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We present a lower bound of concurrence for four-partite systems in terms of the concurrence for
M (2 < M < 3) part quantum systems and give an analytical lower bound for 2 ® 2 ® 2 ® 2 mixed
quantum sates. It is shown that these lower bounds are able to improve the existing bounds and
detect entanglement better. Furthermore, our approach can be generalized to multipartite quantum
systems.
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I. INTRODUCTION

Quantifying entanglement is a basic and long standing problem in quantum information theory [1]. Concurrence
[2-6] is one of the well-accepted entanglement measures [7-12]. Different from the entanglement of formation which
is defined for bipartite systems, concurrence can be generalized to arbitrary multipartite systems. Nevertheless,
calculation of concurrence is a formidable task for higher-dimensional cases. For arbitrary S-dimensional bipartite
quantum states, Ref. [13] provided an analytical lower bound of concurrence by decomposing the joint Hilbert space
into many s (2 < s < S — 1)-dimensional subspaces, which may be used to improve all the known lower bounds of
concurrence. For arbitrary qubit systems, Ref. [14] provided analytical lower bounds of concurrence in terms of the
monogamy inequality of concurrence for qubit systems. For arbitrary N-partite S-dimensional quantum states, Ref.
[15] provided an analytical lower bound of concurrence in terms of the concurrence for N-partite s (2 < s < S —1)-
dimensional quantum systems. More generally, for arbitrary N-partite arbitrary dimensional quantum states, Ref.
[17] provided an analytical lower bound of concurrence in terms of the concurrence for two part quantum systems.
A natural problem is whether the arbitrary dimensional N-partite quantum states can be dealt with M-partite
(2 < M < N —1) quantum systems.

In this paper we provide the lower bound of concurrence for 4-partite quantum states in terms of tripartite and
bipartite quantum systems. The generalized lower bound of concurrence can be generalized to the multipartite case.

II. LOWER BOUND OF CONCURRENCE FOR FOUR-PARTITE QUANTUM SYSTEMS

To investigate multi-entanglement we first introduce the M-partite concurrence in N-partite systems. For a pure
N-partite quantum state |¢) € H; @ Ho ® --- ® Hy, dimH; = d;, i = 1,..., N, the concurrence of |¢) is defined by
[6, 16]

On (1)) = 2l-¥\/<2N 9 S Tr(e2), W

where p, = Tra(|JY)@]), a« € {1,2,...N}, & is the compliment of «, p, labels all the different re-
duced density matrices of |¢)(]. We list all the 2% — 2 reduced matrices in the following way:
{PL P2y s PN P12y P13y +++s PIN s P235 +++5 P12...N—1, -~-’p23...N}7 by noticing that T?“(pi) = T’I“(p%) for any pure states.
For a mixed multipartite quantum state, p = >, p;|¥;) (| € H1 @ Ha ® - - - ® H, the corresponding concurrence is
given by the convex roof extension,

Cn(p) =  min PiCn([thi)), (2)
{pisln) Z ' ‘

where the minimum is taken over all possible pure state decompositions {p;, |1;)} of p. This multipartite concurrence
can be used to detect and classify various genuine multipartite entanglements. It has been shown in [17] that a
multipartite quantum state is genuinely multipartite entangled if the multipartite concurrence is larger than certain
quantities given by the number and the dimension of the subsystems.

For the N-partite quantum state 1)) € H1 @ Ha ® - - @ Hy, we denote the general M-partite decomposition of |i)),
{il},...,{iMl},{k%,k%},...,{k:yz,kéwz},...,{qf@, ...,q;‘/[j}7 where all the subspaces in one bracket {} are taken to be



one part. Hence, {i',...,iM Kkl ki, .. kM2 kM2, ...,q{\/fj,...,q;wj} ={1,2,...,N} and E =M, Zk kM, = N.
The concurrence of the state |¢)) under such M-partite partition is given by
M
() = 244 \/<2M ~2) = 3 Tr(e}), )
B

where 3 € {{i'}, ..., {i*1}, ...,{qi\/lj,...,qé\/[j}}. Take N = 4 and M = 3 as an example, one has M; = 2 and M = 1.
There are six different tripartite decompositions: 1|2|34, 1|23|4, 1]24|3, 12|3|4, 13|2|4 and 14/2|3. For convenience, we
denote Cyjjki(p) = C3(pijxp) and Cyjira(p) = C2(pijirr)-
Theorem 1: For any mixed quantum state, p € H; ® Ha ® Hs ® Ha, the concurrence is bounded by
1
CE(P) 2 E(chm:m(f)) + 2012|3\24(P)
+ 2012\4|23(P) + 20122|3\4(P)
+ 20123|2\4(/3) + 20124|2\3(P)
+ 0122\34(0) + C'123\24 + 0124|23(P))- (4)
[Proof:] We start the proof with a pure state |¢)) € Hi ® He ® Hs ® Ha. According to the definition (1), one has

that
1
- _ 2
5 14 Ea Tr(p2)

> (1 =Tr(p2)), (5)

[e3%

Ca(l))

N =

where p,, labels all the different reduced density matrices of |¢))(1|. On the other hand, we have

Chirn(l¥) = %[(1 = Tr(p})) + (1 = Tr(pjy))
+ (1=Tr(p})) + (1 = Tr(pii)
+ (1=Tr(p3)) + (1 = Tr(pj)] (6)
and
Com(0)) = (1= Tr(pf)) + (1 = Tr(pis))- (7)
From (5), (6) and (7) , we have
Ci(ly)) = (201\2|34(|1/}>) + 20%|3\24(W’>)

+ 1|4\23(|7/)>) + 2012|3\4(|¢>)

+ 13\2|4(|1/)>) + 2014|2\3(|¢>)

+ Chyaa((¥)) + Clapa([9)) + Clapas(1¥))). (8)
Let p =", pi|)i(¢¥| be the optimal pure state decomposition of (2). We have

Cy(p) = 21%04(\7#)1')

1 1 1
= Zp‘\/G Cliaaa1¥)a) + oo + 60124|2\3(|1/’>i) + 75 Chapaa([)e) + o+ Cl4|24(|1/’>

2 \/sz Chyzpza(|¥)i))? + ... + Zpl 014\23 [¥):))?

1
>
V12

Jr0122|34(P) + Cl23|24(:0) + 0124|23(P)) z, (9)

(201|2|34( )+ 2012\3|24(P) + 2012\4|23(:0) + 20122|3\4(P) + 20123|2|4(P) + 20124|2|3(P)



where the Cauchy-Schwarz inequality (3;(3_; yij)Q)% <3 yfj)% has been used in the second inequality. O

For a mixed quantum state p € H; ® Hy ® H3 ® Hy, a lower bound of C%(p) has been derived based on bipartite
partitions in Ref. [17]. By using the following relation [17],

1
Ca(p) = 5 (Chalp) + Ciual) + Chays () ) (10)

from (4) we have

Cilp) %(2C%|2\34(P) + 2012|3|24(P) + 2C'12|4|23(P) + 20122|3\4(p) + 20123|2\4(P) + 20124|2\3(P)

0122|34(P) + 0123\24 + 0124|23(P))

3(012\234(:0) + 022|134(p) + C’32|124(P) + 042|123(P)

0122|34(p) + 0123\24(17) + 0124|23(P)) =A, (11)

where A is the lower bound obtained in [17]. Hence, our bound (4) is better than the lower bound in [17] for
four-partite quantum mixed states.

v+ Vv

+

IIT. ANALYTICAL LOWER BOUND FOR 2®2® 2 ® 2 MIXED STATES

Let Hs, Hp and H¢ be 2,2 and 4-dimensional Hilbert spaces associated with the systems A, B and C, respectively.
A pure state |¢) € Hqa ® Hp ® He has the form

o=

101
i=0 j=0

3
> ailigh), (12)
k=0

where a;;, € C, >
written as [6],

ik laijk|? = 1, {|ijk)} is the basis of H4 ® Hp ® Hc. The concurrence of |¢) can be equivalently

1
Cs(lp)) = \/2 Z(|az‘jk~apqm — Qijmapgk|® + |ijkApgm — Gighpjm|® + |@ijkapgm — apjraigm|®)- (13)

To evaluate Cs(p), we project 2 ® 2 ® 4 dimensional states to 2 ® 2 ® 2 sub-states. For a given 2 ® 2 ® 4
pure state, we define its “2 ® 2 ® 2”7 pure state |p)agag2 = Zi:o Z;:O Dok (k1 ko Qigk|ijk), where {ki,ko} €
{{0,1},{0,2},{0,3},{1,2},{1,3},{2,3}}. In fact, for any 2 ® 2 ® 4 pure state |¢) , there are 6 different 2 ® 2 ® 2
substates with respect to |¢). Without causing confusion, in the following we simply use |¢)ag2g2 to denote one of
such states, as these substates will always be considered together. The concurrence C(|p)ag2g2) is similarly given by
Eq. (13), with the subindices ¢ and j, associated with the systems A and B respectively, running from 0 to 1, and
with the subindex k associated with the system C' taking values k; and ko

Correspondingly, for a mixed state p, we define its 202®2 mixed (unnormalized) substates pagag2. The concurrence
of pagaga is defined by C(pagag2) = min ), p;C(|¢;)), minimized over all possible 2®2® 2 pure-state decompositions
of pagage = Y_; Pildi)(Pi|, with) . p; = Tr(pag2g2). The 2® 2 ® 2 submatrices pagag2 have the following form,

P00k1,00k;  P00k;,00ke P00k;,01k; P00k;,01ks P00k;,10k; L00k;,10ks P00k1,11k; P00k, 11ks
P00k2,00k; L00k2,00ks P00k2,01k; P00ks,01ke P00ko,10k; PO00ks,10ks  P00ks,11k; P00k, 11k,
PO1k1,01k; PO1k1,00ky PO1kq,01ky PO1k1,01ky PO1ky,10k; PO1ky,10ks PO01k1,11k; PO1ky,11ks
P01k2,00k; PO01k2,00ks 01k2,01k; PO01ks,01ke PO01ks,10k; P01k, 10ks P01k, 11k; PO0lke, 11k, (14)
P10ky,00k; P10ky,00ks P10ky,01k; P10k;,01ke P10k;,10k; P10ky,10ky P10ky,11k; P10k, 11ko
P10k2,00k; P10k2,00ks P10k2,01k; P10ks,01ke P10ko,10k; P10ks,10ks  P10ks,11k; P10k, 11k,
P11ky,00ky P11ky,00ks Pllky,01ky P11ky,01ke P11ky,10k; P11ky,10ky P11k, 11k; Pllky,11ko
P11k2,00k; Pllke,00ke Pllks,01ky P11k2,01ky Pllke,10k; Pllks,10ks P11ks,11k; Pllke,11ks

P2202 =




where 0 < k1 < ky < 3 associated to the space He.
Theorem 2: For any 2 ® 2 ® 4 tripartite mixed quantum state p, the concurrence C(p) satisfies

C3(p Z C3 (p2e2e2), (15)

where ) stands for summing over all possible 2 ® 2 ® 2 mixed sub-states pagog2-
[Proof]. From the expression of concurrence (13), it is straightforward to prove that the concurrence of pure state
|©) and the concurrence of |p)ag2g2 With respect to |¢) have the following relation,

1
C3(lp)) > Z §C§(|Sﬁ>2®2®2)- (16)
Therefore for mixed state p = > pi|¢i) (@i], we have

C3(p) = min Zpic3(|</9i>)

min ﬁ (X C§<|soi>2®2®2>)%

>
13
> min\/T Z szC:’, l0i)om2w2)
- 3
1
1 2
Z /3 Z (mmZmC?) |pi)2@202 )

= \[{ch P2®2®2)} ;

where the relation (3, (3 ; xij)Q)% <2 mfj)% has been used in the second inequality, the first three minimizations
run over all possible pure state decompositions of the mixed state p, while the last minimization runs over all 2®2® 2
pure state decompositions of pagag2 associated with p. O

According to Theorem 1 and Theorem 2, we have the following Corollary 1:
Corollary 1: For any 2 ® 2® 2 ® 2 mixed quantum state p, the concurrence Cy(p) satisfies

Cip )7 5 Z 203 (p26202) Z Clii2aan () | (17)

2<5<4

where ) stands for summing over all possible 2 ® 2 ® 2 mixed sub-states pagag2 of pijjjr, 1 <1 < j <4, {k1} =

{1,2,3,43\ {i, j}).
For any four-qubit mixed quantum state p, Ref. [14] provided analytical lower bounds of concurrence in terms of
the monogamy inequality of concurrence:

M\H

3 4
ZZT+T )CZ(p),

where T; (i = 1,2,3,4) are given in Ref. [14] and the difference of a constant factor % defining the concurrence for
four qubit pure states has already been taken into account. The bounds given in Corollary 1 can be used to improve
the bounds of concurrence presented in [14]. Let us consider the following example.

Ezample: We consider the quantum state p = 1L 15 + t[1h) (¢[, where |1) = (]0000) + |0011) + [1100) + [1111))/2,
I16 is the 16 x 16 identity matrix.

From our Theorem 1, we need to compute the lower bounds of C;j;jx:(p) and Cjjxi(p). For convenience, we denote

(5t — 1)?

Z =
! 128

1 2
Zy = oz (1= 921+ 1),



Zy = f%(lﬂ) [ (751+4\/ﬁ)t2+(26+4m)t73} ,

C3(1+t)t 147t 1—t ’
Z1= "8 (\/4(t+1)_3\/4(t+1)>'

For C(pj|jjr), we use Theorem 2 and the lower bound of [15] of 2 ® 2 ® 2 mixed states. We obtain the lower bound

and

Z of Fcicicarny=11,2343/(i) Ciljima(P):

1
27, te (5,02,
Z =14 397, +27,, t € (0.2,0.308051],

327, + Zy + Z3, t € (0.308051,1].

For C(p;jiki), we use the lower bound of [13]. We have

> Ci(p) = Za

1<j<4,{k,1}={1,2,3,4}\{1,5}

with ¢ € (0.5, 1].
Then the lower bound of C%(p) can be obtained, see Fig. 1.
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Fig. 1: Lower bound of C3(p) for 0 <t < 1.

From Fig. 1, we see that the lower bound can detect entanglement of p for ¢ > %. From Fig. 2, we see that the our
result is better than the lower bound from [17] and [14] for ¢ € (§,0.4), where the difference of a constant factor 1 in
defining the concurrence for four qubit pure states has already been taken into account.

By generalizing our results to arbitrary dimensional n-partite systems, we have

Corollary 2: For any N-partite arbitrary dimensional mixed state p € H1 ® Ho ® --- ® Hy,

CN Z am Z Ci}zé B2 PO - O i 2 O (p), (18)

where 2 <M < N =1, 37k = N, {if, ... i, o750 } = {1,2,...,n} and gy, is a fixed number depending
on klak27"' 7km-

Corollary 2 says that the lower bound of the concurrence of an N-partite quantum state can be expressed by the
concurrences of its 2,3, ..., N — 1-partite substates.
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Fig. 2: Dashed line for the bound (4), dotted line for that from Ref. [17], solid line for that from Ref. [14].

IV. CONCLUSIONS AND REMARKS

In summary, we have proposed a new approach in constructing hierarchy of lower bounds of concurrence for mixed
multipartite quantum states in terms of the less part decomposed quantum systems. Besides, our approach can be
generalized to N part systems to obtain the lower bound of the concurrence for M (2 < M < N — 1) part systems.
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