.

VI. CONCLUSIONS

We have proposed the concept of accessible coherence
for a single quantum system and studied the proper-
ties of accessible coherence. The accessible coherence
with respect to any given specific ensemble of a state
has been shown to be connected to the decrease of the

Holevo quantity due to the channel’s decoherence. The
accessible coherence also shows its role in the coherence
distribution in bipartite systems. The local accessible
coherence of system A can be gained by measuring the
system B and communicating the measurement results
to A. We have studied the local accessible coherence and
the unaccessible remaining coherence, for both relative
entropy coherence and [; norm coherence. Their explicit
expressions have been derived analytically. Under the lo-
cal reference basis measurement, for both relative entropy
coherence and [; norm coherence, we found that the local
average coherence over all the measurement outcomes is
the summation of local accessible coherence and coher-
ence of the local reduced density matrix. We have shown
that the remaining coherence in terms of relative entropy
coherence quantifies the decrease of the basis dependent
discord due to a local decoherence measurement. While
the remaining coherence with /; norm measure equals to
the sum of absolute values of the density matrix’s entries
with different subscripts for both parties. We finally s-
tudied how the bipartite coherence are distributed into
local coherence, local accessible coherence and remain-
ing coherence through some examples. The results give
us an informational picture of coherence distributions in
bipartite systems.
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