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In Riemannian Geometry geodesics are integral curves of the gradient of Riemannian
distance. We extend this classical result to the framework of Information Geometry. In
particular, we prove that the rays of level-sets defined by a pseudo-distance are generated by
the sum of two tangent vectors. By relying on these vectors, we propose a novel definition of
divergence and its dual function. We prove that the new divergence defines a dual structure
(g, V, V") of a statistical manifold M. Additionally, we show that this divergence reduces to
the canonical divergence proposed by Ay and Amari in the case of: (a) self-duality, (b) dual
flatness, (c) statistical geometric analogue of the concept of symmetric spaces in Riemannian
Geometry. The case (c¢) leads to a further comparison of the novel divergence with the one

introduced by Henmi and Kobayashi.

PACS numbers: Classical differential geometry (02.40.Hw), Riemannian geometries (02.40.Ky),
Inverse problems (02.30.Zz).

I. INTRODUCTION

The Inverse Problem within Information Geometry [4] concerns the search for a divergence
function D which generates a given statistical structure (M, g, V,V*). A significant attempt to
solve this problem has been put forth in [5]. Here, the authors defined a divergence function
relying on the inverse exponential map.

A statistical manifold is a C*° manifold M endowed with a dual structure (g, V, V™) such that
X g(¥,2) = g (V,VZ) +8(VxY, 2), ¥ X,Y,Z € TOM), 1)

where 7 (M) denotes the space of vector fields on M, namely C* sections X : M — TM, X, € T,M.

The dual connections V and V* are both torsion free. The notion of statistical manifold, introduced
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by Lauritzen [I5], is usually referred to the triple (M, g, T'), where T'(X,Y, Z) = g (VY — VxY, 2)
is a 3-symmetric tensor. However, when V and V* are both torsion free connections, then the
structures (M, g, V,V*) and (M, g,T") are equivalent [0].

A distance-like function D : M x M — R satisfies the following conditions
D(p,q) 20Vp,g €M and D(p,q) =0iff p=gq. (2)
The function D is called a divergence or contrast function on M [4] if the matrix
5i(p) = — 0:(D(E,.6,)|_, = D), 3)

is strictly positive definite everywhere on M. Here,

0 0
= — and 8; = —
8{; 65}1

0;
and {§, = ({;, &)} and {€, = (53, .., &;)} are local coordinate systems of p and g, respec-
tively. Moreover, {8, = (01,...,0,)} and {8;, = (9},...,0,)} are the correspondent local frames
on T,M and T M, respectively.

Conversely, given a dual structure (g, V, V*) on M, the distance-like function is compatible

with (g, V, V") if g is obtained by and furthermore the following holds [3]:

Fljk(p) = - 8i8jallgp(£p7£q)|p:q7 ;k_]k(p) - - az/'a;'akp<€p7£q)‘p:q ’ (4)

where Ty, = g (Vo,0;,0k), Il = ¢ (vgiaj, 8k) are the symbols of the dual connections V and V*,
respectively. In this article, we address our investigation to the latter issue, namely we will try to
figure out a canonical divergence that recovers the dual structure of a given statistical manifold
S=M,g, V,V).

Matumoto [19] showed that a divergence exists for any such statistical manifold. However, it
is not unique and there are infinitely many divergences that give the same dual structure. When
a manifold is dually flat, a canonical divergence was introduced by Amari and Nagaoka [4], which
is a Bregman divergence. Extensions of the canonical divergence within conformal geometry have
been analysed by Kurose [14] and Matsuzoe [1§]. The canonical divergence has relevant properties
concerning the generalized Pythagorean theorem and the geodesic projection theorem [I]. For
this reason the issue of finding a general canonical divergence for a given statistical manifold
S = (M,g,V,V") is of uppermost importance. In [5] the definition of a canonical divergence for
a general § is given by using the geodesic integration of the inverse exponential map. This one is

interpreted as a difference vector that translates g to p for all ¢, p suitably close in M.



To be more precise, the inverse exponential map provides a generalization to M of the notion
of difference vector of the linear vector space. In detail, let p, ¢ € R™, the difference between p and
q is given by the vector p — g pointing to p (see side (A) of Fig. . Then, the difference between
p and ¢ in M is supplied by the exponential map of the connection V [Appendix . In particular,
assuming that p € U, and U, C M is a V-geodesic neighborhood of ¢, the difference vector from ¢
to p is defined as (see (B) of Fig.

Xq(p) := X(q,p) = exp, ' (p) = Agp(0) , (5)

where 7, , is the V-geodesic from ¢ to p laying in U,. Clearly, by fixing p € M and letting ¢ vary
in M, we obtain a vector field X(-, p) whenever a V-geodesic from ¢ to p exists. From here on, we

equally use both the notations, X(g,p) and X4(p), for representing the difference vector from ¢ to

p.

FIG. 1: On the left, (A) illustrates the difference vector p — ¢ in the linear vector space R™; whereas, in
(B) we can see the difference vector X(g,p) = 4,4,,(0) in M as the inverse of the exponential map at ¢ (This

Figure comes from [5]).

Therefore, the divergence proposed by Ay and Amari in [5] is defined as the path integral

1
Dy (p.g) = /0 (X0 (), A1)y | (6)

where 7 is the V-geodesic from ¢ to p and (-,-),(;) denotes the inner product with respect to g

evaluated at v(t). In Eq. (6)), X¢(p) is the vector field along v(t) given by Eq. as follows,

Xe(p) = X(7(t),p) = expl () - (7)

After elementary computation Eq. @ reduces to [5],

1
D (p.g) = /0 (DI dt | (8)

where 7, 4(t) is the V-geodesic from p to ¢q. If we consider definition () for general path ~ then
D, (p,q) will be depending on 7. On the contrary, if the vector field X;(p) is integrable, then
D (p,q) =: D(p, q) turns out to be independent of the path from ¢ to p.



The dual divergence of D, has been defined in terms of the inverse exponential map with respect
to the V*-connection. It turned out to be closely related to the divergence of the article [11]. Here
the authors applied the Hook’s law to a “V™* spring” and defined the divergence as the physical
work that is necessary to move a unit mass from ¢ to p along the V-geodesic vy connecting them

against the force field described by the inverse exponential map of V*.

FIG. 2: II is the parallel transport with respect to V of X(= ¢(0)) along o*, while IT* is the parallel transport
with respect to V* of X*(= 6%(0)) along . The sum II 4 IT* is orthogonal to the level-hypersurface Hy, (k)

of constant pseudo-squared-norm r,(q).

In this manuscript we propose a novel definition of divergence by combining both, the approach
carried out in [5] and the one in [I1]. We significantly investigate the intrinsic structure of the
dual geometry of a statistical manifold S = (M, g, V, V*). Slightly moving from the definition
of the difference vector X(q,p), we define a vector at g in the following way. Consider the unique

V-geodesic o from p to ¢ and
Xp(q) := expgl(q) =0(0) e T,M.

We then parallel translate [Appendix |A] it with respect to the V-connection along the V*-geodesic

o* from p to ¢ (see Fig. [I), and obtain
II,(p) :=Ps+X,(q) € T,M . (9)

(Note that II,(p) corresponds to minus a difference vector). At this point, fixed p € M and let ¢
be varied in M, we can have a vector field II;(p) € T(M) whenever V and V* geodesics from p to
q exist. Analogously, we define the dual vector of II;(p) as the parallel transport with respect to

V* of 6*(0),

I (p) == P5X3(9); (10)

where

X:(q) =eip,  (q) = 5(0) . (11)



A relevant result of this article shows that the sum II, + II; generates the rays of level-
hypersurface defined in terms of the pseudo-squared-norm
_1 x —1

rp(q) == (exp, (9),exp, (9))p - (12)

In particular, we have the following result

Theorem 1.1. Given a statistical manifold S = (M, g, V,V*) and p € M, let us assume that there
exists a neighborhood U, C M of p such that all ¢ € U, can be connected with p by V and V*

geodesics. Then we have
grad,r, = Il;(p) + I (p), (13)

where ry(q) is defined by Eq. .
The proof of Theorem [I1] is deferred to Section [II] within several steps.

Clearly, the function r : M x M — R defined by (p,q) — rp(g) is symmetric in its arguments,
namely 7,(q) = rq(p). This suggests that 7,(¢) is not a good candidate to move it forward as the
general canonical divergence. To support this claim, the well-known canonical divergence D[p : ¢]
described in [4] in the case of dually flat manifold is non-symmetric in p and ¢. In this case, a sort

of symmetry is recovered in terms of the dual divergence D*[p : ¢| as follows,
Dlg:p]=D[p:q]. (14)

Hence, the sum of these divergences Dp : q] + D*[p : ¢] turns out to be symmetric in its
arguments. For this reason, we propose to define a novel divergence by relying on II, and its dual
function by relying on II} in the way that their sum gives the pseudo-squared-norm r,. Before
doing this, we introduce two functions (Phi-functions in this article) and prove that they generate
the dual geometry of S. The relevance of these Phi-functions is due to the fact that is provides the
local decomposition of II, and H:’; in terms of gradient vectors. Moreover, we are able to decompose
the pseuo-squared-norm 7,(q) in terms of Phi-function and divergence function. Afterwards, we
prove that the novel canonical divergence is closely connected with the Phi-function. This result
allows us to establish a symmetry property related to the , however in a more general context
where just the torsion free-ness of connections V and V* is required.

Further investigation is devoted to the connection between the novel divergence and the diver-
gence proposed by Ay and Amari in [5]. We show that our divergence corresponds to the one of

Ay and Amari in self-dual manifolds, in dually flat manifolds and in statistical manifolds analogue



to the symmetric spaces in Riemannian Geometry. By this correspondence, the novel divergence
inherits all the nice properties owned by the divergence of Ay and Amari. In particular, in the case
of dually flat manifolds it is the same as the canonical divergence defined in terms of the Bregman
divergence [4] of M.

Finally, we carry out the comparison between our approach and the one presented in [11] and
prove a close connection between our divergence and the one introduced by Henmi and Kobayashi.

The layout of this article is as follows. In Section [lI] we develop our approach by extending
the celebrated Lemma of Gauss to the more general context of Infomration Geometry. Then we
prove Theorem In Section [[TT] we define the novel divergence function and prove its consistency
with respect to the dual structure. Section [[V]is devoted to the comparison between the novel
divergence and the divergence of Ay and Amari. In addition, we discuss the approach presented
in [II]. In Section |V| we draw some conclusions by outlining the results obtained in this work and

discussing possible extensions. Useful tools of statistical differential geometry appear in [Appendix

A.
II. GRADIENT VECTOR FIELDS IN STATISTICAL MANIFOLDS

Given a statistical manifold S = (M, g, V, V") we can recover the Levi-Civita connection by

averaging the dual connections V and V* [1],
= 1

In Riemannian Geometry [16], the celebrated Gauss Lemma tells us that the vector field which
defines a geodesic line is the gradient of the function

1

dp(g) = 5 (@D, (¢), 5D, (9))n, (16)

for every p,q € M suitably close each other. Here exp, 1(q) denotes the inverse of the exponential
map with respect to the Levi-Civita connection vLC. To be more precise, consider B.(p) C M
a geodesic ball centred at p, where € is a positive number which gives the diffeomorphism of
exp,, : B:(p) — exp, (B:(p)) over its image. Then, for every ¢ € B:(p) \ {p} the gradient of the
function d,(q) is given by [21]

grad, d, = (1), (17)
where & is the ?Lc—geodesic from p to ¢. This means that

grad, d, = ﬁ;xp(q),



where X,(q) = exp, '(q) and P denotes the parallel transport with respect to the Levi-Civita
connection ﬁLC- From a geometrical point of view, the geodesic rays from p are all orthogonal to

the geodesic sphere

Se={¢eM : (&xp,"(q),exD, ' (q))p = K},

for k < e. The proof of this classical result in Riemannian Geometry relies on the function

d_ d_
t— <&6pr (tXp), 3 Pp (tXp»mp(tXp): (18)

which is constant with respect to t for all X, € B.(p). As a consequence, every vector field

X4 € B:(p) can be decomposed in the following way,
X, = Mq)grad,dp, + Wy, (19)
where A(q) is a coefficient depending on ¢ and Wy, is tangent to the hypersurface S..

Remark I1.1. In [2] the authors proposed the function

Dip: q] == (exp, " (q), exp, (@), (20)

as the Standard Divergence of the statistical manifold S = (M,g,V,V*). Here, exp, denotes the
exponential map with respect to the V-connection. In contrast to the Levi-Civita connection, the
function of Eq. now computed by the exponential map of V is not constant with respect to t.
However, this definition turned out to be unsatisfactory because it is unable, at least in general, to

recover the dual structure of S.

Given a statistical manifold S = (M, g, V, V*), in the rest of this article we use the following
working hypothesis

(1) VpeM3U, C Msuch that Vg € U, 3! V — geodesic and V* — geodesic connecting p and ¢ .
(21)

In order to prove Theorem we introduce a pseudo-energy functional as follows. Given p € M

and ¢ € Up, let us consider v(¢) : [0,1] — M an arbitrary path connecting them. Let us define the

functional over the set of paths connecting p and ¢ as,

1
L(y) == /0 G0). PeX (9, )0 . (22)

where (-, ),y denotes the inner product with respect to g evaluated at v(t) and Py is the parallel
transport along v with respect to the V-connection. When v is a V*-geodesic we have that L

assumes a very useful form.



Proposition II.1. Let c* : 1 — M be a V*-geodesic connecting p and q. Then

L(o™) = (X*(p, 0), X(p, q))p, (23)

—1
where X*(p, q) = e;gpp (q) and e;pp is the exponential map of V* connection at p.

Proof. Consider the map

t—= <U* (t)a PtX(p7 Q)>U*(t)v

where P; denotes the parallel transport along o*(¢). Then, by taking the derivative with respect
to t it trivially follows from relation that

30970, PeX(, 0))o=(r) = (ViPeX (P, @), 67 (t))o= (1) + (V5™ (8), PeX (P, @) 1)

where V; and V; are covariant derivatives [Appendix [A] with respect to V and V* connections,
respectively. By recalling that P, X(p, q) is the parallel transport with respect to the V-connection
along o™ we trivially have that V,P;X(p,q) = 0. Analogously, we have that V;&*(t) = 0 because

c* is parallel along o* with respect to the V*-connection. Therefore, we obtain that

d

& <U*(t)7 PtX(p7 q)>a* (t) — 07

and finally, we arrive at

(67(t), PeX(p, @) orty = (67(0), X(p, q))yp -

. —1
Hence, we can conclude by noticing that 6(0) =exp, (q) = X*(p,q). O

Remark I1.2. The functional L can be also computed over a V-geodesic o from p to q. In this

case, it assumes the following expression

1
L(o) = /0 lo2 dt, (24)

where the integrand s now not constant with respect to t.

Before proving Theorem we now investigate the intrinsic geometry of geodesics due to the
duality of the affine connections V and V*. To this aim, let us consider the hypersurface
H, (k) C M defined as follows

Hp(r) = {g € M | (Xp(q), X;(q))p = K} (25)



where

Xp(q) =exp,'(q),  Xi(q) =exp, 1(<1) :

From assumption (I) of Eq. it immediately follows that, if H,(x) C U, then Hy(k) is really an
hypersurface within M. We will soon prove that the combination of vectors I, (p) and 11 (p) defines
the rays of the hypersurface Hy(x). In particular, we will show that II;(p) + II;(p) is orthogonal
to Hy(k) at each ¢ € Hy(k).

Owing to the duality structure of the statistical manifold S = (M, g, V, V*), we can introduce

in T, M two notions of geodesic pseudo-spheres.

Definition IL.1. Let p € M and U, C M be a neighborhood of p as in . Consider the set &, of

all tangent vectors X, for which there exist V and V* geodesics o and o*, respectively, such that
0(0)=p, 6(0) =X, and a*(0) =p, ¢°(0) =X, .
Then we define
Sp() = { X, € THM | (exp; L(ep,, (X)), Xp)p = 1} (26)
and
81 (1) = {Xp € T,M | (e, (exp,(X,)) s Xp)p = n} . (27)

Remark I1.3. Both the sets, Sy(r) and S,(k) are hypersurfaces of T,M because of the assumption
. In addition, we can trivially see that the image of Sp(k) through the exponential map of

V*-connection is given by
exp, (Sp(r)) = Hy(r),
and the action of the exponential map of V-connection on Sy(k) gives
exp, (S3(7)) = Hy(r),
where Hy(k) is defined in (25)).
Spheres of Def. are not the same but almost the same object. Indeed, consider the map
Iy - Sp(k) — Sp(k)
Iy(z) == exp;1 (eﬁzpp (a;)) , Vo =X, eSyk) . (28)

Then we have,
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Proposition IL1.2. The map I, : Sp(k) — S,(k) defined by Eq. is an isomorphism of vector

spaces. In addition, the following diagram

18 commutative.

Proof. Consider z € Sy(x). Firstly, we have that I,,(z) € S;(x). Indeed,

(05, (exp,(1p(2)  Ip(a))y = (o, expy (e, ()

=K.

Consider now the map I, : S,(k) — Sp(x) defined by

~ % —1

Ip(xz) =exp, (exp,(z)) .

Then, we can trivially see that

Iyol,(z) =2, Vze&Sy(k)

Lol (x)=2, Vr¢ Sy (k) -

Therefore, we can conclude that fp =1, 1 In order to prove that the diagram is commutative,
let us consider ¢ :efzpp () by some x € Sp(x). From Remark we know that ¢ € Hy(k). In
addition, by the definition we also have that ¢ = exp,,(I,(z)) O

We now proceed to prove the First Variational Formula of the functional L. In order to pursue
this goal, let us firstly introduce the notion of path variation. Given an arbitrary path v : [0,1] — M
from p to ¢, we call ¥ : (—e, ) x [0,1] — M a variation of v if s — ®)(s) and ¢ — X(t) are smooth
curves, Y4(0) = p for all s € (—¢,¢) and X(0,t) = v(t). In addition, X is a V-geodesic variation if
%) (s) and X4(t) are V-geodesic. A vector field along ¥ is a smooth map = : (—¢,¢) x [ — TM

such that =(s,t) € T, )M for each (s,t). Two very special vector fields are defined as follows

X (s,t) := %Es(t) =%(t), 8:3(s,t):= %E(t)(s) =30(s) . (29)

Finally, V(t) = 0,X%(0,t) € T () is called the variation vector field of 3.
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Given a variation X(s,t) of an arbitrary path ~(¢) from p to ¢ we can consider for every s &

(—¢,¢€) the vector,
Xp(5) = X(p, B5(1)) = exp, ' (Z5(1)) (30)

which is the velocity vector at p of the V-geodesic connecting p and 34(1). Therefore, the First

Variational Formula of L is proved by the following Proposition.

Proposition II.3. Let v : [0,1] — M be a smooth curve and ¥* : (—e,e) x [0,1] — M be a
variation of y. Let V € T () be the variation vector field of ¥*. Finally, let us define the functional
L(s) := L(X}). Then we have

dL

1
0= (V (1), PXp(@))0) | +/0 (7(t), VsPiXp(9))yr)dt, (31)

where Py denotes the parallel transport with respect to V along the curve ~(t).

Proof. Let us first see the definition of L evaluated at 7:

1 *
L(s) = LD = [ (G0 PuXo(s)ss (32)

where P, ; is the parallel transport along the curve ¢ — X7 (¢) with respect to the V-connection.

Therefore, by taking the derivative and exploiting relation we obtain

dxr

1 *
TO = [ (I OPX s + O D) e (33)

where Vi = Vi) () and V=V are the covariant derivatives along ¥*®)(s) with respect

*
$* () (s)

to V and V™, respectively. Since the connection V* is torsion-free we have that V; (0, X" (s, t)) =

Vi (0sX%(s,t)). Therefore, by means of the following computations

dL ! RN .
E(S) = /0 ((VF0s5%(5,1), Ps i Xp(8)) s ey + (0157 (5, 1), VsPs i Xy () wxr)) dt

1 d . N
= /0 (dt@sz (5,0), PstXp(8)) s () — (052 (S,t%VtPs,tXp(S)»z;(t)) dt

1
4 / (O (5.), VPa s Xp(8)) e () dt
0

d

1
= /0 <dt<682*(5a t)7PS,tXp(S)>E;(t) + <6t2*(5a t)’ VSPSJXP(S»E:(I%)) dt s

where we used VP, ;X,(s) = 0 and definitions , we arrive at

dL

1
—(s)= (055 (5,1), PsaXp(5)) s )| + /0 (S32(8), VP X () se 1) - (34)
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Finally, recalling that ¥*(0,¢) = v(¢t) and 9:%%(0,t) = V(t) we obtain that

dL

1
O = VOPXO0) )+ [ GO TPX 00t (3)

In the end, we get the statement by noticing from that
Xp(8)] oo = exp, (3(0, 1)) = exp, " (7(1)) = Xp(q) 0

Remark I1.4. The expression VP, X, (s) in Eq. can be actually written as Py VX, (s). To
prove it, let us choose a frame {e;(s,t)} that is parallel translating along ¥*(s,t). Then, we have

that
P, 1X,(s) = p'(s,t)ei(s, t)
where p'(s,t) is the principal part of Ps;X,(s) [23] and the summation over i is intended. Then,
P, VsX,(s) = (0sp") (s, t)ei(s, t)
since {e;(s,t)} is parallel along ¥*(s,t). Finally, from
VP Xp(s) = (9sp")(s, )ei(s, 1)
we arrive at
VP Xp(s) = Ps i ViXp(s) = Py 105X, (s) -
We are now in position to prove the following relevant Theorem.

Theorem II.1. Let S = (M, g, V, V") be a statistical manifold. Consider p € M and U, C M under
the assumption (21). Then, for all ¢ € Hy(x), the sum Ily(p) + Uy (p) of the parallel transports
of the vectors X,(q) and X3(q) along V* and V geodesics, respectively, starting from p are all

orthogonal to Hy(k) at q.

Proof. Let us consider a curve within the pseudo-sphere S,(k), namely 7 : (—¢,e) = Sp(k), such
that 7(0) = X}(q) :e;gp;I (¢). The map ¥*(s,t) ::e;pp (t 7(s)) is a V*-geodesic variation of
the V*-geodesic o™ (t) ::efgpp (t 7(0)). At the same time, by means of the map I, defined by
Eq. (28), we may also consider a V-geodesic variation X(s, t) = exp, (t I,(7(s))) of the V-geodesic
o(t) = exp,(t I(7(0))). Indeed, by definition, we have that I,(7(0)) = X,(¢). In addition we also
have that

Y (s,1) =3(s,1) Vse(—e,e). (36)



13

Let us now evaluate the functional L at X% (¢). From Eq. we have that

1
L(s) = /0 (55 (1), Py X () ey

where again Py is the parallel transport along the curve ¢ — X7%(t) and X, (s) is given by Eq. (30).
Since ¥%(t) is V*-geodesic then Y*(t) is parallel with respect to V*. For this reason and from Eq.

(1) we immediately get,

Now, we observe that ¥*(0) = 7(s). Moreover, by Eq. we have that X,(s) = exp,(X5(1)).

Since now X (t) is V*-geodesic we have that ¥}(1) :e)’gpp (7(s)). Hence, we have that X(s) =

exp, 1 (eﬁzpp (T(S)) . From this, we obtain the following result on L,

L(s) = (3£(0), Xp(5))p

= (7(s),exp;" (exp, (7()))p = 5, (37)
where the last equality follows by the assumption that 7(s) € S, (k). Finally, we trivially get
d
—L =0. 38
TG (38)

Consider now the First Variational Formula of L(s), that for the sake of readability we

rewrite above,

dL . -
dis(s) = (0s3%(5,1), Pt Xp(s)) sz 1) +/0 (35(t), VsPs 1 Xp(8))sxr) dt -

Let us now investigate the second term of the right hand side of . First of all, let us rely on a
local frame of T;,M that we parallel transport with respect to V along both the families of curves,
%(s,t) and ¥*(s,t). From Remark[[I.4 we know that VP, ;X,(s) = Py VXp(s). Then, since X% (t)
is V*-geodesic we also know that *(t) is the parallel transport with respect to the V*-connection
of the velocity of X}(¢) at ¢ = 0. For these reasons we have that the integrand function can be
written as (3%(0), 9sX,(s)),. We now evaluate this inner product along the V-geodesic ¥4 (t). So,

we have

<2: (0), 0sX,(s))p = <PZ,tS§ (0), PS,taSXp(S»ES(t)

= (P1,25(0), ViPouXp(5)) 5, 1)

where we used the invariance of the inner product under Pj, and Ps; and again the Remark
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We may now observe that ¥4(t) is a V-geodesic and X,(s) = 34(0). Then P ;X,(s) is nothing
but ¥,(¢). Now, by means of the torsion-freeness of V we have that V,9;%(s,t) = V;9,3(s, t).

So, according to Eq. we arrive at

(P525(0), Vi), = (P1yE3(0), VidsE(s, 1))z, )
d

= a<P:,t2:(0)vasz(sat»Es(t) — (ViPL25(0),052(5, 1)) 5,1y - (39)

Let now observe that *(0) is the velocity vector at p of the V*-geodesic connecting p and
¥7(1) = X4(1). Then, in accordance to Eq. we use the following notation,

$1(0) = X3(s) = X*(p, Sa(1)) =edp,  (Sa(1)) - (40)

Going back to Eq. (34)), we substitute into the integral and, since VIP;tE:(O) =0, we
obtain

%
ds

(5) = (063" (5,1), PoiXp(8))sy )| + (s2(5,8), P Xp()xao)l -

By evaluating this expression at s = 0, we get

dL

35 (0) = (0s27(0,1), Tg(p))q + (9:%(0,1), Uy (p)) g - (41)

Indeed, firstly we have

Xo(8)] oo = expy 1 (g) = Xp(a),  Xi(s)|,_, =ekp, (g) = X3(q) -

In addition, ¥*(0,t) = o*(t), £(0,t) = o(t) and then
Iy(p) = Po-Xp(q),  1y(p) = P5X(q) -
Finally, since 2*(©)(s) = p = £ (s) for every s € (—¢,¢) we also have that
8,5%(0,0) = O, = 8,5(0,0) ,
where O,, is the null element of T,M.

In order to conclude the proof of the Theorem, let us observe that

652(0, 1) = Ip(X;(q)) [88Ip(7_(8))|5:0}

(AD)xs ) (7'(0))]

)
)
1 *
dexpy) 1 g | (46P5) 1,3 9 (d epr) X3 (0) (7/@))}
)

. - *
sy [(A9Pp) ) (370 1))]
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In the end, from Eq. and Eq. we obtain
0 = (0s3%(0,1), Hy(p) + I (p))g (42)

for an arbitrary tangent vector 053(0,1) of efgpp (Sp(k)) = Hp(k) O

Proof of the Theorem [I.1. Consider p € M and U, C M under the assumption . The
psuedo-squared-norm r,(q) is defined for all ¢ € U, by
_ x —1
rp(a) = (exp, ' (9),exp,  (9))p -
In order to prove that

grad,r, = Il,(p) + I (p),

let us step back into the proof of Theorem A variation of the end point ¢ can be given in
terms of the V*-geodesic variation ¥*(s,t) :effipp (t 7(s)) of the V*-geodesic o™ (t) :effipp (t 7(0))
as well as in terms of the V-geodesic variation X(s,t) = exp,(t I(7(s))) of the V-geodesic o(t) =
exp,(t 1p(7(0))). Again, I, : &, — &, is the map defined by

Iy(z) = exp];1 (e;pp (x)) , Vao:=X,€&,

where &, is the set of tangent vectors at p to M given in the Def. (IL.1)). The curve 7(s) is now
just a curve within &,. A variation of the end point ¢ is then given by ¥*(s, 1) :e;ipp (1(s)) for

s € (—¢,¢).

In addition, we know from Eq. that the pseudo-squared-norm ry(g) is achieved by the
computation of L over the V*-geodesic ¢*. In this way, we have that the differential (dr,), at ¢ of

rp(q) can be evaluated as the derivative with respect to s at s = 0 of the functional L,

dL
—(s) = (drp)g » (43)
ds " 7|, P

where L(s) = L(X}). On the other hand, the differential of , is uniquely expressed in terms of the

gradient as follows,
(dTP)Q(w) = <gradqrpaw>qv V w = Wp S TpM .

Hence, we obtain

i} dL
<gradqrpv 682 <07 1)>q = E(S)
s=0

- <HQ(p) + HZ(p)a 882*(07 1)>q,
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which gives us that grad,r, = II,(p) + II;(p) because of the arbitrariness of 9;%"(0,1). O

Owing to the dual structure of a statistical manifold S = (M, g, V, V*), we can prove Theorem
by interchanging the role of V and V*, as well. In this case we need to consider a function L*
different from the one L of Eq. . The new one is defined over the set of path connecting p and

g in terms of the parallel transport with respect to V*-connection, and it reads as follows,

1
L*() := /O (1), PEX )y . (44)

-1
where Pj is the parallel transport along v(t) with respect to the V*-connection and X7 (q) :e;Epp

g). In this case the pseudo-squared-norm is achieved by computing L™ over the V-geodesic o
In thi th d d is achieved b ting L* the V desi t

connecting p and gq.

Proposition I1.4. Let 0 : 1 — M be a V-geodesic connecting p and q. Then

L (o) = (expy (), e%p, () - (45)

Proof. The proof relies on the Eq. as well as in the case of Prop. [II.1

By evaluating L* over the V*-geodesic o* we obtain

1
L¥(o") = / 16" ()12 ot

where [|6*(t)|5+(¢) is not constant with respect to t as well as in the case of L computed over the

V-geodesic o(t).

Also for L* we can rely on a First Variational Formula. It is stated in the following Proposition

and the proof is avoided as it can be easily given by going back through the proof of Prop.

Proposition II.5. Let vy : [0,1] = M be a smooth curve and ¥ : (—¢,¢) x [0, 1] = M be a variation
of v. LetV € T () be the variation vector field of ¥. Finally, define the functional L*(s) := L*(Xy).

Then we have

* 1
0 = VORIl + [ G0, TPX @) (46)

where P} denotes the parallel transport with respect to V* along the curve y(t).

Finally, Theorem (II.1]) can be proved by resorting to Eq. and following the same methods

carried out on V-connection and functional L.
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In the rest of this section we consider a self-dual manifold in order to prove that Theorem
is consistent with the Riemannian case. A statistical manifold S = (M, g, V, V") is called self-dual
when V = V*. Therefore, from Eq. we recover the Riemannian structure of M. In addition,

we have that the V and V* geodesics coincide and then we obtain
I, (p) = Pori(0) = 6(1) = P46 (0) = IL(p) -
By applying Theorem [[.1] to the case of self-duality we then get
grad,r, = Il;(p) + I (p) = 25(1),

where ¢ is now the ﬁLC—geodesic from p to q. We observe that, in this particular case, the

pseudo-squared-norm becomes
rp(q) = (&P, ' (9), 85D, ' (q))q = 2d(q)
where dj,(q) is given by Eq. (16). Finally we can get
. 1 .
o(1) = grad,d, = igradqrp =0d(1).

Hence, for a self-dual manifold the result of Theorem is in accordance with the one of the

Riemannian case obtained through the celebrated Gauss Lemma.

III. GENERAL CANONICAL DIVERGENCE

Theorem identifies the appropriate vector fields for defining the differential of the pseudo-
squared-norm 7,(q) given by Eq. . Thanks to the metric structure of the statistical manifold
S = (M,g,V, V"), we can express the differential (dr;,), in terms of the gradient grad,,

(drp)q(Xq) = <gradq7“p,Xq)q, VXqeTM. (47)

Let v : [0,1] — M be a path from p to ¢, we assume that y(¢) lies in a neighborhood U, of p as
in , for all ¢ € [0,1]. Then consider V and V* geodesics o, and o}, respectively, connecting p
and 7(t). Letting ¢ vary in [0, 1] we obtain two vector fields along ~,

M(p) = Pos Xp(t),  Xp(t) = exp; (7(£)) (48)
I (p) = P5X5(),  X5(t) =ekp, (1(1)) . (49)
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From Theorem .1/ we can recover the pseudo-squared-norm ry(¢q) by composing the inner prod-

uct of the curve velocity #(t) with the vector field II;(p) + II} (p),
1 1
/0 (I (p) + I (p), ¥(£))(r) dt = /0 (grad, () mp, Y1)ty dt
1
= [ oo @

1 drpoy
= t) dt
/O 220

=rp(7(1)) = rp(7(0))

= 7p(a), (50)

where, obviously, we have 7,(p) = 0. Therefore, from computation we obtain that the sum

1 1
/ (L), A(0) 0t + / (I (), 4(8) - o) dt = (q) (51)
0 0

is independent of the particular path from p to q.

We now introduce two functions by integrating the two vector fields IT; and IT; along V*-geodesic
and V-geodesic, respectively. Soon after, we show that these functions are potential function for the
geometry according to relations and . In addition, they play a key role for decomposing

IT; and II} in terms of gradient vector fields.

Definition IIL.1. Let S = (M, g, V, V™) be a statistical manifold. Consider p € M and U, as in
(21)). For every q € U, we define the function ¢ : M — R by the path integration of the vector field
I, (p) along the V*-geodesic o*(t) from p to q,
1
P00) = (0) = [ ). D)o (52
Analogously, we define the dual of ¢, by the path integration of the vector field II; (p) along the
V-geodesic o(t) from p to q,

1
o (0:q) == @(q) == /0 (I3 (0), (1)) o ey (53)

We refer to ¢ and ©* as Phi-functions.

A. Consistency Theorem

In order to show that ¢(p,q) allows to recover the dual geometry of S, we have to prove its
consistency with the dual structure (g, V,V*) of M. This means that in a neighborhood of the
diagonal set of M x M we need to verify that relations and are satisfied. We start by

formulating a nice and useful representation of ¢(p, q).
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Lemma IIL.1. The Phi-function ¢ of Definition is given by
1
ca) = [ K@) X (@), at, (54)

where I,(tX3(q)) = exp};1 (e§pp (tX;(q))>.

Proof. Consider the V*-geodesic o/ (s) that connects p to o*(t), namely o;(0) = p and o} (1) =
0*(t). Then, o;(s) = o"(st). Therefore, a classical result in Riemannian geometry tells us that

[16],
o, (1) =ta*(t) .
By substituting this expression into Eq. we immediately obtain that
il
o) = [ G071 (5)
Let us now recall that
i(p) = Po; Xp(a™ (1)),  07(1) = Pg:67(0) .

Then, because of the invariance of the inner product under the combined action of P and P* we

get

Finally, we may observe that

Xp(t) = exp, (0" (1) = exp, ! (exp, ( X3(0)) . 671(0) =t X;(a)

because o is a V*-geodesic and o} is a re-parametrization of o*. Hence, we obtain

@@ﬂ)=(Alammj<é%p@XH®0,txﬂwhdt
= [ X500 %5000 ar
by recalling definition of the map I,,. O
Let us now assume that p and ¢ are close to each other, that is

d=&-& (56)

is small. Here {£,} and {§,} are local coordinates at p and g, respectively. Then, Taylor expansion

of ¢(p,q) up to O (||z]|*) leads to the following result.
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Proposition ITI.1. Consider ||z|| = [|§,—¢&,

| small enough. Then, the function ¢(p,q) is expanded
up to O (||2]|*) as follows

1 S o
(p,q) = 3 gij(p) 2'27 + gAz’jk(p) 2+ 0 (|=2)%), (57)

where

Aiji(p) = 2055.(p) + Liji(p) - (58)

Proof. Let us consider the representation of the function ¢(p, ¢). Then, recall that I,(t X} (t))
is nothing but the velocity vector at p of the V-geodesic oy from p to 0*(¢). On the other hand,
X;(q) is the velocity vector at p of the V*-geodesic ¢* from p to q. Therefore, we need to Taylor

expand up to O (||z||4) with respect to the local coordinate {£} the following expression

1
| o) (0 (0 at (59)
0
The local coordinates &(t) of the V-geodesic *(t) in Taylor series are given by
. . ot i .
&) =g +tz7 + 5 (1 =", (p)2"2" + O (EF (60)

where the summation over p and v is intended. Then we obtain,

d

. 1
S0 (0 = 7 + 39, ()2 + 0 (|2]). (61)

2
In addition we have that

d

4 1
dt

5u(0)) = 0" (1)) — € + 5T, (D)o (1) ~ €0 (1) — &)+ 0 (o (1) ~ &) -
Now, as

) 2
o (1Y — 6 =129 + ST, ()2 — ST, ()2 + O (|f)

we arrive at

2

d , A t . A
o0(0)' =t ST, 4 (T () = T ()22 4O (I2]) - (62)

At this point, we can substitute Egs. , into Eq.

1 4 . 1 ot 2 )
. . *1? A
[ ) 5107 508 at = [ ) |12+ G 4 G ) - T )

1

X [z] + 2F*fw(p)z“z”] dt
1 i, L i pov i
= 58i(p)2"2" + Sgi (D)7, (p) 2272
1 i j *] v

+58i(p)7" (Fiw(p) -T fw(p)> 2
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Finally, by symmetrizing the indices because of the multiplication 2%z z*, we obtain

1 1 o
‘P(p7 Q) = §gij(p)zzzj + gAijk(p)ZZZ]zk,

where Ajji(p) = 2I'j1(p) + I'iji(p) is obtained by recalling that gilfé-k =Tjk. O

Theorem II1.1. Consider a statistical manifold S = (M,g,V, V™). Let o : M x M — R be a two
point function defined by Eq. . Then we have

9010 (p,0)|,_, = 8ii(p) (63)
000 (p. )| _, = — Tuse (p), (64)
o 0 . .
where 0; = —, 0; = — and {&,}, {&€,} are local coordinates at p and q, respectively.
o0&}, o8} P 4
Proof. Consider the Taylor series of ¢(p, q). By differentiating it with respect to £, we obtain,
| :

(P, q) =gij(p)#" + S Aijn(p)2' 2" (65)
0;0i(p. ) =gij(p) + Aiji(p)2" . (66)

By evaluating 9;0;¢(p, q) at £, = &, i.e. z =0, we obtain

9;0ip(p, )=y = 835 (P) -

In addition, we differentiate Eq. with respect to £, and evaluate it at 2 = 0. This computation

leads to
H;0;(p, Q)’p:q =0kij(p) — Aij(p) + Oplijiz” i
=0kgij(p) — Aiji(p)
=T+ ﬁ-jk -2 ﬁ-jk —Tijr = — f‘ijk, (67)
where we used Eq. and the relation Okg;; = Iy + I‘;‘jk. O

Remark IT1.1. Consider the dual Phi-function *(p,q). By interchanging the role of V connection
with V* connection, we obtain from Prop. |IIL1| the following Taylor expansion for ©* up to
o(|1=1*),

* 1 ig o Lax i
0" (p0) = 5 8is(p) 22 + AL (p) 2 #2540 (|z)?), (68)

where
*
k() = 20k (p)+ Diji: (p) - (69)
Then, by repeating the same argument as in the proof of Theorem [IIL 1] we get

gij(p) = 005" (65,6, ,_,»  Tujk(p) = — 8i0j00" (&, €,)] _, -
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B. Local Decomposition of II and IT*

In this section we describe the local decomposition of vector fields II,(p) and II}(p) in terms of
gradient vector fields. To this aim, let us consider the representation of v(p,q) = ¢p(q). Then

we have that,
. il .
ep(a) = (00 5D, ) (Xj(0) = /0 ey (exp,, (1X3())) L X5 () dt (71)

where we have written g :eﬁzpp (X5(9))-
Very recently, normal coordinates for manifolds with an affine geometry of general form are con-
structed [12] under the assumption that all geometric objects are real analytic. A very remarkable

feature of a normal coordinate system in a neighborhood of any p € M is that
gy =0/, Tyxr=0,

where 6g denotes the delta-Dirac function. Given a dual structure (g, V, V*), we can indifferently
choose to rely on normal coordinates with respect to V or V* since for our purpose we need just

having that g;; = 5{ .

Theorem IIL.2. Given a statistical manifold S = (M, g, V, V™), let us consider p € M and U, C M
as in the assumption . Then

Iy (p) = grad, ep + Vg, VoeTM and (Vy,6%(1))y =0 (72)
In addition, decomposition is unique m Up.

Proof. Let us consider a system of normal coordinate {¢'} in U,. Then, the local expression of

the Riemannian gradient of the divergence function with respect to {51} is given by

¢
grad pp = (‘)ff 0i,
where 9; = —— as usual and the summation over 7 is intended. By identifying Tx+(q) (T,M) to

g

TpM in the canonical way, we can write X7 (q) = £'9; . Hence, by setting

2(t X;(a)) = (exp, " (e%p, (¢ Xp())) ¢ Xj(0))y



23

we have that

* * za ! 1 — *
(X (). eradss ) (290 e, )y = €10 /0 Yaux(g) ar

because Z(0) = (exp,(p),0), = 0. Collecting the last results, we have obtained that

gradX;(q) (SOPO eX*pp) = Xp(‘]) + V;?’

where (V},, X5(q))p = 0 and we used the equivalence

E(X;;(q)) = <Xp(Q)7X;(q)>p :

At this point, we can observe that (dy,), = (d¢p)q o (d e)tpp)xz(q). Then, we can perform the

following computation,
<Hq(p)7<'7*(1)>q = <Xp(Q)7X;(Q)>p = (gradX;(q) (‘Ppo e;pp) 7X;(Q)>p = d(@po e;pp)x;‘,(q) (X;(Q))
= (dep)q ((d e;pp)X;(q)(X;(Q))) = <gradq<,0p,d*(1)>q )

where we employed the well-known equivalence (d eipp)xz(q) (X,(q)) = ¢*(1) and o* is the V*-

geodesic from p to ¢. From the last chain of equalities, we immediately obtain that
II,(p) = grad, pp + V4
being V; € T¢M uniquely defined by I1,(p) — grad, ¢, and (Vy,5"(1)), = 0.

In order to prove that decomposition is unique, suppose that there exists another de-
composition of II;(p) satisfying conditions of Theorem [[11.2} i.e. Tl;(p) = grad,p(q) + f/q with
(Vg,6%(1))4 = 0. In addition, let us assume that @,(p) = 0. We have then,

0 =grad, (¢p — @p) + Vg — V. and  (6%(1),Vy — Vy)g = 0.
It is evident that

(67(1), grad, (pp — Pp))g = 0 - (73)

By relying again on normal coordinates with respect to V, we have that Eq. is a homo-
geneous first-order differential equation. Then, we can conclude that grad,p = grad,p, because of

the assumption ¢,(p) = 0 and V, = V. O
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Remark IIL.2. Methods in the proof of Theorem are inspired by [22], where the author
presented a decomposition for vector fields on a Riemannian manifold of non-positive curvature

with application to non-linear mechanics and irreversible thermodynamics.

Remark IIL.3. Likewise the vector ly(p), we can decompose also the vector 1L (p) in terms of
a gradient vector. This can be trivially carried out by relying on the dual Phi-function Lp; and

repeating same methods of the proof of Theorem [III.2. Then, we obtain

I (p) = grad, ¢, + V', V;eT,M and (V/,5(1));=0. (74)

C. Canonical Divergence

Theorem suggests the way to single out the appropriate vector field for defining the novel
divergence and its dual function. In addition, Theorem strengthens this choice and we are

driven to the following definition.

Definition II1.2. Let us consider the statistical manifold S = (M,g,V,V*) and p € M. Assume
also that there exists U, C M as in . Then, for every q € U, we define the function D : M — R

by the path integral of I1;(p) along the V-geodesic o(t) from p to q,

1
Dm@:%@:gammﬂmmmw (75)

The dual function D*(p,q) of D(p,q) is instead defined by the path integral of II;(p) along the
V*-geodesic o*(t) from p to q,
1
D" () == Djfa) = [ ((0). 0" (O (76)

We refer to D(p,q) as the canonical divergence on M from p to q. Analogously, we refer to

D*(p, q) as the dual canonical divergence on M from p to q.

We have defined our canonical divergence D,(g) based on the metric g and the affine connection
V. In addition, we supplied the V*-connection by the definition of II;(p). It is then natural to
require that this divergence is consistent in the sense that Eq. and Eq. are satisfied. Before
addressing this issue, we can observe that from Theorem [[.I] and Definitions [[IL.1], [T[.2] we may
obtain the following relations among the pseudo-squared-norm r,(g), the Phi-functions ¢,(¢) and

¢,(q), and the canonical divergences Dy(q) and D, (q),

mp(0) = Pp(a) +#p(@),  7p(9) = Dpla) + #p(a) - (77)
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FIG. 3: On the left side of the figure we can see the V-geodesic o connecting p and ¢ and the vector field
I¢(p) at o(t). This is obtained by parallel translating with respect to V the vector X,(t) = exp,(co(t))
along the V*-geodesic o;. On the right side of the figure we can see the V*-geodesic connecting p and ¢
and the vector field II; (p) at o*(¢). This is obtained by parallel translating with respect to V* the vector

e )
X, (t) =exp, (0"(t)) along the V-geodesic 0.

In fact, since the pseudo-squared-norm 7,(q) is independent of the particular path from p to g,
from Eq. we can compute 7,(q) whether along the V-geodesic o(t) or along the V*-geodesic
0*(t). Then, by recalling Definitions we get relations . In addition, by means of
decomposition we also have that

1
Imm—Aammnwmwa

1 1

:/me%ﬁwnwa+/<wmﬁmmﬂ&
0 0
1
—opla) + / Vi(p), 6(8)) ooy dt | (78)
0

where V; = II; — grad;p, and we assumed that ¢, (p) = 0. Moreover, from decomposition we
get

1
Dy(a) = 3(a) + [ (015" (o (79)

where V;* = II; — grad,p,, and we assumed that ¢,(p) = 0. By combining and (78), we
trivially obtain that

1 1
| ) 60000 dt = [ V0.6 O (50)
0 0

Let us now step back to the issue of D-consistency with the geometry of the statistical manifold

S = (M,g,V,V"). Since the geometry is determined by the derivatives of D(,,&,) at p = g, we
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consider the case where p and ¢ are close to each other, that is 2 = fé — 52 is small for all 7. We

then evaluate the canonical divergence by Taylor expansion up to O (||z[*).

Proposition IIL1.2. When ||z|| = (|§, — &, || is small, the canonical divergence D is expanded as

1 1 .
Dlp,q) = 58ij(p)2"2" + gAijk(p)ZlZ]Zk +0(|12) , (81)

*
where Aiji(p) = 2 Tijjx +Lijk-
Proof. By looking at Eq. we need to Taylor expand with respect to the local coordinate {£}

the following factors

gi(o(0), LoD, Pl (%,(0),

d
where X,(t) = T

V-connection. Here, o4(s) is the V-geodesic from p to o(t). The Taylor expansion of the metric

04(0) and Pfr . is the jth component of the parallel transport with respect to

tensor is given by

85 (0(1)) = 255 (p) + ki (p)2" + O(||2]?), (82)
0
where 0, = oer Consider now the local coordinates &€(t) of the geodesic o(t). By Taylor expanding
P

it, we obtain
) 7 7 t % v
€(0) = €+t + L(L— Ol ()22 + 0 (|21 (53)

where the summation over p and v is intended. Then we obtain,

d

Soi(t) = 2 + (1 2078, (p)#2" + O (12]). (34)

Consider now the V-geodesic oy(s). From Eq. we obtain the following expression for Xi(t),

XJ(1) = So0) = (1) — & + ST, (o) (E (1) — E)(E ) — &),

In addition, we have that
. . ¢ .
Ft)—& =t + 5(1 — )T, (p)2H2".
Then, we arrive at

. St ,
XJ(t) = t27 + §Ffw(p)z“z . (85)
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In the end, recalling that V*-geodesic o} connects p and o(t), we use the following Taylor expansion

of the parallel transport with respect to V along o} [1],
Pl (Xp(t)) = X3 (t) — T7, () (X5 () (0" (1) = &)
and from Eq. we obtain
: ot : ,
Pi_z (Xp(t) =t27 + 5(1 =2t)1Y,(p)2"2" + O (IIz]1%) . (86)

We are now ready to provide the Taylor series of the path integral Eq. . By collecting Eqs.
, and we obtain the following expression for D(p, q),

1
Do) = | dt [as0) + 10k 0):* + O 21 (87)
X [zi + %(1 — 2t)Ff“,(p)z“z” +0 (HzH‘g)}
x [tzj + %(1 — )19, (p)2H2¥ + O (qu?’)] dt.

Finally, by computing this integral up to O (HzH4) and recalling the relation I';j;, = gh-I‘é»k we arrive

at

1 g o -
D(p.g) = 58i(n)2'2 + gé‘kgij(p)z’z]zk - gfijk(p)zlzjzk
1 S o o

= 58P + < (2008 ()25 — Lign(p)2'272")

Now, from the relation dxg;; = I'jjx + I'j;;, we obtain

1 1
D(p.a) = 58ij(a)="2" + ¢ (2055 + Tije) - (88)

Eq. can be reduced to Eq. by using Eq. . O

Remark I11.4. By comparing Prop. @ with Prop. we can see that the Phi-function ¢, and
the canonical divergence D, coincide in a neighborhood of p up to O(||z|*). This immediately leads
the canonical divergence D(p, q) to satisfying the consistency with the geometry of S = (M, g, V, V™)
by means of Theorem . The same arqument can be used for D*(p,q). By interchanging the
role of V and V* in (81) and by Remark: it can be trivially proved that D*(p,q) generates the
dual structure of M in the same way as stated by Eq. .

Eguchi introduced in [9] the concept of the contrast function in order to construct statistical
structures on a given manifold M. A contrast function p(p, q) is defined everywhere on M x M. For

a function p(p, q) to be a contrast function, it is required that

p(p,q) >0, p(p,q) =0 <= p=q,
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and

005 p(p, )l ey = —0:0; p(p,0)],_, = 815()

is strictly positive definite on M. If p(p, q) is a contrast function,

T0w(p) = =000k, @), Thp(p) = —0i050kp(p.9)] _,

define torsion free affine dual connections with respect to the Riemannian metric g. Now, the
purpose of the present article is to recover a given dual structure (g, V, V*) on a manifold M by
means of the divergence function since our investigation has been addressed from the very beginning
to the inverse problem. In order to pursue this aim, it is enough to consider a contrast function to

be defined in a neighborhood of the diagonal set of M x M. Then we have the following result.

Theorem II1.3. Consider a statistical manifold S = (M, g, V, V™). Then the canonical divergence
D(p,q) and the Phi-function ¢(p,q) are both non-negative in a neighborhood of the diagonal set A
of M x M and vanish only on A. Furthermore, they both induce the dual structure (g,V,V™) of M.

Proof. By means of Eq. we obtain that, if p and ¢ are sufficiently close to each other, then
D(p.q) >0, D(p,q)=0 < p=gq.

By Remark [II1.4] we also know that D(p, q) generates the dual structure of M. These properties
ensure that the canonical divergence D(p, q) is a contrast function on M.

Analogously, by Pro. [III.1} and, in particularly, from Eq. we have that

¢(p,q) >0, o(p,q) =0 <= p=gq,

when p and ¢ are sufficiently close each to other, as well. Furthermore, by Theorem also ¢
induces the dual structure (g, V, V*). Then, ¢(p, q) is a contrast function on M, too. O

Although Theorem holds when p and ¢ are sufficiently close to each other, a contrast
function can be defined everywhere on M x M by means of an appropriate positive function.
However, we will prove that our canonical divergence D(p, ¢) turns out to be positive under sufficient

conditions whenever p and ¢ can be connected by unique V-geodesic and unique V*-geodesic (see

Pro. .

From Theorem we know that both the functions, the canonical divergence D and the Phi-
function ¢, generate the same dual structure on M. This leads to a very close link between them.

In order to prove this connection, we need the following



29

Lemma IIL.2. Let M C M be a smooth submanifold of M of codimension > 1. Let p € M\1\~/[
Then the function

ep: M= R, g op(q)
takes its (local) minimum whenever q € U, where Uy, is as in Eq. .

Proof. The proof trivially follows by the decomposition of II,(p) given by Theorem [I1I.2| and by
the definition of vp(q). O

Proposition II1.3. Consider the canonical divergence D(p,q) and the Phi-function ¢(p,q) of a
given statistical manifold S = (M, g, V,V*). Then, there exists a function f : [0, K] — Rt (K > 0)
with f(0) =0 and f'(0) > 0, such that

Dp(q) = f (wp(q)) - (89)

Proof. By means of definition @, we can consider the functional

1
() = /0 (L), 4(5) 0 dt, (90)

where v is an arbitrary path from p to q. By Lemma [[I1.2]it takes a local minimum when v = o*,
where o* is the V*-geodesic from p to q. Consider now the level hypersuface of D given by
Hp ={q € M | Dy(q) = k}. For a point ¢ € Hp we define
L, := {p € M | Dp(q) = min Dp(q')} .
q'€Hp

According to the theory of minimum contrast geometry by Eguchi [9], we know that {L,}sen,, is
(locally) a foliation of M with 1-dimensional leaves such that
(i) each leaf L, is orthogonal to Hp at ¢,

(ii) the second fundamental form with respect to V of L, is zero at g.

From Theorem [I11.3| we have that D(p,q) > 0 for p and ¢ suitably close to each other. Therefore,
by the uniqueness of the decomposition it is clear that level hypersurfaces of D and ¢ coincide
as families and in particular they have identical gradient flows. This implies that there exists a

monotonic function f with f(0) = 0 such that Dy,(q) = f (¢p(q)). O
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Proposition III.4. For a given statistical manifold S = (M, g, V,V?*), let us consider the Phi-
functions ¢,(p) and ¢,(q). Both are contrast functions for M. In addition, there exists a function

h:[0,K] — RT (K > 0) with h(0) =0 and h'(0) > 0, such that

@q(p) = h (©3(q)) - (91)

Proof. The Phi-function ¢(q,p) = ¢4(p) is obtained from by interchanging the role of p and
g. Therefore, from Eq. we obtain that the Taylor expansion of ¢,(p) reads as follows,

©q(p) = % gij(q)¢'¢? +é Are(@)C' I+ O (IC1P) . Aijn(q) = 2T 5klq) + Tiju(q), ¢ =€,—&, .

By repeating the argument in the proof of Theorem we obtain that

aiajal/d@q(p)‘p:q == fjk(p) )

0
where 0; = a—gz and 0, = 8751 Now, by comparing this result with the Remark [III.1| we conclude
P q
that ¢,(p) generates the dual structure of M in the same way of the dual Phi-function ¢, (q).

Given the level hypersurface H, = {¢ € M | p4(p) = £} we can define for a point ¢ € H,,

L= {p €M | ¢q(p) = min soqf(p)} :

Again, we know that {L}4en, is (locally) a foliation of M with 1-dimensional leaves such that
(i) each leaf Ly is orthogonal to H, at g,
(ii) the second fundamental form with respect to V* of Ly is zero at q.

Therefore, the local minimum of ¢, is obtained by integrating II; along a V-geodesic. This implies
that level hypersurfaces of ¢, and ¢, coincide as families and in particular they have identical

gradient flows. For this reason, there exists a monotonic function h with h(0) = 0 such that
©q(p) = h (¢3(q))- 0

In general, the canonical divergence D(p,q) is not symmetric, i.e. D(p,q) # D(q,p). However,
Proposition and Proposition [[IT.4] suggest the following symmetry property.

Theorem IIL.4. Given S = (M,g,V, V™) a statistical manifold, let us consider the canonical
divergences D(q,p) and D*(p,q) that, both, generate the dual structure (g,V,V*) of M. Then,
there exists a function Y : [0, K] — R satisfying the conditions Y(0) =0, Y'(0) > 0 such that

D(q,p) = Y(D*(p,q)) - (92)
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Proof. From the symmetry of the pseudo-squared-norm r,(g) in its arguments we have that

Dy(p) + #4(p) = D) + ¢u(q) -
This implies that Dy(p) = D,(q) + ¢p(q) — ¢u(p). Now by Eq. and Eq. we can write
Dy(p) = (f* +1d - hil)@p(q) )

where f* is the dual of f in the sense that it provides the same relation as Eq. but between
©* and D*. Moreover, Id is the identity map and h~! is the inverse of the map h in Eq. .
Finally, we get statement by defining Y := f* + Id — h~L. O

IV. COMPARISON WITH THE DIVERGENCE OF AY AND AMARI

In this section we compare the canonical divergence defined by Eq. with respect to the one
proposed by Ay and Amari in [5]. Recall that the latter has been defined by path integration of
the vector field X;(q) = exp;(lt) (q) along the V-geodesic o(t). In particular, when the V-geodesic

o goes from p to ¢, the divergence of Ay and Amari assumes the nice form , ie.

1
Dp.q) = /0 Hlo()]? dt .

In order to carry out this comparison, let us consider for each t € [0, 1] the loop ¥; based at p

and passing by o(t). This is defined as follows,

o7 (2s), s €10,1/2]
Zt(s) = ) (93)
(2 —2s), s€[1/2,1]

where V and V* geodesics 0y and o] go from p to o(t). By means of Lemma in [Appendix

we know that, if ¥; lies in a sufficiently small neighborhood of p, then
Py, Xp(t) = Xp(t) + Ry, (X5(1), Xp(1)) , (94)

where

with X*(¢) and X(t) being the parallel transport with respect to V of X} (¢) and X, (), respectively,

from p to each point of B; along the unique V-geodesic joining them. Here, R is the curvature
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-1
tensor [Appendix \ of V, B; denotes the disk defined by the curve ¥; and X, (¢) :ex*pp (o(t)),
Xp(t) = exp, L(o(t)) are linearly independent on B;. In addition, P within the integral denotes the
parallel translation from each point in B; to p along the unique V-geodesic segment joining them.
Now, we can write Py, as the parallel transport with respect to V along of and along o, but in

the reversed direction. In particular we have that

Py, Xp(t) = (P! o Por) Xp(t) -

ot
Then, from Eq. and by the definition of vector II;(p), we obtain
Ht(p) = PUz‘Xp(t)

=Py, Xp(t) + Po, [Ry, (X;(1),Xp(1))] - (96)

Let us recall that the canonical divergence D), is defined by means of the path integration of the
vector field II;(p) along the V-geodesic o(t) from p to ¢. Since X,(t) = expgl(a(t)) is the velocity

vector at p of the V-geodesic o, we have that
Py Xp(t) =04(1) =t o(t) . (97)
Therefore, by Eq. we obtain
D)= [ 167 at+ [ (o [Rs (5500 60yt (99)

The decomposition of D(p, q) given by Eq. allows us to provide sufficient conditions for the
positivity of D(p, q) whenever exist unique V- geodesic and unique V*-geodesic both connecting p

and q.

Proposition IV.1. Consider p € M and a neighborhood U, C M of p as the one in . Let us

assume the following conditions on the Riemannian curvature tensor R [Appendizx ,

(7) VR=0
(14) R(X,) VY, Y)>0 VX, YeTM). (99)
Then, we have that
D(p,q) 20 VYgeU,  Dlpg =0 <= p=gq. (100)

Proof. In order to prove this statement, let us decompose the canonical divergence D(p,q) ac-

cording to Eq. . By VR = 0 we know that the curvature tensor is invariant under all parallel
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translations with respect to V-connection [10]. Therefore, by Eq. and by recalling the defini-
tion of P below Eq. we obtain

R, (550, %,0) = [ P DR aa

)
R (PX*(1), PX(1)) PX(1)
s IGO0

o R ( )7 /4 t)) XP
- /B OAKO]
=aR (X* ), Xp(t) ) p(t) (101)

p

where

Area(By)
I1X5(8) A Xp(O)]]

&t 1=
Moreover, from Eq. we have that
1 1
* . €t *
/0 <P0't [REt (Xp(t)vxp(t))] 7U(t)>o(t) dt = /0 t R (PUtXp( ) PO’tXp(t)vPO’tXp(t)vpo'tXp(t)) dt
> 0

because of Condition (i) in Eq. (99). Finally, from Eq. we arrive at D(p,q) > 0 for all ¢ € U,
with D(p,q) =0 iff p = q. O

By replacing V and R in Eq. with V* and R*, respectively, we obviously obtain that
D*(p,q) > 0 for all g € U, with D*(p,q) = 0 iff p = ¢, as well.

A. Divergence in self dual manifolds

A statistical manifold S = (M, g, V, V") is self-dual when V = V*. In this case S reduces to a

Riemannian manifold endowed with the Levi-Civita connection. Indeed, it is well-known that [1],
_ 1 i
Since V = V* then V and V* geodesics coincide. For this reason we have
Xp(t) = X5(t), Vtelo,1].

Indeed, in our approach X, (t) and X} (t) are tangent vectors at p of V and V* geodesics, respectively.
Therefore, by recalling the definition of Ry, we obtain that the second term of the right hand
side of Eq. reduces to zero. This trivially follows by the skew-symmetry of the curvature
tensor that implies R(X(t),X(¢)) =0 for all ¢ € [0, 1]. Therefore, we have that.

1
/0 (Po, [Rs, (X(8), X()))], 6(8))gry dt =0
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where now X(¢) is the parallel transport of the tangent vector X,(¢) at p of Vi,c-geodesic o(t) and

P denotes the parallel transport with respect to ﬁLc—connection. This leads to

1
Dip.q) = /0 o2 dt (102)

and proves that our divergence coincides with the one of Ay and Amari in the case of self-dual
manifold.

|? is constant with

In addition, we know from classical Riemannian Geometry that the term || ()
respect to the parameter t. Then, we can conclude that the novel canonical divergence corresponds

to the energy of the V[ c-geodesic o(t) from p to ¢, that is

1
D(pa Q) = §d2(pv Q) )

where d(p, q) is the Riemannian distance between p and q.

B. Divergence in dually flat manifolds

The statistical manifold S = (M, g, V, V*) is called dually flat when the curvature tensors of V
and V* are zero, i.e. R = R* = 0. Then, since R = 0 implies that Ry, = 0 we have that in this
particular case Eq. reduces to

1
anzl tle(t)]? dt .

This proves that also in case of dually flat manifold our divergence coincides with the one of Ay

and Amari.

In a dually flat manifold we can rely on an affine coordinate system 6 = (6',...,6") and a potential

function ¢(#). In addition, the dual affine coordinates n = (n1,...,n,) are given by

_ 99(9) _
n; = 907 1=1,...

N

The dual potential is then defined as

where 6 -1 = 6° 1; and @ is a function of 7. Since by definition of affine coordinate system we have

that I';;1(0) = 0, then the geodesic connecting p and ¢ assumes the form

O(t) = 0, + (0, — 0,) -
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Hence, the velocity is constant
0=2=6,-06,
The novel canonical divergence from p to ¢ is defined by
1 . .
D(p,q) :/ tgi(0(t)) 227 dt .
0
Since g;; = 0;0;¢, we have

1
D(p.q) = /0 t 9;0;0(0, + tz)2"27 dt

1
:/ td01) d
1
/<z> ) de+ [1(6(1))]

+¢ (nq) Op Mg -

This shows that our divergence is the same as the canonical divergence defined in terms of the
Bregman divergence of M.
By considering the dual divergence D*(p,q), Eq. assumes in the dually flat case the

following form,

1
D*(p,q) = /0 Ele* ()1 dt |

that corresponds to the dual version of the divergence of Ay and Amari [5]. By using the dual
affine coordinates {n} and the dual potential function ¢*(n) we obtain the expression of D*(p, q)

as Bregman divergence of M which proves that D,(p) = D, (q)-

Let us now consider the case of a-connections within the class of conjugate symmetric manifolds
[Appendix [A]. Recall that a statistical manifold S = (M, g, V,V*) is conjugate symmetric when
the curvature tensors of V and V* are the same, i.e. R = R*. A very remarkable relation between
the curvature tensor of (see [Appendix ) and R is provided in [25] and for conjugate symmetric

manifolds reads as follows,

2

R(X,Y)Z == R(X,Y)Z + ~= (T(Y, T(X,2)) - T(X,T(Y, Z)) (103)

_1!
2
for all X,Y,Z € T(M). Here, T(X,Y) is the “difference tensor” and it is defined by [Appendix

T(X,Y)=VxY —ViY . (104)
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Therefore, if R = R* = 0, then the «a curvature tensor is given in terms of the difference tensor
T. Now, by resorting to the affine local coordinate {6} of V-connection, we have that I';;;(0) = 0.
Hence, from Eq. (103) we have that the local expression of v curvature is given by

ak 1-&2 sk x * sk ].—052 x K
Rii;= 2 [Pim I =Ty ij]:TRjila

which is zero because 7*35 0. As a result, from Eq. and Eq. we obtain the following

expression for the a-divergence,
1
(o) = [ tlo(0)* dt, (105)
0

o
where 0%(t) is the V-geodesic from p to ¢g. This proves that also in the case of a-connection our

divergence coincides with the one of Ay and Amari.

C. Divergence of Henmi and Kobayashi

In this section we address our investigation to the divergence proposed by Henmi and Kobayashi
n [II]. Given a statistical manifold S = (M, g, V, V*), the authors have considered the function

1 .
Wle) =~ [ |as@"©) 3o 054 0) at. (106)

where 6™ (t) is the V*-geodesic from ¢ to p and 6¢(s) is the V-geodesic from *(t) to g. The vector
field

F(5"(t)) := %

a4(s) (107)
s=0

has been interpreted in [II] as the force field (the stress) that is obtained by applying Hook’s
law to the V-geodesic a;(s) at each 6" (t) = 6+(0). The V-geodesic +(s) is here understood as a
spring which is stretched by F from the equilibrium state ¢. By means of this interpretation, the
function W*(p||q) is the work which is necessary to move a point of unit mass from ¢ to p along
the V*-geodesic 6" (t) against the force field F(c™*)(t).

In [I1], the authors showed that if

(1) R(X,V,YY)=0 VX, Y eT(M)
(i) VR =0, (108)
are satisfied, then each V-geodesic emanating from ¢ is perpendicular to the level-hyepersurface of

the functional W,(-||¢q), where

1 .
Wotpllo) =~ [ as(oo) o' at0)] a (109
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and the V-geodesic 7 (t) substitutes the path ¢*(¢) connecting ¢ and p. In R denotes the
Riemannian curvature tensor (see [Appendix ) In this way they proved that their divergence
function is independent of the particular path from ¢ to p. In addition, they proved that the
integral curves of grad W, (+||¢) coincides with the V-geodesics starting from ¢. For the rest of this
subsection we assume that conditions hold.

Let us now consider the effects that conditions (108 have on our divergence. Firstly, consider
Eq. . Since now VR = 0, we have that the curvature tensor is invariant under all parallel

translations with respect to the V-connection. From this analysis it follows that

Ry, (X5(t), Xp(t)) = /Bt P[%( <()) (t()t))H( s
[ R(PX*(1),P ()) X()
Bl X5 () A Xp(t)] “

L[ REOXO%0,,
By

1X5(8) A Xp (@)
where the last equality is obtained by recalling the definition of P below Eq. . More explicitly,

we can write

Area(By)

IXe(0) A X, (0] (110)

Ry, (X5(8),X,(1) = ¢ R(X5(1),Xp(1)) Xp(t), & =
Therefore, the second term of the right hand side in Eq. becomes

1 1
/O <PUt [REt (X;(t)axp(t))] 7d(t)>a(t) dt = / <R (PUtX;;( ) PUtXp(t)) PGtXp(t)?é—(t)>U(t) dt

1
€ *
_ / = (R (P, X3(1), Po, Xp(8)) Py Xp (), Py Xpt) o
1
€ *
= 0 ?t R(PatXp() PGtXp(t)7POtXp(t)7P0tXp(t)) dt
=0,

where the first equality follows by VR = 0, the second one follows by recalling the implication of
the relation oy(s) = o(st) on the derivative and the last equality follows from Condition (i) in Eq.

(108). As result, we obtain that under Conditions ({108]) our divergence is given by

1
Dipa) = [ tl6(0)IP at,
0
which proves that also in this case our divergence coincides with the one of Ay and Amari.

In order to single out a connection between the divergence D(p,q) proposed in the present

article and the one introduced in [I1], consider the definition of D(q,p). By interchanging p and ¢
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in Eq. , we obtain
D00) = D40) = [ () 50y 0 (111)
where the V-geodesic 7(t) goes from ¢ to p and
Mi(q) = Pos X, (1),

with o7 being the V*-geodesic from ¢ to o(t) and X,(t) = exp(;l(a(t)). We now investigate the
relation between II;(q) and the vector field F(o(t)) = 54(0). Firstly, we may observe that

Xq(t) = _P;t15t(0)a

where oy is the V-geodesic from ¢ to (t). Then, by repeating the same methods as the ones that
have led to Eq. together the nice representation ((110) of Ry, under Conditions ((108), we
obtain that
i(q) = —Po; o P,!54(0)
= —0_'t(0) +& R (X;(t), 5'15(0)) 5’t(0) . (112)
Since 0¢(s) is a re-parametrization of the V-geodesic 7 (t), namely o¢+(s) = ((1 — ¢)s + t), then

7¢(0) = (1—t)5(t). Therefore, by integrating I1;(q) along &(t) we get D(q, p) and from Eq. (112)) we

are able to establish the connection between our divergence and the one of Henmi and Kobayashi,
1 .
Dla.p) = | ()50 d

=—/<m ma+/RW><wmmwmw
0
= W*lla), (113)

where we used VR = 0 and the last equality follows from Condition (i) of ( and by recalling
definition (106). The function W*(p||q) is actually the dual divergence of W(qu) and in [I1] the

following symmetric property has been proved,

W(pllg) = 1~ (W(dllp)), (114)

where f* is a function such that f*(0) = 0 and (f*)’ (0) = 1. Finally, from Eq. (T14]) we can carry

out the following connection between D(q,p) and W (q||p),

D(q,p) = f* (W(dllp)) - (115)
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V. CONCLUDING REMARKS

The main result obtained in this work is Theorem which gives a geometric interpretation
of Theorem In particular, we showed that the rays of hypersurfaces H, at ¢ are generated by
the sum of the tangent vectors I, + HZ. Hypersurfaces Hy, are level-sets of the pseudo-squared-
norm 7,(q). The symmetry of r,(q) suggested that it is not a good candidate to put forward for
defining the novel canonical divergence since, commonly, divergences are not necessarily symmet-
ric. However, in classical Information Theory [13] we recover such a symmetry by adding to the
Kullback-Leibler divergence its dual function that is obtained from the Kullback-Leibler divergence
by just exchanging the role of p and gq.

Inspired by this property of the Kullback-Leibler divergence for positive and probability mea-
sures, we made the choice to define the novel divergence by integrating Il along the V-geodesic
connecting p to q. The dual divergence is then defined by the path integration of IT* along the
V*-geodesic connecting p to g. Nevertheless, it does not happen that r,(q) = Dy(q) + Dp(q). To
overcome this difficulty, we introduced two more functions, namely the Phi-functions in this paper.
In this way, we provided a split of 7,(¢) in terms of both the sums, ¢, + D;; and goz +D,. A further
relevance of these Phi-functions consists in supplying local decompositions of II and II* in terms
of grady, and gradgo;;, respectively.

We proved that both the functions, the canonical divergence D and the Phi-function ¢ gener-
ate the dual geometry of a statistical manifold S = (M, g, V,V*). Very surprisingly, we showed
that they coincide up to a suitable monotonic function. This nice result led us to address our
investigation to the symmetry of D(p,q) as stated by Eguchi in [9]. We were able to prove that
D(q,p) = Y(D*(p,q)), where Y is a suitable monotonic function.

In addition, we proved that D(p,q) reduces to the divergence introduced by Ay and Amari
when M is self dual, when M is dually flat and when M satisfies a property that is the statistical
geometric analogue of the concept of symmetric spaces in Riemannian geometry. The last class of
statistical manifold drove our study to the approach proposed by Henmi and Kobayashi in [I1] and

then we described a close connection between our divergence and the one of Henmi and Kobayashi.

Several examples of divergences can be found in literature arising from a wide range of physical
sciences. In [§] a divergence is defined as the solution of the Hamilton-Jacobi problem associated
with a canonical Lagrangian defined in TM. In [17] by resorting to the dual structure of the
Hamiltonian and Lagrangian formulation of mechanics in T*M and TM, it is established that the

divergence function agrees with the exact discrete Lagrangian up to third order if and only if
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M is a Hessian manifold. In this manuscript, we explored the intrinsic geometric structure of a

statistical manifold S = (M, g, V, V") when only the torsion freeness of V and V* is required. This

investigation identified appropriate vector fields upon which it is based a very natural definition

of divergence and its dual function. The present approach also paves the way for investigating

the geometric structure of submanifolds of M in order to generalize the Pythagorean Theorem and

then provide a deeper understanding of the projection theorem. This will constitute the study of

forthcoming investigation.
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APPENDIX A: DIFFERENTIAL GEOMETRY OF STATISTICAL MANIFOLDS

In this section we review useful tools of differential geometry of statistical manifolds mainly

focusing on the curvature tensor. We describe classes of statistical manifolds in terms of curvature

tensor features of them and give description of conjugate symmetric and dually flat statistical

manifolds. For a more detailed presentation we refer to [I5], [1] and [6]. A statistical manifold

S =

(M, g, V, V") is the datum of a C°° manifold M, a metric tensor g and two affine connections

V and V* such that Eq. holds true. Let us recall that an affine connection V on M is a linear

connection on the tangent bundle TM,

V:TM)xTM) = TM), (X,)Y)—VxY,
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such that

VfX1+gX2X = fVXlX +gVX2X VXl,XQ,X S T(M) and f,g S COO(M)
VX(CLXl + bXQ) =aVxX1+bVxXe VX, X9, X € T(M) and a,b € R

Vx(fY)=fVxY +X(f)Y VX,Y e T(M)and f € C®°M) .

Roughly speaking, an affine connection is directional derivative of vector fields. In particular, VxY
is the change of Y in the direction of X. The rule for comparing vectors in two distinct tangent
spaces T,M and T,;M is established by the notion of parallel transport.

Let us now introduce such a notion by relying on a smooth curve 7 : [0,1] — M of M. A vector
field along 7 is a smooth map V' : [0,1] — TM such that V(t) € T,y»M for all ¢t € [0,1]. Let T ()
the space of all vector fields along v, then the covariant derivative Vi : T (y) — T(vy) of V € T(7)
along ~ is defined in terms of the connection V as V/V () := Vﬁ(t)f/, where V is the extension of
V to T(M). A vector field V' € T () is said to be parallel along v with respect to V if V,V(¢) =0

for all t € [0,1]. Therefore, a basic result in Calculus allows us to consider the isomorphism
P,y : T’Y(tO)M — T'y(t)Ma V= PW(V> (Al)

where P, (V) := V(t) and V € T(y) is the unique parallel vector along ~ such that V(ty) = V.

Likewise, we have the parallel transport with respect to the V*-connection,
Pf/ : T'y(to)M — T,y(t)M, V= P:,(V) . (AQ)

All the concepts that we are from here describing can be naturally passed to the V* connection;
so for the sake of simplicity, we only refer to the V connection.
The expression of V connection in local coordinates 52 at p € M is given in terms of the local

basis {0;}, (0; = 0/ 35;) of the tangent space T,M by means of the Christoffel’s symbols Ffj,

Vo,0; =T750k,

where we adopted Einstein’s summation convention according to which whenever an index appears
in an expression as upper and lower index, we sum over that index. The same happens for V*
connection, i.e. V} 09; = *I‘fjé?k.
By relying on local coordinates {£}, we can also give the local expression of the parallel transport
P. Consider X € T (v), then we have X (t) = X"(t)9;(t), where {9;(t)} is a local frame of the tangent
space T ;M. Then, we have that
dX*(t)
dt

+TH ()T ()X (1) =0 (A3)
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It is clear from Eq. (A3)) that whenever we specify one initial condition X*(0) = XZ, € T,M we get
one solution of the differential equation and then we can define the isomorphism (A1]).

A geodesic of V is a curve with parallel tangent vector field,
Viy =0, (A4)
and in local coordinates it reads as
H+TEY S =0. (A5)
For all p € M and X, € T)M there is a unique geodesic vx, such that,
7x,(0) = p, and Yx,(0) = X,. (A6)
Hence, by defining for X, € T,M,
expy,(Xp) = 7x, (1), (AT)

we obtain the exponential map at p. The exponential map is in general well-defined at least in a

neighborhood of zero in T,M and, moreover, can be globally defined in special cases.

1. Conjugate Symmetric Statistical Manifolds

To the affine connection V we can associate two tensors, the torsion and the curvature. They

are given by

Tor(X,Y) = VyY — Vy X — [X,Y] (A8)

R(X,Y)Z =VxVyZ —VyVxZ - Vix |7, (A9)

where X,Y,Z € T(M) and [X,Y] = XY — Y X is the Lie bracket of X and Y.
Analogously, we can associate two tensors to the dual connection: the torsion tensor and the

curvature tensor of V*,

Tor*(X,Y) = VY — Vi X — [X,Y] (A10)

RYX,Y)Z = ViViZ — VyViZ ~ Viy 2 . (A11)
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Then S = (M, g, V, V") is called a statistical manifold when both the connections V and V*
are torsion free, i.e Tor = 0 and Tor* = 0. From this, it follows that the curvature R satisfies the

first Bianchi identity,
RX, Y)Z+R(Y,Z) X +R(Z,X)Y =0 (A12)

for all X,Y,Z € T(M). The same holds true for the curvature tensor R*.
Given the metric structure on M, we can also consider the Riemann curvature tensor of V that

is defined as follows
R(X,Y,Z,W):=g(RxyZ, W) . (A13)

From definition (A9) it immediately follows that R(X,Y, Z, W) = —R(Y, X, Z, W) and in particular
R(X, X, Z, W) = 0. Moreover, from the first Bianchi identity (A12]) we have that

R(X,)Y,Z,W)+R(Y,Z, X, W)+ R(Z, X, Y,W)=0.
Analogously we can define the Riemann curvature tensor of V*,
R*(X,Y,Z, W) =g (RxyZ, W) , (A14)

and same equalities as R hold true as well.
Consider now Riemann curvature tensors R and R* both together. We have the following result

[15],
Proposition A.1. If R is the Riemann curvature tensor of V and R* the one of V* we have that

Proof. By considering X,Y as part of an orthonormal frame on the tangent bundle TM we can

assume that [X,Y] = 0. Owing to this consideration we have that
XYg(Z,W)=X(Yg(Z,W))
=X (g(VyZ, W) +g(Z,VyW))
=g (VxVyZ, W) +g(VyZ, VxW) +g(VxZ, VyW) +g(Z,VxVyW)
By alternating X and Y we arrive at
0=[X,Y|g(Z, W)= XYg(Z,W)—YXg(Z,W)

=R(X,Y,Z, W) +R*X,Y, Z,W) O

As direct consequence we have
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Corollary A.1. The following conditions are equivalent,
1. R=R"
2. R(X,Y,Z,W)=-R(X,Y,W, 2)
From the second condition in Cor. we trivially have that
g(R(X,Y)Z,Z)=0 foral X,Y,Z e T(M). (A16)

Another consequence of Cor. is that V is flat if and only if V* is flat. Let us now briefly
discuss about the second condition of Cor. or equivalently the Eq. (A16)), and see for which
classes of statistical manifolds it holds true.

Given the dual structure (g, V, V"), we can obtain the Levi-Civita connection as follows [,

Vi==-(V+V. (A17)

DN |

In addition, we can define a totally symmetric cubic tensor T [15],
T(X,Y,Z) =g (T(X, Y), Z) . where T(X,Y) := VxV — V4Y . (A18)
Let us now define a 1-parameter family of a-connections on M as follows,
«a _ 1~
Vx Y  =VxY — 5T<X7 Y) (Alg)

From the torsion-freeness of the statistical manifold S and the symmetry of T we immediately have

that
a\ * - 1 —1
(V) =V and v=v, v=V". (A20)

We say that a statistical manifold & = (M, g, V, V™) is conjugate symmetric if for all a the

curvature tensor f{ fulfils the following relation,
R=R . (A21)
Therefore, by means of Cor. [A.T] we have

Proposition A.2. Sufficient conditions for a statistical S = (M, g, V, V™) being conjugate sym-

metric are

1. There exists a # 0 such that ﬁ = ﬁy
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2. There exists o # 0 such that ﬁz 0, i.e. S is a-flat.

Finally, in a conjugate symmetric manifold, the Riemann curvature tensor satisfies all the
identities as the Riemann curvature tensor of the Levi-Civita connection, i.e.

o

R(X,Y,Z,W)=—R(Y,X,Z,W); (A22)
R(X,Y,Z,W)+ R (Y, Z,X,W)+ R (Z,X,Y,W) = 0; (A23)
R(X,Y,Z,W) =R (X,Y,W,Z2); (A24)
R (X,Y,Z, W) =R (Z,W,X,Y). (A25)

The statistical manifold S = (M, g, V, V") is called dually flat if R = 0 = R*. Then, according
to Eq. and Pro. we can say that a dually flat manifold is conjugate symmetric. In this
particular case, there exists ag such that ﬁz 0 and then the statistical manifold S is often referred
as equivalent to dually flat manifold [I]. In this particular case, we can rely on two sets of local

coordinates {#°} and {n;} such that
Fijk(e) =0, and Pijk (77) =0.

*
Here, I';j; and T';j; are the connection symbols of V and V*, respectively. In local coordinates

they are expressed by

Lijr = gizrék, Tijk= gil*ré‘k ; (A26)
where Fé»k and “I'j;, are the Christoffel’s symbols of V and V*, respectively. Additionally, if we
consider the tangent vectors {9;} and {9’} of the local coordinates {6'} and {n;} we have that

gi;0:07 = 3, (A27)

meaning that these tangent vectors are reciprocal orthogonal with respect to the metric tensor g.

2. Parallel transport and curvature tensor

Now we describe the connection between the parallel transport and the curvature tensor of the
connection V. Obviously, the same is for V* connection. Roughly speaking, parallel transport
along a loop ¥ based at p € M provides the Lie group of rotations Py, : T,M — T,M. This is
called the holonomy group of V at p. Then, the Lie algebra of it is spanned by the curvature tensor
of V.
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Given p € M, let
L, ={X:[0,1] = M| X(0) = X(1) = p} (A28)

be the set of piecewise smooth loop based on p and assume that M is simply connected. Then,
each ¥ € £, is homotopic to the trivial loop.

Therefore the holonomy of V at p € M is defined as the subset of Aut(T,M), i.e. the automor-
phisms of T),M,

Hol, := {Py € Aut(T,M) | X € L,} . (A29)
Basics properties of Hol,, are listed in the following proposition.

Proposition A.3. The following basic properties of Hol,, hold true:

1. Hol, is a closed Lie subgroup of Aut(T,M) and its Lie algebra hol, C End(T,M) is called

the holonomy algebra at p.

2. Given ' :[0,1] = M such that ¥'(0) = p and ¥'(1) = ¢q. Let Py : T,M — T,M the parallel

transport along ¥'. Then

Psy o Hol, o Py~ = Hol,,.

From the second property in the latter Proposition, it follows that the holonomy groups are
independent of the base point.

Since V is torsion free, the Ambrose-Singer Holonomy Theorem [20] supply a very remarkable
connection between the curvature tensor R and the holonomy algebra hol,(V) of V. It states that

hol,(V) is generated by operators Ry (z,y) := Py 0 R(Ps 'z, Py, ly) o Py, L,
bol, = ({(R)s(=,y) | z,y € T,M, ¥ aloop at p}). (A30)

Eq. (A30) shows that hol,(V) is the vector subspace of End(T,M) spanned by the endomorphisms
Rs(z,y). Thus, R determines hol,(V) and, hence Hol(V). Therefore, if we consider the case of a
flat manifold we have that R = 0. Then hol,(V) = 0, from which it follows that Hol(V) = Id.

For the purpose of the present manuscript, the previous theoretical setting for highlighting

connection between holonomy and curvature tensor is performed into the following result.
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Lemma A.1. Let B be a smooth closed 2-disk such that p € OB and B is foliated by connecting

V-geodesics segment starting from p. Then

P(R(X,Y)Z)

PyZ,6 — Z,6 = A A31
=y /B XAy (A31)

where

e dA is the surface area measure on B induced by the Riemannian metric tensor g on M.

X and Y are linearly independent vector fields on B.

Y : 1 — 9B is a parametrization of OB such that ¥(0) = ¥(1) = p and, given any inward
pointing vector X € TB, the orientation of (¥, X) is the same as (X,Y).

Zy, € T,M and Z is defined by parallel translating Z, first along the parametrized curve X
and then, for each 0 < s <1, along the unique V-geodesic segment going from ¥(s) € B to
B.

P is parallel translation from each point in B to p along the unique V-geodesic segment

joining them.

Proof. The proof of this result is provided in [24]. However, for both the sake of completeness
and its usefulness we report it here.

Consider a map H : [0,1] x [0,1] — B such that H(1,t) = X(¢) and H(-,t) is the V-geodesic
connecting p to X(t), for all ¢ € [0,1]. Let us denote

OH OH
S(S,t) = g, T(S,t) = W

then we have [S,T] = 0 since V is torsion free. Let us observe that 7' is the Jacobi vector field

along each geodesic H(-,t). Define now

g(S,7T)

J=T-
1512

S.

Clearly J is orthogonal to T'. Then we have that
dA = ||T A S||dsdt = ||S||||T||dsdt.

Let {e;} C T,M be an orthonormal frame and extend it by parallel transport along each V

geodesic H(+,t). In particular we have that

V:iei(0,t) =0, Vgei(s,t) =0,
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for all (s,t) € [0,1] x [0,1]. In addition, we also have that
ViZ(1,t) =0, VsZ(s,t) =0,

for all (s,t) € [0,1] x[0,1]. Let us now note that Z, = Z(0,0) = Z(1,0) and that PxZ, = Z(1,1) =
Z(0,1). Then we have that

(€ip)s (P = 2y = (ei(0,1), 20,1} — (4(0,0), Z(0,0)}
1
_ / B1(ei(0,1), Z(0,))dt
0

_ /01<ei,VtZ(0,t)>dt
= /1 [(eZ,VtZ (1,1)) / 0s(ei, ViZ(s,t))ds| dt

_ // (€5, VsV Z(5, 1)) dsdt

_ /0 /O len, R(S, TV Z (s, £))dsdt

_ _/1 /1<ei,7?,(5, T)Z (s, 1)) dsdt

= / / e R(,7) 2 (s,0) S| T dl

_ / €z>R(X Y)Z>dA,
o X AY]

where o0 = S/||S||, 7 = T/||T|| form an orthonormal frame on B. Finally the result follows from

Py (R(X,Y)Z) = €i(0,0)(ei(s, 1), R(X,Y)Z) .

i
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