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Random spectrahedra

PAUL BREIDING, KHAZHGALI KOZHASOV AND ANTONIO LERARIO

ABSTRACT. Spectrahedral cones are linear sections of the cone of positive semidefinite sym-
metric matrices. We study statistical properties of random spectrahedral cones (intersected
with the sphere)

,Sﬁgyn = {(wo,.,.,xg) € st | zol +x1R1+ -+ xRy >0}

where R1, ..., Ry are independent GOE(n)-distributed matrices rescaled by (2n€)’1/2.

We relate the expectation of the volume of ./ ,, with some statistics of the smallest eigen-
value of a GOE(n) matrix, by providing explicit formulas for this quantity. These formulas
imply that as £,n — oo on average ./ ,, keeps a positive fraction of the volume of the sphere
S (the exact constant is ®(—1) ~ 0.1587, where ® is the cumulative distribution function of
a standard gaussian variable).

For ¢ = 2 spectrahedra are generically smooth, but already when ¢ = 3 singular points
on their boundaries appear with positive probability. We relate the average number E o, of
singular points on the boundary of a three-dimensional spectrahedron .3 ,, to the volume of
the set of symmetric matrices whose two smallest eigenvalues coincide. In the case of quartic
spectrahedra (n = 4) we show that Eoy = 6 — %. Moreover, we prove that the average

number E p, of singular points on the random symmetroid surface
Y3n = {(mo,ml,mg,xg,) Ik | det(zol + z1R1 + z2R2 + z3R3) = 0} ,

equals n(n —1). This quantity is related to the volume of the set of symmetric matrices with
repeated eigenvalues.

1. INTRODUCTION

A spectrahedron is an affine-linear section of the cone P,, C Sym(n,R) of positive semidefinite
symmetric matrices. On the space Sym(n,R) of n x n real symmetric matrices there is a partial
order defined by A > B, if and only if A—B € P,,. Every spectrahedron can then be parametrized
as the set of solutions of a linear matrix inequality:

Mo+ xi My + -+ xeMy =0, x=(1,...,20) e RY,
for some symmetric matrices My, ..., M, € Sym(n,R).

Optimization of a linear function over a spectrahedron is called semidefinite programming
[MR95, Ali95]. This is a useful generalization of linear programming, i.e. optimization of a lin-
ear function over a polyhedron. Such problems as finding the smallest eigenvalue of a symmetric
matrix or optimizing a polynomial function on the sphere can be approached using semidefinite
programming. The presence of singularities on the boundary of a three-dimensional spectrahe-
dron is relevant for optimization: with a positive probability a linear function constrained on a
polyhedron attains its maximum in a vertex of the polyhedron, and, similarly, with a positive
probability a linear function constrained on a spectrahedron attains its maximum in a singular
point of the boundary of the spectrahedron. For example, consider the cubic spectrahedron

shown on Figure 1.1:
lzy

= {(x,z,y) €R3 | (1) ePn}.
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FIGURE 1.1. On the left is the cubic spectrahedron from the introduction. On the
right is a quartic spectrahedron (in [GB12] it is called the “pillow”). The singularities
on the boundaries of both spectrahedra are visible.

The linear function ¢, (z,y,2) = (w, (x,y,2)),w € S, constrained on . attains its maximum
at a point (z,y,2) € 0% on the boundary of . at which the normal cone to 9. contains w.
At a singular point of the boundary the normal cone has positive dimension and hence the set
of w € S for which the maximum of 1, is attained at a singular point of the boundary of the
spectrahedron has positive volume in S3.

Besides mentioned applications spectrahedra also appear in modern real algebraic geometry:
in [JWHO6] Helton and Vinnikov gave a beautiful characterization of two-dimensional spectra-
hedra and in [AD11] Degtyarev and Itenberg described all generic possibilities for the number of
singular points on the boundary of a quartic three-dimensional spectrahedron (see Section 1.4
for more details). The reader can also look at [Vinl4] for a survey article.

1.1. Random spectrahedra. In order to perform a probabilisitc study, it is more convenient
to work instead with spherical spectrahedra, defined by:

oMo+ 21 My + -+ xMy -0, x=(x0,21,...,%¢) e s

A generic spherical spectrahedron has nonempty interior and, after a change of coordinates in
the space of symmetric matrices, it can be presented as:

(1.1) Som = {x:(xo,...,m) ESZ|£L‘0]1+£L‘1R1+"~+375Rz>0}.

From now on, for simplicity, we abuse the terminology and use the term “spectrahedron” to refer
to a spherical spectrahedron.

Our choice of random model for spectrahedra is as follows. In the representation (1.1) we
sample the matrices Ry,..., Ry independently and identically distributed from the Gaussian
Orthogonal Ensemble GOE(n) [Meh91, Tao12|, rescaled by (2nf)~1/2:

1
R; = ——@Q;, where i ~GOE(n), i=1,...,¢.
\/2—7%62 Q (n)

By @ ~ GOE(n) we mean that the joint probability density of the entries of the symmetric
matrix @ € Sym(n,R) is p(Q) = CLnexp(—%tr(QQ)), where C,, is the normalization constant
with fSym(n,R) ©(@)dQ = 1. In other words, the entries of @ are centered gaussian random
variables, the diagonal entries having variance 1 and the off-diagonal entries having variance %
The scaling factor (2n)~1/2 serves to balance the order of magnitudes of eigenvalues of the two
summands zg 1 and z1R; + -+ + ¢ Ry.



1.2. Statistical properties of random spectrahedra. In the following for a semialgebraic
subset X C S* of dimension d by |X| we denote the d-dimensional volume of the set of smooth
points of X and by | X ;e := % we denote the relative volume of X. The first statistic we will be
interested in is the expected value of |.# ,, |re1. Furthermore, we will be interested in the expected
number of singular points on 0.%5 ,. More specifically, the boundary 0.%5 ,, of a 3-dimensional
spectrahedron . ,, is in general singular and, generically, has finitely many singular points that

are all nodes. We denote their number by o,,. Note that 0.75 ,, is a semialgebraic subset of
(12) Eg_yn = {.’b € Sg ‘ det(l'ol + 1’1R1 + xQRQ + $3R3) = 0},

called the symmetroid surface of .7 ,,. Hence o,, is smaller than the number p,, of singular points
on Y3 ,. Summarizing, we will be interested in:

E|y€,n|rela Eo, and Ep,.

Our main results on those three quantities follow next.

1.3. Main results. To state our first main result, let Apin(Q) denote the smallest eigenvalue
of the matrix @. For the scaled smallest eigenvalue we write

(1:3) Anin(Q) = )\”%(HQ)

The following is proved in Section 3 below.

Theorem 1.1 (Expected volume of the spectrahedron). Let Fy denote the cumulative distri-
bution function of the student’s t-distribution with £ degrees of freedom [NLJ95, Chapter 28|
and ®(zx) denote the cumulative distribution function of the normal distribution [JS00, 40:14:2].
Then:

1) E nlrel = E F S\min .
() Bl Fiaha = B Fiwin(@)

Moreover, we have

(2) E|.S ket = Fu(=1) + O(n™2/%) uniformiy in ¢,
(3) E |¢%,n|rel = (I)(*l) —+ O(ﬁfl) + O(n*Q/B).

Note that ®(—1) a 0.1587. This means that asymptotically (in both n and ¢) the average
volume of a spectrahedron is at least 15% of the volume of the sphere.

For the average number of singular points ¢, on 0.3 ,, and number of singular points p, on
Y3, the result is more delicate to state. We denote the dimension of Sym(n,R) by N := %
and the unit sphere there by SV 1 :={Q € Sym(n,R) | ||Q||®> = tr(Q?) = 1}. Let A C SV~ be
the set of symmetric matrices of unit norm and with repeated eigenvalues and let A; C A be

its subset consisting of symmetric matrices whose two smallest eigenvalues coincide:
A= {Q € Sym(n,R) N SN | X;(Q) = \;(Q) for some i # j},
Ar = {Q € Sym(n,R) N SY 1| A (Q) = A2(Q)}.

Note that A and A; are both semialgebraic subsets of S™V~1 of codimension two; A is actually
algebraic. The following theorem relates E o, and E p,, to the volumes of A; and A, respectively.

Theorem 1.2 (The average number of singular points). The average number of singular points
on the boundary of a random 3-dimensional spectrahedron 3, C S equals
A
R
The average number of singular points on the symmetroid X3, C S* equals
A

Ep, = 2——'—.
(2) p |SN,3‘

(1) Eg, =2




We prove Theorem 1.2 in Section 4. As a consequence of the proof of this theorem we will
also derive the following interesting proposition.

Proposition 1.3. For the generic choice of the matrices Ry, Re, R3 € Sym(n,R) there is a
one-to-one correspondence between the number of singular points of the projective symmetroid
PY3, = {[zo : z1 : 29 : 23] € RP?| det(2ol + x1 Ry + x2Ra + 23R3) = 0} and the number of
matrices with multiple eigenvalues in P(span{ R, Ra, Rs}).

The following theorem whose proof is given in Section 5 implies that the order of magnitude
of E p,, is O(n?). In particular, this gives an upper bound on Eo,,.

Theorem 1.4 (The volume of the set of symmetric matrices with repeated eigenvalues). Let
Ay C A c SN~ be as above. Then

|A1| on—l /p / 2 .2
1 = E det(Q —ul)1;o— “ du.
(1) |SN=3] — rnl \2 ueRQNGOE(n—2)[ et(Q —ul)"1iq qu»O}]e u

(2) |S|§A—|3| = \2/7;; (Z) /u E [det(Q — 11]1)2]6_“2 du.

cr @~CGOE(n—2)

The last quantity we compute explicitly:

The theorem is of independent interest: as we explain at the beginning of Section 5 it gives
some information on the geometry of the set of matrices with repeated eigenvalues. In particular,
from Theorem 1.4 we can extract the following interesting corollary.

Corollary 1.5. Let Q € SN=! be a random symmetric matriz uniformly distributed in the
sphere SN=1. Let distgn-1(Q,A) denote the distance in SN~ between Q and A, then

Prob {distgv-1(Q, A) < e} < 2m(1 —cose)(3)[SN ).
The proof of Corollary 1.5 is by integrating the volume of a spherical disc of radius € over A.

1.4. Quartic spectrahedra. Quartic spectrahedra are a special case of our study, correspond-
ing to n = 4. In this case the symmetroid surface

Y54 ={x € S| det(xol + z1 Ry + 22 Ry + 23R3) = 0}

has degree four, since 1, Ry, Ry, R3 € Sym(4,R). In [AD11] Degtyarev and Itenberg proved
that all possibilities for o4 and ps are realized by some generic spectrahedra .54 and their
symmetroids X3 4 under the following constraints:

(1.4) o4 iseven and 2 <oy < 10; p4 is a multiple of 4 and 4 < py < 20.

(Degtyarev and Itenberg proved this for the spectrahedron and its symmetroid in projective
space, that is why in our condition (1.4) above we have to double their estimates.) An “average
picture” of this result is given in the following proposition.

Proposition 1.6 (The average number of nodes on the boundary of a quartic spectrahedron).
We have 4
Eoy=6—— =369 and Epy=12.
V3

It would be interesting to understand the distribution of the random variables o4, ps and
compare it with the “deterministic” picture (1.4). We believe that the study of metric properties
of spectrahedra such as volume is very promising for future research. This lines up with our
discussion presented at the beginning of Section 5.

In the general case we conjecture that lim, .o %Z" = 0, but it is difficult to predict how

small is E o,, compared to E p,. The main challenge is handling the characteristic function in
the integral from Theorem 1.4 (1).




1.5. Another possible random model. Another natural model of random spectrahedra is by
defining them as linear sections of P, N S™V~! by a uniformly distributed (¢ + 1)-dimensional
plane V in Sym(n, R):

(1.5) Sen(V):=P,nSN 1NV,

Before proceeding we argue in favor of the model (1.1) over the random linear section model (1.5).
The main reason for this is that the expected volume of Sy, (V') decays to zero for fixed ¢ and
n — 00, which we prove in Proposition 1.7 below. In fact, typically a spherical spectrahedron
of the form Sy, (V') is empty (this is essentially due to the fact that the volume of the positive
semidefinite cone P,, decays exponentially fast as n — 00), and this model is inaccessible for
probabilistic studies. For the model introduced in (1.1) this appears differently: for large n
and ¢ the spectrahedron .7, ,, keeps a fraction of about 15% of the volume of the sphere S; cf.
Theorem 1.1. In fact, the spectrahedron .#% ,, is never empty, as it contains an open neighborhood
of (1,0,...,0) € S*.

Proposition 1.7 (Decay of the random linear section model). Let V' be uniformly distributed
in the Grassmannian of (£ + 1)-dimensional subspaces of Sym(n,R). Then for every ¢ > 0 we

have P{S,, (V) # 0} < O(n=°).

Proof. Let us denote by (V) the maximum number of positive eigenvalues that a matrix in V'
has. For n > 4, we have the simple bound P{S;,,(V) # 0} = P{u(V) = n} < P{u(V) > 5+/n}.
By [AL16, Lemma 4] the last quantity is smaller than O(n~°¢) for every ¢ > 0. g

1.6. Notation. Throughout the article some symbols are repeatedly used for the same pur-
poses: Sym(n,R) stands for the space of n X n real symmetric matrices. By the symbols
Q = (Q1,...,Q¢) € Sym(n,R)* and R = (Ry,...,R;) € Sym(n,R)* we denote a collec-
tion of ¢ symmetric matrices and its rescaled version respectively, i.e. R; = ﬁ@i. The
k-dimensional sphere endowed with the standard metric is denoted S*. The symbol 1 stands
for the unit matrix (of any dimension). For x = (xq,z1,...,2¢) € S* we denote the matrices
Q(z) = 21Q1 + -+ + Q¢ and A(x) = zol + Q(x). By S, 0%, and Xy, we denote a
(random) spectrahedron, its boundary and a symmetroid hypersurface respectively. Letters a, A
and p are used to denote eigenvalues and A= \/%)\ stands for the rescaled eigenvalue \.

1.7. Organization of the article. The organization of the paper is as follows. In the next
section we recall some known deviation inequalities for the smallest eigenvalue of a GOE(n)-
matrix. In Sections 3-5 we prove our main theorems, Section 6 deals with the case of quartic
spectrahedra. In the Appendix we prove a technical result, based on the computation of the
expectation of the square of the characteristic polynomial of a GOE matrix.

Acknowledgements. The authors wish to thank P. Biirgisser, S. Naldi and B. Sturmfels for
helpful suggestions and remarks on the paper.

2. DEVIATION INEQUALITIES FOR THE SMALLEST EIGENVALUE

In this section we want to summarize known inequalities for the deviation of Ay, (Q) from
its expected value in the GOE(n) random matrix model. The results that we present are due to
[ML10]. Note that in that reference, however, the inequalities are given for the largest eigenvalue
Amax(Q). Since the GOE(n)-distribution is symmetric around 0, we have Apax(Q) ~ —Amin(Q).
Using this we translate the deviation inequalities for Apax(Q) from [ML10] into deviation inequal-
ities for Apmin (Q). Furthermore, note that in [ML10, (1.2)] the variance for the GOE(n)-ensemble
is defined differently than it is here: eigenvalues of a random matrix in [ML10] are v/2 times
eigenvalues in our definition.



We express the deviation inequalities in terms of the scaled eigenvalue Xmin(Q), cf. (1.3).
The following Proposition is [ML10, Theorem 1]. We will not need this result in the rest of the
paper directly, but we decided to recall it here because it gives an idea of the behavior of the
smallest eigenvalue of a random GOE(n) matrix, in terms of which our theorem on the volume
of random spectrahedra is stated.

Proposition 2.1. For some constant C >0, alln >1 and 0 < € < 1, we have

3

Prob 4 Amin(Q) < —(1 < Qe=C 'ne?
QEGlgE(n){ (@) < —( +6)} = e

and

263

Prob {Aun(Q) > —(1—-eb<ceC'n
QeGrOOE(n){ (@)=~ 6)} < Ce

Proposition 2.1 shows that for large n the mass of Amin(Q) concentrates exponentially around —1.
Thus E A\yin(Q) converges to —1 as the following proposition shows.

Proposition 2.2. For some constant C' > 0 and all n > 1 we have

IE Amnin (Q) + 1] < EAmin(Q) + 1] < Cn5 .

Proof. By [ML10, Equation after Corollary 3| we have

(2.1) lim sup ownF E[Amin(Q) + 1|7 < 0.

n— 00
The assertion follows from monotonicity of the integral: |E ;\min(Q) +1] < ]ET|5\min(Q) + 1
and (2.1) with p = 1. O

Remark. The distribution of the scaled largest eigenvalue of a GOE(n) matrix for n — oo
is known as the Tracy-Widom distribution [CT96]. Suprisingly, this distribution appears in
branches of probability that at first sight seem unrelated. For instance, the length of the longest
increasing subsequence in a permutation that is chosen uniformly at random in the limit follows
the Tracy-Widom distribution [JB99]. In the survey article [CAT02] Tracy and Widom give
an overview of appearances of the distribution in growth processes, random tilings, statistics,
queuing theory and superconductors. The present article adds spectrehedra to that list.

3. EXPECTED VOLUME OF THE SPECTRAHEDRON

3.1. Proof of Theorem 1.1 (1). Note that due to the rotational invariance of the standard
Gaussian distribution N(0,1) the volume of a spectrahedron .# , can be computed as follows:

7z
rel = — = Prob 1 Qi =0
1= 5] Io o ol +— E &iQi -

0,60~ N

Using this and the following shorthand notation

(3.1) B

(3.2) szQm A(r) =201 + m@( T).

we now write the expectation E |«%,n|re1 of the relative volume of the random spectrahedron as:

E|S nlrel = E Prob ]l+7 ~0,=EE1 =: (%
|- lrel QcabRm e, Do, { Z&Qz } EE Liaero) (*)
where 1y denotes the characterlstlc function of the set Y. Using Tonelli’s theorem the two
integrations can be exchanged:

1
3.3 x)=EE1 =E Prob 1+ — =0p.
(3.3) (%) EE Lagrg =E  Prob {50 Toni (&) }
6



For a unit vector z = (z1,...,2¢) € S*~! by the orthogonal invariance of the GOE-ensemble we
have Q(z) ~ GOE(n) which leads to

_ o 1
(*)_IEE Qelz;%)llza(n) {(§%+~~+§%)§ ]1+\/WQ>O}

= E  Prob &oVe _1+ L Q=0y,
QeGOE(n) ¢ (§%+...+§3)§ vV2n

where in the second equality we again used Tonelli’s theorem. Let us put ¢, :=

GVl
(E3+-+E)2
Note that by [NLJ95, (28.1)] the random variable t; follows the Student’s t-distribution with ¢
degrees of freedom. Since this distribution is symmetric around the origin and ¢,1 + \/%Q =0

is equivalent to —t, < \/%)\min(Q), we have

1 ~
= E Prob<{t, < 7)\min = E F )\min 9
() QeGOE(n) 5? { £= V2n (Q)} Q€EGOE(n) Z( (Q))

where Fy is the cumulative distribution function of the random variable t;. This proves Theo-
rem 1.1 (1) since (x) = E [ |rel- O

3.2. Proof of Theorem 1.1 (2). The random variable ¢, is absolutely continuous. Moreover,
its density Fy is continuous and bounded uniformly in ¢ [NLJ95, (28.2)]. This combined with
the following lemma proves Theorem 1.1 (2):

Lemma 3.1. Let f; : R — R be a sequence of smooth functions such that there exists a constant
¢ >0 with || f]lloc < ¢, £ >1. Then Egecorm) fe(Amin(Q)) = fe(—=1)+ +0O(n=%3) uniformly in €.

Proof. Write fy(A Inm) as fo(A mm) = fo(=1)+ f)(z )( min + 1) for some x = m()\min) € R. Taking
expectation we obtain

Efé(j\min) = ff(_ )+E(fl( )( min T 1)) < fé(_l) +CE|5\min + 1| = fﬂ(_l) + O(n_g/g)

where the last inequality follows from Proposition 2.2. O

3.3. Proof of Theorem 1.1 (3). In the preceding subsection we have shown the (uniform
in ¢) asymptotic E|[S¢,|rel = Fr(—1) + O(n~3), where Fy(z) = Prob{t; < z} and the random
variable t, follows the student’s t-distribution with ¢ degrees of freedom. By [NLJ95, (28.15)]
for fixed z we have Fy(z) = ®(z)(1 + O(¢~1)). where ® is the cumulative distribution function
of the standard normal distribution. Plugging in 2 = —1 settles Theorem 1.1 (3). O

4. THE AVERAGE NUMBER OF SINGULAR POINTS

For the study of the average number of singular points on the boundary of a random spec-
trahedron and on a symmetroid surface we will rely on the following proposition, which implies
that this number is finite.

Proposition 4.1. Let 5’ ) be the set of matrices of corank k in the spectrahedron 7 ,, and Z(k)
the set of matrices of comnk k in the symmetmzd hypersurface ¥ ,,. For a generic choice of

R = (Ry,...,Ry) € Sym(n,R)* the sets 5@ s C St are semialgebraic of codimension (kgl).

Proof. In the space Sym(n,R) consider the semialgebraic stratification given by the corank:
Sym(n,R) = [T, Z®)  where Z(*) denotes the set matrices of corank k, and the induced
stratification on the cone P, of positive semidefinite matrices P, = [[1_o(Z*) NP,). These are
Nash stratifications [AA12, Proposition 9] and the codimensions of both Z ) and Z®) NP, are

equal to (k;rl) .



Consider now the semialgebraic map
(4.1) F: 8% x (Sym(n,R))* — Sym(n,R), (x,R) = 2ol + 21 Ry + --- + 2, Ry.

Then ") = {z € S| F(R,z) € 2M} and 7% = {z € S*|F(R,z) € 2M NP,} and
consequently they are semialgebraic.

We now prove that F' is transversal to all the strata of these stratifications. Then the
parametric transversality theorem [Hir94, Chapter 3, Theorem 2.7] will imply that for a generic
choice of R the set .%;,, is stratified by the 1%(7’;) and the same for the set ¥;,,. To see that
F' is transversal to all the strata of the stratifications we compute its differential. At points
(z,R) with x # e = (1,0,...,0) we have D, z)F(0, R) =x1Ry + - + xRy and the equation
D, »)F (1, Q) = P can be solved by taking & = 0 and R = 0,...,0, xi_lP, 0,...,0) where a:i_lP
is in the i-th entry and ¢ is such that x; # 0 (in other words, already variations in R ensure
surjectivity of D, ) F'). All points of the form (eg, R) are mapped by F' to the identity matrix
1 which belongs to the open stratum Z(®), on which transversality is automatic (because this
stratum has full dimension). This concludes the proof. O

Proposition 4.2. For generic R € Sym(n,R)3 the number of singular points p, on the sym-
metroid X3, and hence the number of singular points o, on 0.3, is finite and satisfies

1(n—1
o < py < MREDE-D)
3
Moreover, for any n > 1 there exists a generic symmetroid X3 ,, with p, =
points on it.

M singular

Proof. The fact that o, < p, are generically finite follows from Proposition 4.1 with k£ = 2, as
remarked before. Observe that p,, is bounded by twice (since X3, is a subset of S$3) the number
#Sing(Egn) of singular points on the complex symmetroid projective surface

25, = {z € CP?|det(zol + 21 Ry + 32R2 + x3R3)) = 0}

Since Sing(Egn) is obtained as a linear section of the set Z([(:Z) of n x n complex symmetric
matrices of corank two (using similar transversality arguments as in Proposition 4.1) we have

that generically #Sing(Egn) = deg(Zg)). The latter is equal to %; see [JH84].

Now comes the proof of the second claim, we are thankful to Bernd Sturmfels and Simone
Naldi for helping us with this. For a generic collection of n+ 1 linear forms Ly,...,L,41 in £+41
variables we denote by p(z) := Li(z)--- L,,1(z) their product and by P = {z € R |L;(z) >
0,i = 1,...,n + 1} the polyhedral cone. Let e € int(P) be any interior point of P. Then
[San13, Thm 1.1] implies that the derivative (Vp, ) of p along the constant vector field e € R¢*+?
is a hyperbolic polynomial in direction e and that the closure of the connected component of
R\ {(Vp,e) = 0} containing e is a spectrahedral cone. Let’s consider the intersection of
this spectrahedral cone with the generic linear 4-space V' C R!*! and denote by A3 my 23,
the corresponding spectrahedron and its symmetroid surface respectively. It is straightforward
to check that the triple intersections of the hyperplanes L, ..., L,+1 when intersected with V'
produce 2(";1) = W singular points on X3 ,,. This completes the proof since the above
number coincides with the complex bound. O

Now we prove Theorem 1.2 (1).

4.1. Proof of Theorem 1.2 (1). Recall that A; € SN¥~! C Sym(n,R) denotes the set of
unit symmetric matrices such that A\; = Ay. The ordered eigenvalues a1 (z) < -+ < ay(x) of

A(r) = 0l + \/ﬁ Z?Zl x;Q; satisfy
ai(r) = o +

\/%ui(m,

8



(0, /1 —xf)

FIGURE 4.1. Two-dimensional depiction of R*: The north pole ep is identified with
the unit matrix 1, while the south pole —eq is identified with —1. By continuity there
must be a point (zo, /1 — z2) on the arc joining ep and —eg that has 0 as eigenvalue.

where p1(z) < ... < pn(x) are the ordered eigenvalues of Q(z) = 2?21 x;Q;. Then
Sing(0.%3,,) = {x € % | a1(z) = as(x) = 0}
= {& = (w0, @1, w2, 3) € 8| () = pa(w) and p () = —V6nao}.
Consider now the vector space:

W = Span{Qla Q27 Q3} C Sym(n, R)

Because Q = (Q1,Q2,Q3) ~ GOE(n)?, with probability one W is three-dimensional. In the
sequel, for fixed Q we will naturally identify R* with V := span{1,Q1, Q2,Q3} by using the
isomorphism A : R* — V,z +— A(x).

By Proposition 4.1 (for k = 2) the set of symmetric matrices with repeated eigenvalues has
codimension two in Sym(n,R). Hence, with probability one there are finitely many half lines
Ly,..., L where pi(z) = po(z). Because on span{l, L;} we have a1 = a, every singular point
in 0.%5 ,, maps into span{l, L;} for some i € {1,...,s}.

We examine now the condition for one of the half lines L1, ..., Lg actually contributing to a
singular point. The construction we make for this is depicted in Figure 4.1. Let Vj := A(S®)
(an ellipsoid), and let A(y) be the point of intersection of some fixed L € {Ly, ..., Ls} with Vj.
Note that, because L C W, we have A(y) € W, i.e., the first coordinate of y is zero. Moreover,
by orthogonal invariance of the GOE(n) distribution we can assume that y = (0,1,0,0). The
arc on the sphere S® through y joining the north pole ey = (1,0,0,0) € S? and the south pole
—eg = (—1,0,0,0) € S3 is then parametrized by [—1,1] — S3, 2o — (z0,/1 — 22,0,0). For the

smallest eigenvalue we get
1— 2
Vo
Vén

where \; is the smallest eigenvalue of the first matrix @;. This function is strictly monotone
with a@1(—1) = —1 and «;(1) = 1. Hence it has exactly one zero, which correspond to a point
on this arc where a; = ag = 0, i.e. a singular points.

xo — a1(xg) :=x0 +

The above considerations show that the number of singular points on 0.%%,, = 0.%5,(Q)
equals the number s of half-lines on W = span{Q1, @2, @3} that intersect A;. Let us write
s(Q) := s to put emphasis on its dependence on Q. Observe that s(Q) is equal to the number
of lines (not half-lines) that intersect Aj, unless there exists a matrix in W, where both the
two smallest and the two largest eigenvalues coincide. Since the latter is a non-generic property,
s(Q) = #(W N Ay) with probability one. By the kinematic formula from [How93| we have:

|Ay|

Ean:/ 5(Q)dQ = E WNA) =2
GOE(n)3 ( ) WEG(S,Sym(n,R))#( 1)

since the GOE(n) distribution of the @; induces the uniform distribution on W. This shows the
assertion. O



4.2. Proof of Theorem 1.2 (2) and Proposition 1.3. Recall that A ¢ S¥~! C Sym(n,R)
denotes the set of unit symmetric matrices with repeated eigenvalues.

By the same argument as in the proof of Theorem 1.2 (1) singular points of the symmetroid
Y30 = 23,(Q) are in one-to-one correspondence with matrices in span{Q1, @2, @3} N A. In-
voking again the kinematic formula from [How93| we obtain:

A
42 E pn = E WAA) =92
“2) P = a3 symnR) #( ) |S%*3|
This finishes the proof of Theorem 1.2 and at the same time proves Proposition 1.3. O

5. THE VOLUME OF THE SET OF SYMMETRIC MATRICES WITH REPEATED EIGENVALUES

In this section we give a proof of Theorem 1.4. That is, we compute the volume of the set of
symmetric matrices with repeated eigenvalues and of its subset consisting of matrices whose two
smallest eigenvalues coincide. Before, however, we want to discuss some of it’s consequences.

5.1. The degree of the set of complex symmetric matrices with repeated eigenvalues.
Let us consider the complex hypersurface A® € P Sym(n,C) consisting of complex symmetric
matrices with repeated eigenvalues. Its ideal is generated by the discriminant D of the character-
istic polynomial of a matrix: D(Q) = [],;(Ai(Q) —A; (Q))%. The discriminant is a homogeneous
polynomial of degree n(n — 1) in the entries of @ and it’s a sum of squares of real polynomials
[Par02, Chapter 2]. By definition of the degree for a generic line L C PSym(n,C) we have

# (LN IP’A(C) = deg(A®) =n(n - 1).

On the other hand, from the integral geometry formula [How93] and Theorem 1.4 (3) it follows
that
_n(n

n=1) %deg(AC)

E# (W NPA) 5

where W is a uniformly distributed projective 2-plane in P Sym(n, R).

Note, however, that since the real zero locus PA C PSym(n,R) of the discriminant hypersur-
face A® C PSym(n, C) is of codimension two the degree deg(A®) does not give an upper bound
on the number #(W NPA) of real symmetric matrices with repeated eigenvalues in a generic
projective 2-plane W. Indeed, by Proposition 1.3 for generic Ry, Ra, R3 € Sym(n,R) matrices in
Pspan(Ry, Ro, R3)) NPA are in one-to-one correspondence with singular points on the projec-
tive symmetroid PXs3,, = {z € RP3 | det(xol + z1 Ry + 22Rs + x3R3) = 0}. This together with
Proposition 4.2 implies that the number #(W N PA) of matrices with repeated eigenvalues in
the generic projective 2-plane W is bounded by (”H). Moreover, this bound is sharp: for some

3
generic W we have #(W NPA) = ("‘3"1) which is bigger than deg(A®) = n(n — 1) for n > 5.

The number of symmetric matrices with repeated eigenvalues in a generic projective 2-plane
can be estimated using general Milnor-type bounds, i.e. estimates for the sum of Betti numbers
of a real algebraic variety in terms of the degree of defining it polynomial. Indeed, for any 3-
dimensional space W C Sym(n,R) the set WNACS*=WnSN-1is given by a homogeneous
equation of degree n(n—1). Therefore by [Ler16, Proposition 14] we have b(WNA) < 4n*4+0O(n?),
where b(-) denotes the sum of Betti numbers with Z, coefficients. In particular, when W N A is
finite we have #(W NA) = b(W NA) < 4n* + O(n?). Hence, for generic projective 2-plane W
general techniques give the fourth order bound #(W NPA) < 2n* + O(n?) whereas the above
discussion shows that (";1) is the sharp cubic bound for #(W NPA).

10



5.2. Proof of Theorem 1.4. As before let us denote by A;(Q) < -+ < A\, (Q) the ordered
eigenvalues of a symmetric matrix @ € Sym(n,R), by N := dim(Sym(n,R)) = % the
dimension of the set of n x n real symmetric matrices and by SY~! the unit sphere in the space

Sym(n,R). Let A;, j = 1,...,n — 1 denote the set of n X n real symmetric matrices of unit
norm, whose j-th and (j 4+ 1)-th eigenvalues are equal:
(5.1) A ={Qe SN N@Q) =Xn(@), j=1...,n-1

It is easily seen that A; is a semialgebraic subset of S | and from Section 4 one can deduce
that it is of codimension two. The smooth locus (A;)s, of A; consists of matrices of unit norm
whose j-th and (j + 1)-th eigenvalues are equal and all other eigenvalues are of multiplicity one:

(5.2) (Aj)sm ={Q € ST A(Q) <+ < M(Q) = Xj1(Q) <+~ < M(Q)}

Recall that A denotes the algebraic set of n X n real symmetric matrices of unit norm that have
at least one repeated eigenvalue. Observe that A is a union of the sets A;, j =1,...,n —1 and
its smooth locus Ay, is a disjoint union of (Aj)sm, j = 1,...,n — 1. Furthermore, denote by
Zy, the normalization constant for the density of elgenvalues of the GOE(n)-ensemble:

RN
z, ::/ e~ B A dA

where A(A) = [[,<;-j<,(Aj — Ai) is the Vandermonde determinant. It is equal to

(5.3) anx/ﬂnf[r(;(;;),

see, e.g., [Meh91, (17.5.9) for v = %] The proof of Theorem 1.4 is based on the following
proposition, which we prove in the subsequent subsection.

Proposition 5.1. Let 1 < j <n. Then

|A] 4 (n\ (n—2 = o _lul®_ 2
5751 = 7o \2) 1) o LG = 00?7577 1AGD) 0,
n yeeeshhj .
uU<p;j n—2 1=

Before proving the proposition we first use it to finish the proof of Theorem 1.4:

Proof of Theorem 1.4. According to Proposition 5.1 we have

= (5) LT — 0?1200
|SN_3| Zn 2 UYL yees o —2 i=1 ’
Interpreting g1, ..., n—2 as the eigenvalues of a GOE(n — 2) matrix we can rewrite this as

follows:
A 4Zny (n / b 2
= E 1io_ det(Q —ul “ du.
|SN=3] Zn \2) Jucr QNGOE(n—2)[ 1Q-u1-0) det(Q —ul)*[e “
From (5.3) it’s easy to see that Z,, = 8 (21 )['(242) Z,,_, or, using the duplication formula for
Gamma function, Z,, = 27""3,/rn! Z,_5. From this we get
|Aq] 2n=1t /n / 21 w2
5.4 = E 1o det(Q — ul “ du.
(54) |SV=3] /rnl \2) Juer QNGOE(n72)[ 1Q-u1-0) det(Q —ul)*[e “

which proves Theorem 1.4 (1).

For Theorem 1.4 (2) note that since Ag,, = U?;ll(Aj)sm is a disjoint union we have that
|A| = Z;:ll |A;| and hence, by Proposition 5.1,

-2

|s|$|s :z4© Z<]_1) /Hw—u) e A d(p.w),

=1 U< hjyeresfbn—2 1=1
11




This, together with the summation lemma [Brel7, Lemma E.3.5], gives

A 4 / / 2 —lui?
= = A
|SN=3| ~ Z, U i: —u)e” | ()] dpdu,

Again, treating p1, ..., unp—2 as the eigenvalues of a GOE(n — 2) matrix and then proceeding as
we did to get (5.4) we obtain
|A| n=l /n / 07 2
5.5 —_—— = E det(Q — ul “ du.
(5:5) |SN=3]  /mn! \2/) J,cr Q~GOE(n-2) [det(@ —u1)’]e “

This proves Theorem 1.4 (2).

Finally, Theorem A.1 entails that the integral on the right-hand-side of (5.5) is equal to ‘L)/fﬁ!,
which implies that ‘SlNA‘s‘ = (2) This finishes the proof. O

5.3. Proof of Proposition 5.1. Recall that

(A)sm ={Q € ST AM(Q) <+ < M(Q) = Xj11(Q) < - < M@}

In the following, we denote for brevity A; := A;(Q). In order to compute |A;| = |(A;)sm| define
for 6 >0

(5.6) Xj(0) :=1{Q € (Aj)sm [ Aj = Aj1 > 0, Aja2 = Ajr > 6}
Then (Aj)sm = Usso X;(0) and by continuity of the Lebesgue measure
(57) A,] = lim [ X,(6)]

For a fixed § > 0 and for any ¢ > 0 let TH(X;(6),e) € SN~! denote the e-tube around
X;(6) € SN~ Weyl’s formula [Wey39| gives the expansion of the volume of the e-tube around
a submanifold of the sphere. Here it is enough to have it in the following simplified form.

Theorem 5.2 (Weyl’s tube formula for X;(8)). For anye > 0, such that the fibres of T+(X;(6),€)
do not intersect, the volume of the e-tube around X;(8) is |T+(X;(5),)| = 72| X;(0)| + O(e3).

In the lemma below we describe the e-tube around X;(d) and show that for a sufficiently
small € > 0 its fibers do not intersect. We postpone its proof to the next subsection.

Lemma 5.3. For 0 < ¢ < arctan(v/26) we have
AL < <A S A < < Ay,

(0),e) =1 Q€ SN-1 Ajr1 — Ay < \/ising,

Aj+ A

A+ A
> dcose, %

>\j+2 — — )\j_1 > dcose

and the fibers of T+(X;(0),€) do not intersect.

Combining this lemma with Weyl’s formula we are allowed to compute the volume of X;(9)
as | X;(6)| = lim._,0 =5 |T+(X;(0),¢)| and, consequently, by (5.7):

. Aj| = lim lim — |T+(X .

(58) Ay] = Jim T 5 [T4(X(6), <)

To actually compute this limit, we will rewrite the volume of T%(X;(8),e) in terms of a
GOE(n) random variable. The following formula gives the relation between the volume of a
measurable set £ C SV~ and the GOE(n)-measure of the homogeneous cone C(E) = {A €
Sym(n,R) | A/||Al| € E} over E

|E|
= Prob F).
|SN-1] Q~Gr(())E(n)C()
12




Applying this to the measurable set T+ (X;(8),e) we get
AL < <A S A << Ay,
A1 — A < V2||Q sine,

MAA S SjQlcose (=)

—Aj—1 > 0||Q] cose

|Tgn-1(X;(9),¢)]
5.9 = Prob
(5.9) |[SN-1 QNGrgE(n) Ajt2 —
Aj+ A
2

In the following we denote the event
A< - <>‘j S)\j+1 < .- <)\n,
Aj+1 = Aj < V2|Qllsine,

— s+ s
BOV= 0 = 252555 51 cose
Aj+ A
% —Xj_1 > 0]|Q| cose
Writing (5.9) in terms of the density of eigenvalues of the GOE(n) ensemble it becomes
n! P
(*) = ? ]-E()\)e 2 |A(A1a,>\n)|d>\,

see [Mui82, Theorem 3.2.17]. Here, A(A1,...,An) = [[1<;j<n(Aj — Ai) is the Vandermonde
determinant, 1p(y) is the characteristic function of the set E()), and Z,, is the normalization
constant from (5.3). We express now the integral in terms of the following event:

)\1»~~~7)\j71 < >‘j7)‘j+1 < )\j+17~~~7)\n;
yor = Nyl < VBl sine,

BN A+ A
E()) = )\i_%>6||)\||cosa for i > j +2,
At A

5 — X > 0||A||cose fori<j—1

There are (j — 1)! possibilities to arrange the first j — 1 eigenvalues, 2 possibilities to arrange \;
and Aj+1 and (n — (j + 1))! possibilities to arrange the last n — (j + 1) eigenvalues. Hence,

n! 1 212
-7 1zve 2 AL ..., )] dA
A 2(j—1)!(n—(j+1))!/n O

L(n n—2 212
= — 1" T2 A )\ “ee )\n d)\
Zn (2) (j—l) /Rn B € 2 1AL A

Next, we perform the following orthogonal change of variables

P1i= A1y ey o1 i= Ajo1y f 2= Ajga, oy fn—2 = A, and
o Nt A A=A
v2 o V2
(1, - - -, in—2 now become the eigenvalues of a new GOE(n—2) matrix and we treat the variables

x,y separately). We get

1 /n n—2 Nl +y2 42
(5.10) <*>< )( ) / 1o glnay)e “CEE A d(, 2, y)
Zu\2)\G=1) oo rcrn2umem BE0)

where

(5.11) 9(u,z,y) = V2ly| H (i - ji)z -

13



and

M1y ooy Hj—1 < %((E _y)7 %(‘(L‘—’_y) < Mgy ey Pn—2,

lyl < [[(w, @, y)| sine,

E(pa,y) =1 . — -~
SR

— i > O|[(p, x,y)| cose fori < j—1

> 6||(u, 2, y) || cose for i > j,
x
V2

We perform another change of varables:

oy g sl )]
(5.12) sine eyl Y (1 — (sine)2t2)3/2
Ty lh1,.-., Un—o are as before

Note that after this change a factor of (sine)? appears and the function y(¢,x, u,€) — 0 in the
limits ¢ — 0. We multiply the integral in (5.10) by # and, thereafter, invoke the dominated
convergence theorem that allows us to pass to the limit € — 0 under the integral:

[A(w)] Az, y)

el +y?+a?
2

1~
e—0 7762 Xu,w,y)ER"_2XRXR E(,u,,z’y)g(luamvy)

V2 /1 2n_2< x )2 sl 242
= 1z t|||p, i——= ] e 2 A dt d(u, z),
) ey S L | Ay 1G] ded(p,2)

i=1
where
Ky eeey Hj— 1 < \[</’LJ7"'7M7L727
m——>5|\(u,x)\| for i > j,

E(p,) := V2

T
— —pu; > 6||(p,z)|| fori<j—1
> Bl fori <5
Using that ftlz_l [t|dt = 1 we have

e—0 e
V2ISNTL Y (n—2 Qn_z  \? e
T a1z 1g i——=] e A(p)| d(p, z),
72y (2) (j—l) /RHXR B 147 H (“ ﬁ> e = Al d(ps )

=1

Plugging this into (5.8) and again using the dominated convergence theorem we get

|A;| = lim lim — |TJ‘( ;(0),)]

5—0e—0 T2

LY () et T (s ) 5 )

where the region of integration is D = {u1,...,puj-1 < f < fhjy. -, n—2}. Next, we use the
fact that for a homogeneous function f of degree d in m variables one has

reR™ R

(the proof is straightforward using polar coordinates). In our case, we have m = n — 1 and
d=2(n—-2)+ (n—2)2(n—3) = (H_Q)(nﬂ). Thus d+m = m and

1A = (n2+$§_WZ)RSN . ( )(?:f)/ H (Hz ) e Mlﬁ(u)ld(u,x).




Finally, we make a change of variables u := 5 and use (n? +n — 4)|SN71| = 47|SN 3 to

conclude that

Al 4 (n)\ (n—2 = o —lul® 2
e A CYAC IR 52__7,”_1@1_[(#1 u)’e A ()] d(p, w).

Pjyeestn—2 1=1

This completes the proof of Proposition 5.1. O

5.4. Proof of Lemma 5.3. We can assume without loss of generality that Q € X;(4) is di-
agonal: @ = diag(A1,A2,...,A,) and Ay < -+ < Aj = Aj11 < -+ < A,. Then, the fiber
Ng C TSN~ of the normal bundle to X;(§) C SV=1 at @ is described as follows. For a,b € R
let Vo = (v;,;) € Sym(n,R) be the matrix that has zeros everywhere except for the following

block on the diagonal: (4,77 /79" ) = % (¢2%,). Note that V,;, € SV~ if and only if

a? + b2 = 1. We claim that
(5.13) Ng ={Vap | a,be R}

It is easy to see that V,; is orthogonal to @, i.e., V,; € TQSN_I, and that the tangent space
ToX;(6) C TSN~ to X;(8) at Q is spanned by the following (1) — 3 vectors:

diag(A2e1 — A1ea),

diag()\j,lej,g — /\jfgejfl)
diag(Aj12€j-1 — Aj—1€j42).

diag(Aj13€j12 — Aj+2€j+43)-

diag()\nen—l - )\n—len)a

and
diag( — 2, Z Aie; + Z M(ej+ej1))s
i#5,j+1 i#5,+1
and
T s
r 0 As — Ap

,T‘,S:1,...71,?”7&5,{7",5}#{j,j‘l’l}ﬁ

It is immediate to see that these vectors are all orthogonal to Vg ;. Thus, Ng = {Va|a,b € R}.

Now we prove that T (X;(8),e) has the asserted form and that the fibers of the normal
e-tube T+ (X;(0),e) do not intersect provided that e < arctan(v/25). The fibers are swept out
by geodesics of length less than ¢ starting at @ in the direction of some V, ; € SN~1, in formulas:

15



{cost@Q +sintV,, | 0 <t < e}. We write explicitly the matrix cost Q) + sint Vg p:

A cost

)\j_l cost
. a g g
)\]cos;—i—ﬂsmt ﬁsmt
1 . — 4 4
ﬁsmt Ajy1cost ﬁsmt

Ajyacost

Ap, cOst

Provided that ¢ < arctan(y/20) the eigenvalues of this matrix are

sint
V2

since @ € X;(8) (see (5.6)). Moreover, for 0 <t < ¢ these eigenvalues satisfy the inequalities

(5.14) Arcost < --- < Aj_pcost < Ajcost < Ajyacost <o < Ay cost

(Ajcost + S\%t) + (Ajcost — S\%t)

2

sint sint
“=) = (N\jcost — —=) = V/2sint < V2sine,
V2 V2

(Aj41cost + SBE) 4 (X4 cost — Sty

—Aj_i1cost = (Aj —\j_1)cost > dcose,

(Ajcost +

Ajyacost — v2 5 V2L (Ajg2 — Ajp1)cost > dcose
This shows that T (X (6), €) is contained in the set we claim it to be. To show the other inclusion
let A € SN—1 be a matrix whose eigenvalues oy < -+ < aj_1 < aj L a1 < Qjpo < -+ < ap
satisfy
o + o
% —aj_1 > dcose,
Qi —aj < V2sine,
aj + Q;
and ;o — % > Jcose.
We can assume again that A = diag(asq, aq,...,q,) is diagonal. Let 0 < t < ¢ be such that

Qjy1 — O = V2sint. One can easily verify that A = cost Q + sint V_; o for

Q=

COStdiag(Oél, e, %(aj + Oéj+1)7 %(Oéj + ()zj+1), Qjt2,. .- ,Oén) S X]((S)

This implies that A € T+(X;(8),¢) and T+(X;(5),¢) has the claimed form.

It remains to show that the fibers of the normal e-tube T+ (X (9), ) do not intersect when e <
arctan(y/26). For this assume there is another representation A = cost Qo +sint V of the matrix
A = diag(ay,...,a,) € TH(X;(0),€), where Qo € X;(d), V € Ng, and 0 <t < e. We will prove
that actually Qo = Q,V = V_; and t = t. To show this, we consider the diagonalization of
Qo; that is, Qo = C{ Q1C1, where Q; = diag(\1,...,\,) is diagonal and C; is orthogonal. We
may assume A\ < -+ < Aj_1 < Aj = Ajp1 < Ajp2 < oo+ < A,. Note that the normal bundle
NQo to XJ((S) at Qo = ClTQlC’l is given by NC1TQ1C1 = OlTNQlCl = {CITVGJ,C& |a,b S R} It
follows that V = CfVa,bC’l for some a,b € R and we can write A = Cfp(coszl + siana,b)C’l.
Note that the eigenvalues of the inner matrix are given as in (5.14). Therefore, we can write

16



A= CTCTQ.CyC1, where the orthogonal matrix Cy commutes with Q1 and

sint

V2

sint

V2

Q2 = diag <)\1 cosf,...,/\j_l cost, Aj cost — A cost + s Ajt2 cost,..., \n cosf)

=costQq + sian_l)o

The condition € < arctan(v/25) together with Q1 € X;(5) ensures \;_j cost < \;jcost — L\;’;

and A; cost + S\i;‘; < Aj42cO8 t. Now since the diagonal matrices A and @, both have ordered

entries it follows that CoC1 can be taken to be the identity matrix. Therefore a; = \; cost

fori=1,...,7—-1,j+2,...,n, and o = )\jcosff S\i}‘; and aj41 = /\jcostr S\i;‘it. It is
straightforward now to see that t = ¢, Qo = Q and V = V_i,0. O

6. PROOF OF PROPOSITION 1.6

The identity E py = 12 follows immediately from Theorem 1.2 and Theorem 1.4 for n = 4.
For the other identity we apply again Theorem 1.2 and Theorem 1.4 and write:

|Ay]
SN73

24 1 /4 .2
- \/774'(2> /e]R QNG%E(Z) [1{Q7u1>0} det(Q _“1)2]6 * du
* u

4 1 , , Sy L
= 7\/7? 722 ()\1 — u) ()\2 — u) |)\1 — )\2|6 2 1{)\1,u>0’)\2,u>0}d)\1d)\2 e du
R R2
= (%)

We apply now the change of variable oy = A\ — v and as = A2 — u in the innermost integral,
obtaining:

EO’4:2

o2t a2
(x) = —= (/ (0102)2 |y — agle” 7 e W muartez) 4o, da2> e du
R

4 1 2 _ofted —2u? —u(a;+az)
= — (v1a9)®|lag — agle™ ~ 2 e 172)dy ) dog dovg
Zy Jr R
T

™ 42
4 3 _a}+ad T (o1+ag)?
= NG 2(;) /2 (a102)?|ay — agle™ 7 (\/;e En ) day do
R
1

+

2.2 2
ajtay | (g +ag)
lottan)

= (a1az)?la; — asle™ 2 da; das

[\

oftod | (artay)?
2 8

(a1a2)2|a1 — agle” dag das.

B Vv 27'(_ Rﬁ_ﬂ{a1<a2}
In the last equality we have used the fact that the integrand is invariant under the symmetry
(o1, a2) = (g, ). Consider now the map F : R N {ay < as} — R[z] ~ R? given by

Flag,a) = (. — ay)(z — o) = 2% — (a1 + az)z + ajas.

Essentially, F maps the pair (a7, a2) to a monic polynomial of degree two whose ordered roots
are (a1, a2). Observe that F is injective on the region RZ N {oy < ap} with never-vanishing
Jacobian |JF (a1, a2)| = |ag — az]. What is the image of F in the space of polynomials R[z]?
Denoting by a1, as the coefficients of a monic polynomial p(x) = 22 — a1z + as € Rz, we see
first that the conditions ay, as > 0 imply a1, a2 > 0. Moreover the polynomial p(x) = F(a1, as)
has by construction real roots, hence its discriminant a? — 4as must be positive. Viceversa, given
(a1,az) such that aj,az > 0 and a? — 4ap > 0, the roots of p(z) = 22 — a12 + ap are real and
17



positive. Hence, F(R3 N {a; < as}) = {(a1,a2) € R?|ay,a2 > 0,af — 4ap > 0}. Thus we can
write the above integral as

a? o2
2 oo a?—2ay | a? 2 Rl 3a2 =+
(x) = \/7277/ / ale” 5 dagday = \/7277/ e”F / aze®day | day
o Jo 0 0
and performing elementary integration we obtain (x) =Eoy =6 — %. O

APPENDIX.

In this section we will give a proof for the following formula, that is needed in the proof of
Theorem 1.4.

Theorem A.1. For a fized positive integer k we have

(k+2)!

det(Q —ul)?e™ du = /7 S

/ E
wer @~GOE(K)

Before proving Theorem A.1 below we give definition of Hermite polynomials, recall their
properties that we will need and then prove an auxiliary proposition.

A.1. Hermite polynomials. The (physicist’s) Hermite polynomials H;(x), i =0,1,2,... form
a family of orthogonal polynomials on the real line with respect to the measure e~ dx. They
are defined by

4
o’ dxiefﬁ, 1>0

(A1) Hi(z) = (=1)
and satisfy
2w, ifi=j

0, else.

(A'Q) /e]R Hi(u)Hj(u)efuz du = {

A Hermite polynomial is either odd (if the degree is odd) or even (if the degree is even) function:
(A.3) H,(—) = (~1)H,(2);

and its derivative satisfies

(A4) H(x) = 2iH; 1 (x)

(see [JS00, (24:5:1)], [IG15, (8.952.1)] for these properties).

A.2. The expected value of the square of the characteristic polynomial of a GOE-
matrix. The following proposition is crucial for the proof of Theorem A.1.

Proposition A.2 (Expected value of the square of the characteristic polynomial). For a fized
positive integer k and a fired u € R the following holds.

(1) If k = 2m is even, then

m

2 (2m)! 2721

E det(Q—ul)? =20 > @) det X (u),

Q~GOE(k) =

() = Hyj(u) Hy;(u)
A <H2j+1(u) — Hyj(uw)  Hajpa(u) — Hé}(”)) '
18

where



(2) If k =2m + 1 is odd, then

E det(Q—ul)? = YT 5 ) 2(_2j_2 det Y (u),
=0

Q~GOE(k) 24m+2 0 (m 4+ 25)!
where .
e Hy(u) Hy(u)
Vi) =| 0 Hapa ()~ Hyy ) Hjp () H(w)
((:ffl))!' H2m+2(u) Hém+2(u)

For the proof of Proposition A.2 we need the following lemma.

Lemma A.3. Let P, = 21=™" /7™ [T, (20)! and let Zs,, denote the normalization constant
from (5.3). Then P, = 2'72™ Z,,,

Proof. By (5.3) we have Zs,, = (2m)™ Hfmo F;(;)l). Use the duplication formula for Gamma
2

functions to transform this into

mop(2il 2i
+DI(5+1
s — oy H (% + 1)
L(3)?
Now we use the formula I'(z)I'(z + 3) = 21’22F(2z)\/7? [JS00, 43:5:7] with z = 2L to get

91=(2i=1)=2 /725 — 1 + 2 2-2 /r (2 + 1
Zom — 2o [ VAL ) _ mH VAr@i+1)

r(3) r(3)

=0

Using furthermore I'(2) = @ we get Zoy, = 22m-—m’ NZ | . Therefore,

Pn 2l /" [T (20)! _gl-2m
Zom  22mem? S T (20))

as claimed. O

Now we prove Proposition A.2.

Proof of Proposition A.2. In [Meh91, Section 2.2] one finds two different formulas for the cases
k =2m even and k = 2m + 1 odd.

If k = 2m, we have by [Meh917 (2.2.38)] that

Edet(Q — ul)? = L Z 22] ' ( Ryj(u) /éj(u) ) ’

Roji1(u) Ryj41 )

where P, = 2= /7" [T (2i)! is as in Lemma A.3, Za,, is the normalization constant (5.3)
and where Ry;(u) = 2~ 2‘7H2J(U) and Rpji1(u) = 27D (Hy;yy(u) — Hbj(u)). Using the
multilinearity of the determinant we get

—25-2

Edet(Q —ul)? = Fin Z Al det X (u).

By Lemma A.3 we have % = 2172m_ Putting everything together yields the first claim.
In the case k = 2m + 1 we get from [Meh91, (2.2.38)] that
(2m + 1)I P, = 2291 925 Bai(w) - Ry(u)

— det | g2j41  Rojy1(u) Ry q(w)
T 2 j j 2j+1 ]
Zm+l Jj=0 (27) Gom+2  Romqa(u) Rl2m+2(u)
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Edet(Q —ul)? =




where Py, Ry;(u), Roj11(u) are as above and

gi = / R;(u) exp(—“;) du.
u€ER

Note that by (A.3) Hajt1(u) is an odd function. Hence, we have go;41 = 0. For even indices we
use [IG15, (7.373.2)] to get go; = 2727/ 271'(2,7],)!. By the multilinearity of the determinant:

\/2 2m+1'PmZ —2j—

2
22m+2Z2 11 . ! deth(u).

(A.5) Edet(Q — ul)? =

By (5.3) we have Zo,, 1 = 2v/2T(m + 5) Zom. Using also Lemma A.3 we see that
Pm 2—2m
Zom+1 V2T (m + 3)

Plugging this into (A.5) we get

e ATRm 1) R27W 2 ,
Edet(Q — ul) *24m+2r(m+g);0 @) det Y (u).

This finishes the proof. O

A.3. Proof of Theorem A.l. Due to the nature of Proposition A.2 we also have to make a
distinction in the proof of Theorem A.1.
In the case k = 2m we use the formula from Proposition A.2 (1) to write

1M 921

2 2m)! 2
/UER Edet(Q —ul)?e™ du = (2;);) Z @) /ue]R det X (u) du.

Jj=0

y (A.4) we have H/(u) = 2iH;_1(u). Hence, X;(u) can be written as
Hy;j(u) 4jHo;j—1(u)
Hajy1(u) —4jHyj1(u)  2(2) + 1)Hyj(u) — 85(2) — 1)Haj—2(u) )
From (A.2) we can deduce that

/ det X;(u) du = 2(2j + 1)2%(24)!W/7 + 165227125 — 1)!/7
u€eR

= 29T 2)\\/m(45 + 1).

From this we see that
m

—25—1
(A.6) Z / det X ;( du_fz 45 +1) = /7 (m+1)(2m +1).
=0
and hence,

/  Edet(@—ul)e™ du = G m+ em+1) = E2ED 2
ue

Plugging back in m = E finishes the proof of the case k = 2m.

In the case k = 2m + 1 we use the formula from Proposition A.2 (2) to see that
2 u? Vr(2m +1)! m 2
/u]Edet(Q —ul)*e™ du= 22 D (m + 3) detY v Qu.

Note that the top right 2 x 2-submatrix of Yj(u) is Xj(u), so that det Y;(u) is equal to

M e (u (2]) H2j+1(u) - H/j (u) H/j (u) - H//J(u)
(A7) (m+1)! det X u) + J! det < H2m+2(u)2 2 +;I§m+2(u)2 ) '
20



Because taking derivatives of Hermite polynomials decreases the index by one (A.4) and because
the integral over a product of two Hermite polynomials is only non-vanishing, if their indices
agree, the integral of the determinant in (A.7) is only non-vanishing for j = m, in which case it
is equal to

/ Hopg1 (W) Hb,pp y o (w) e du = 2(2m + 2)22™ T (2m + 1)1 /7,
u€R
by (A.2) and (A.4). Hence,
2
/ detY;(u)e ™ du
u€R
% Juer det X (u) e du + % 22m+2(om + )7, if j=m,

((27:7:12))!! fue]R det X;(u) e’ du, else.
We find that
M 9—2j-2 e
JE::OW /udeth(u)e du

_(2m+2)! (2m + 2)! 9—2j—2 | e
_Tﬁ—i_ m+ 1) jgo @) /udeth(u)e du

_(2m+2)! 2m+2)! V7

= VTt a2 e heEmt)
_ VT (2m+3)!

2 m!

JT@m+ 1) 7 (2m+3)!

the second-to-last line by (A.6). It follows that

Edet(Q — ul)? e du =

/uelR Q- ul)fe ! 24m+2(m + 3) 2 m!
_ m(2m 4 1)!(2m + 3)!
C 24m BB (m 4 S)yml

Using the duplication formula for Gamma function, it is not difficult to verify that the last term
is 272m=2, /7 (2m + 3)!. Substituting 2m + 1 = k shows the assertion in this case.
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