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Abstract We study the concurrence of arbitrary dimensional multipartite quantum systems.
An explicit analytical lower bound of concurrence for four-partite mixed states is obtained in
terms of the concurrences of tripartite mixed states. Detailed examples are given to show that
our lower bounds improve the existing lower bounds of concurrence. The approach is generalized
to five-partite quantum systems.
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1 Introduction

As a striking feature of quantum physics and an essential resource in quantum information
processing [1]-[4], quantum entanglement has attracted much attention in recent years [5]-[10].
Its potential applications in quantum information processing have been demonstrated in, such
as quantum computation [11], quantum teleportation [12], dense coding [13], quantum crypto-
graphic schemes [14], entanglement swapping [15], remote states preparation [16], and in many
pioneering experiments.

To give a proper description and qualify the quantum entanglement for a given quantum state,
many entanglement measures have been introduced, such as the entanglement of formation [17]
for bipartite quantum systems and concurrence [18] for any multipartite quantum systems. For
the two qubit case, the entanglement of formation is proven to be a monotonically increasing
function of the concurrence and an elegant formula for the concurrence was derived analytically
by Wootters [19]. However, except for bipartite qubit systems and some special symmetric states
[20], there have been no explicit analytic formulas of concurrence for arbitrary high-dimensional
mixed states, due to the extremizations involved in the computation. Instead of analytic formulas,
some progress has been made toward the analytical lower bounds of concurrence. A lower bound
of concurrence based on local uncertainty relation criterion is derived in [10]. This bound is
further optimized in [21]. For arbitrary bipartite quantum states, Refs [22]-[23] provide a detailed
proof of an analytical lower bound of concurrence in terms of a different approach that has a
close relationship with the distillability of bipartite quantum states.
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In [23]-[24], the authors presented a lower bound of concurrence by decomposing the joint
Hilbert space into many 2®2 and s®¢t-dimensional subspaces, which improve all the known lower
bounds of concurrence. A similar nice algorithms and progress have been made towards lower
bounds of concurrence for tripartite quantum systems [25,26] and other multipartite quantum
systems [27]-[28] by bipartite partitions of the whole quantum system. One would like to ask
naturally if it is possible to improve further the lower bound of concurrence by using tripartite
and M-partite concurrences of an N-partite (M < N) systems.

In this paper, we first provide lower bounds of concurrence for arbitrary dimensional four-
partite systems in terms of tripartite concurrences. Detailed examples are given to show that
these bounds are better than the well known existing lower bounds of concurrence. We then
generalize lower bound of concurrence to arbitrary multipartite case.

2 Lower bounds of concurrence for four-partite mixed states
We first recall the definition and some lower bounds of the multipartite concurrence. Let H;,

i = 1,---,N, be d; dimensional Hilbert spaces. The concurrence of an N-partite pure state
[v) € HH ® Hy ® --- ® Hy is defined by [29],

On () = 2% \/<2N Co) - T2 W

where the index « labels all 2V — 2 non-trivial subsystems of the N-partite quantum systems
and p, are the corresponding reduced density matrices.

For a mixed multipartite quantum state p = . p;|¢;)(¢i| € HH @ Hy ® - - - ® Hn, p; > 0,
>_;Pi = 1, the concurrence is given by the convex roof:

Cn min i i) 2
(p) = {pulw}zp v ([¥:)) (2)

where the minimum is taken over all possible convex partitions of p into pure state ensembles
{|1s)} with probability distributions {p;}.

In [27] the authors obtained lower bounds of multipartite concurrence in terms of the concur-
rences of bipartite partitioned states of the whole quantum system. For an N-partite quantum
pure state |¢) € H1 @ Ho® --- ® Hy, dimH; = d;, i = 1,--- | N, the concurrence of bipartite
partition between the subsystems 12--- M and M + 1--- N is defined by

Cal[) () = /20— Trlp,.. ), (3)

where p1o.pr = Traryr-n{|¥) (|} is the reduced density matrix of p = [¢)(¢p| by tracing
over the subsystems M + 1--- N. For a mixed multipartite quantum state p = >, p;|¥;) (s €
Hy ® Hy ® --- ® Hy, the corresponding concurrence Cs(p) is given by the convex roof:

CQ(/D) min ZPZCQ sz 7/}1|) (4)

{pi,l¥i)

A relation between the concurrence (2) and the bipartite concurrence (4) has been presented
n [27]: For a multipartite quantum state p € H; ® Hy ® --- ® Hy with N > 3, the following
inequality holds,

Cn(p) > max2"7 Ca(p), (5)

where the maximum is taken over all kinds of bipartite concurrences.
In terms of the lower bounds of bipartite concurrence, in [28] further relations between the
concurrence (2) and the bipartite concurrence (4) has been obtained:

Cn(p) > 1I§1aXN71{2% \/mcz(PM)} (6)
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for N > 3, where the maximum is taken over all kinds of bipartite concurrences for given
M. In particularly, if N = 3, one has C3(p) > max{C2(p1),Ca2(p2)}. If N =4, one gets Cy(p) >

max{Cs(p1), 32 Ca(p2), Ca(p3)}-
For multi-qubit systems, in [30] the authors get the analytical lower bounds in terms of the
monogamy inequality: For any four-qubit mixed quantum state p, the concurrence C(p) satisfies

3 4
ZZT+T C%(p), (7)

where
=1+ y|2;y}+{72;'z|2;2},
Ty=1+ *} {—*lf}
=1+ (-2 + (5 - 0+ i

2—z

s
z,y, z € [0,2], the bracket {a|b} is defined such that one may either take the first element a or
the second element b from {a|b}, and for example CZ,(p) denotes the concurrence of the reduced
state p12 = Tr34(p). However, for any given pair a and b, once the first (the second) has been
taken, then in a formula one always takes the first (the second) element in all the following
brackets containing the same two elements a and b.

In order to improve the lower bounds of concurrence, in the following we consider tripartite
concurrence Cs(p), instead of the bipartite concurrence Cy(p). For an N-partite quantum pure s-
tate |¢p) € HIQHs®- - -Q@Hy, dimH; = d;, i =1,2,--- N (N > 3), we denote M decomposition a-
mong subsystems {il}’ {i2}’ B {iMl}’ {kiv k%}) {k%v k%}’ B {k{\/hvk‘é\b}v M) {C]%, T ’qjl'}v {q%7

S Aath - ,q?/[j},where{il,iQ,n- MR R R2ORD, - kMR RN g .q,
. ,qiw",~~ ,qJMj} ={1,2,--- N} and > ]_, M = M, >} _, kM, = N, the concurrence of
M —partite decomposition among the above subsysytems is given by

T T Y
Ti=1+{31-5}+1{5

(1) ]) = 21%”\/<2M Co) - T2 ®)

where 0 # o & ({1}, {2}, . (i}, (kL K3}, (R, K3}, - (k1% ) faba o gl
{qiwj o ,qj 71} and p,, are the corresponding reduced density matrices.

For example, we can define the concurrence of tripartite decomposition among subsystems
1,2,--- M, M+1,---,Land L+1,--- | N as,

C3([)(]) = \/3 Tripty.ar + Phrsror T PEir s 9)

where pio.pr = Trag1, 0,041, N([¥)(¥]) is the reduced density matrix of p = [¢)(¢| by
tracing over the subsystems M +1,--- L, L+1,--- , N. Similar definitions apply to pps+1.... and
pL+1.-N- The rearrangement of the subsystems are implied naturally, so if take N =4, M = 3,
there are six different partitions of four system: 1]2|34,1|3|24, 1|4|23, 12|3|4, 13|24, 14|2|3, then
we can get the following theorem:

Theorem 1. For a multipartite quantum state p € H; ® Ho ® H3 ® Hy, then the following
inequality holds,

C2(p) > G5 (p), (10)

2
where C5™ (p) = £(C3(p1)2j31) + C3(p1)3124) + C3 (p1)j23) + C3 (p12134) + C3 (p1312/4) + C3 (p141213))-



4 ‘Wei Chen et al.

Proof: For a pure multipartite state [¢) € H; ® Hy ® Hs ® Hy, let p = [¢) (4|, From (1), we have

4 4
o) = 5300 —trp?) + (1 — 1) ()
i=1 =2
and
C3pugaa) = (1 trod) + (1~ tryf) + (1~ trp}), (12

where p; = Trjri(p), pj = Triri(p), prr = Trij(p).

Then from (11) and (12), we have C3(p) > %(Cg(p1‘2|34) + C3(p1j3p2a) + C3(p1jaes) +
C3(p12j314) + C3(pr1312a) + C3(p14j23))-

Assuming that a mixed state p = >, p;|1;)(¢;| attains the minimal partition of the multi-
partite concurrence, one has,

= (Zpic4<|wi><wi|>>2

ZW (15 ) + CRW ) -+ CH() ) )P
sz 3(([9:))1)2134)) sz 5(([9i))1)3124))° ++ - +ZP1 Cs((|9i))141213))°

> 6(09?(01\2&4) + C?%(Pl\3|24) + C??(ﬂ1|4\23) + C??(P12\3|4) + C§(p13|2‘4) + C§(014|2|3))7

where the relation (3, (> ; T;;)?)2 3 < O ) has been used in second inequality. Therefore,
we have (10).

OIn order to show that our lower bound (10) can detect entanglement better, let us consider
the following examples.
Example 1. We now first consider a simple case, the generalized four-qubit GHZ state: |[¢)) =
€0s6|0000) + sinf|1111). We have Cy(|1))) = V' 7sin?0cos?0. From our lower bound (10), we have
Cy(p) > V6sin20cos?6, which is generally greater than the bounds v4sin26cos?6 from [28] and
V2sin?0cos?6 from [27].
Example 2. Now consider the quantum mixed state p = L=t I16+t|¢) (¢], with |¢) = 3(]0000) +
[0011) + |1100) + |1111)), where I;¢ denotes the 16 x 16 identity matrix. By Theorem 4 in [26],
we obtain

07
02(p12\3|4) Z 81t2%9128t+1a

181t —58t45
192

ulr ol O
A A A
~ o~ Tk
IAIA A
= oyl

Also we can get
0 0
2 )
C(p1j3j24) 2 {175t270t+7 1
192 5

A IN
~ =
IA A
.HCMH

)

Similarly, CQ(p1|2‘34) has the same lower bound as CQ(p12‘3|4), and CQ(p1‘4‘23),02(p13|2‘4)7
C?(p14j23) have the same lower bound as C?(py)3j24). Associated with (10), we have

0, 0<t<$,
2 81t2—18t+1 1 1
Cilo) 2 531 §76198 ,1 ? St=s
%7t+ 1
576 5 <t=< L.

So our result can detect the entanglement of p when ¢ < ¢t < 1, see FIG.1. While the
lower bound of Theorem 1 in [30] is C2%(p) > 0, when % <t< %, which can not detect the
entanglement of the above p. Also we can found that our lower bound are larger than the lower
bound of Theorem 1 in [30] when § < ¢ < 111+4‘/W

Similarly, the lower bound of Theorem 1 1n [31] is C%(p) > 0, when § < ¢ < %, which can
not detect the entanglement of the above p. Also we can found that our lower bound are larger

than the lower bound of Theorem 1 in [31] when § < ¢ < 21LIVIST gee FIG.2.

Ol
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Fig. 1 Solid line for the lower bound from (10), which detects the entanglement of p when é < t < 1. Dashed
line for the lower bound from Theorem 1 in [30]. It detects entanglement only for % <t<1

cn2
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Fig. 2 Solid line for the lower bound from (10), which detects the entanglement of p when é < t < 1. Dashed
line for the lower bound from Theorem 1 in [31]. It detects entanglement only for % <t<1.

Example 3. Let us consider the four-qubit Dicke state with two excitations[32],

1-1t
16

p=——Iis+ /D)D),

where [D{?) = (|0011) +[0101) + [0110) 4 [1001) 4 [1010) +|1100))/v/6. When 2E¥2=3) 4 < 1
we find that the lower bound in [30] and [31] is C?(p) > 0, which can not detect entanglement.

38v2-8) 4 < 1. S0 our bound can detect

While our lower bound can detect entanglement when =75

entanglement better.

Remark 1. The definition of concurrence in [30] is different from (1) up to a constant fac-
tor 2'=NV/2_ In above examples and [31], the difference of the constant factor in defining the
concurrence for pure states has already been taken into account.

3 Results of lower bounds of concurrence for arbitrary multipartite quantum
systems

If we take N = 5, M = 3, there are twenty-five different partitions of five system: 1|2|345, 1|3|245,
114|235, 1|5|234, 1|23|45, 1|24|35, 1|25|34, 12|3]45, 12|34|5, 12]4|35, 13|2|45, 13|24|5, 13|4|25, 14]2|35,
14]23|5,14|3|25, 15|2|34, 15|23|4, 15|3|24, 123]4|5, 134|2|5, 124|3|5, 135|2|4, 125|3|4, 145|2|3, then we
have

Theorem 2. For a multipartite quantum state p € H; ® Ho ® H3 ® Hy ® Hs, then the following
inequality holds,

C2(p) > Cs (p), (13)

2
where C3™ (p) = 35 (C3(p121345) + C3(p13j245) + - -+ + C3(prasjy3))-
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Proof: For a pure multipartite state |¢) € H; @ Hy @ Hs ® Hy ® Hg, let p = |[1)(¢|, From (1),
we have

5 5 5 5
1
C2p) = 7= trpf) + > (L= trpy) + 3 (1= trpd;) + Y (1= trpf) + (1= trpis))(14)
=1 =2 1=3 i=4
C3 (pijoe) = (1 —trp}) + (1 — trp3,) + (1 — trppy), (15)
where p; = Trjii(p), pjt = Triri(p), pri = Trijt(p), and
C3(pijims) = (L —trp;) + (1 —trp3) + (1 —trpf;,), (16)

where p; = T7j115(p), pj = Trikis(p), pris = Tij(p)-
For a bipartite density matrix p € H4 ® Hp, from [21], one has

1= Tr(php) < (1= Tr(ph)) + (1 = Tr(pp)), (17)
where pa =Trp(pas),ps =Tra(pas).
Then from (14), (15), (16) and (17), we have C2(p) > 3= (C3(p1)2j345) + C3(p13j245) + -+ - +
C?%(P145|2|3))-
Assuming that a mixed state p = ), p;|[¢;)(¢;| attains the minimal decomposition of the
multipartite concurrence, one has,

2(p) = (sz‘CEB(Wz‘)WiD)Q

Zpl\/% ([N 1121345) + C2(([¥i))1j31245) + -+ + CZ(([03))145)213)))?
> (Zpi303((Wi>)1|2\345))2+(zPi%c3((|¢i>)1|3\245))2+' : "HZPi%ca((\wi>)145l2\3))2

1
2*(03(Pl|2\345)+03(01|3\245)+ +C3(p1asj2i3)),

Therefore, we have (13).

If we take N = 5, M = 4, there are ten different partitions of five system: 1|2|3|45, 1|2|4|35, 1/2|5|34,
1]23]4|5, 124/3|5, 1|25|3]4, 12|3]4|5, 13(2]4|5, 14|2|3|5, 15[2|3|4, similar to Theorem2, we can get
Theorem 3. For a multipartite quantum state p € H; ® Ho ® H3 ® Hy ® Hs, then the following
inequality holds,

C2(p) > Ci” (p), (18)

—2

where Cy (p) = 15(C3 (p1j213145) + C3(pr2jai35) + -+ + C3 (p1512j3/4))-

Proof: For a pure multipartite state |¢)) € H; ® Hy ® H3 ® Hy ® Hs, let p = |¢)(¢], From (1),
we have

5 5 5 5

C3(p) = 3(2(1 —trpf) + > (L—trpt) + Y (L—trp3;) + > _(1—trp3;) + (1 —trpis)){19)

i=1 1=2 1=3 i=4

1
Cs (p) = *(Ci(/’l|2\3|45) + CE(P1\2|4|35) +o CE(P15|2\3|4))

= 55 {1 = trpty) + (1= trp3) + (1 = trpd) + (1 = trpg) + (1 — trp3y)
(1 —trp35) + (1 — trpis)] + [(1 = trp¥s) + (1 — trp3) + (1 — trpf)
+(1 = trps) + (L= trpis) + (1= trpgs) + (1= trp3y)] + - + [(1 = trpls)
H(L—trp}) + (L= trps) + (1 — trpg) + (1 — trps) + (1 — trpiz) + (1 — trpi,)]} (20)
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In order to prove (18) for pure state, we compare (19) with (20), and we find that we only
to prove

5 5

5 5
Z - ““Pz Z ““Pu Z(l - trp%i) + Z(l - tTP:%n') +(1- trp?m) (21)
i=4

=1 =2 =3

and (21) is obvious right for the pure state by (17).
Assuming that a mixed state p = ). pi|1;)(¢;| attains the minimal decomposition of the
multipartite concurrence, one has,

= (ZP@O5(|1/%><1/%|))2

sz\/lo ((|9i))11213145) + C3((1%i))1j21a135) + - + C(1i)15)213/4)))*
> sz 4(([%0i))1)213145)) sz 1(([%i))112/4135)) )2+ +sz\ﬁ 4((|1/)i>)15|2\3|4))2

> 10(04 (p11213145) +CF(p1j214135)+ - ~+Ci (p151213/4))5

Therefore, we have (18).
Now we hope to generalize our results to N-partite systems (N > 4). Firstly, we consider
—~2
six-partite state p € Hy ® Hy ® H3 ® Hy ® Hs ® Hg, if we hope to get CZ(p) > C5 (p), we should
get

6 6 6 6 6
5> (1—trp?) Z —trpd;) + Z(l —trp3) + Y (L—trp3,) + Y (1 —trp3,)
i=1 =3 i=4 i=5
6 6 6
+(1 - tr,o%G) + 3[2(1 - trple )+ Z 1- tTPl:sz Z(l - trpiu-) +(1- trp%%)], (22)
i=3 i= i=5

2
but we are not sure that (22) is always true. So we only have C%(p) > Ci (p) for integers

2
N <5,3< M <4, where Cy; (p) takes average over all possible square M-partite concurrences.
Generally, we obtain
Theorem 4.

—~2 —~2
C3(p) > s1{Cs (p)} + 52{C5 ()},
where Z?Zl s;i=1,8 >0,8 > 0.

4 Conclusions and Remarks

In summary, we have presented an approach to derive lower bounds of concurrence for arbitrary
dimensional N-partite (N < 5) systems based on sub M-partite (M = 3, ..., N —1) concurrences.
Lower bounds of concurrence for four-partite(or five-partite) mixed states have been studied in
detail in terms of the tripartite concurrences. By detailed examples we have shown that this
bound is better than other existing lower bounds of concurrence. we find that our lower bound is
relatively tight though these examples. Example 1 in our paper can show that our lower bound
are larger than the previous lower bounds and Example 2, 3 can show our lower bound can detect
more entanglement than the previous lower bounds. At last, we also present a lower bound of

five-partite mixed states based on the mixing of @Z(p) and 6’;,2(p).

Above all, in [23,25,26] lower bounds of concurrence for high dimensional systems have been
presented based on the concurrences of sub-dimensional states, by decomposing the joint Hilbert
space into lower dimensional subspaces. For high dimensional N-partite systems (N < 5), it
would be useful to use the concurrences of both sub-dimensional states and sub-partite states. An
optimal lower bound could be obtained by repeatedly using the concurrences of sub-dimensional
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and sub-partite states in an suitable order. We are also looking forward to get lower bounds for
arbitrary multipartite systems.

Acknowledgments This work is supported by the NSFC under numbers 11571119 and
11405060.
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