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We study the dynamics of coherence-induced state ordering under incoherent channels, partic-
ularly four specific Markovian channels — amplitude damping channel, phase damping channel,
depolarizing channel and bit flit channel for single-qubit states. We show that the amplitude damp-
ing channel, phase damping channel and depolarizing channel do not change the coherence-induced
state ordering by /1 norm of coherence, relative entropy of coherence, geometric measure of coherence
and Tsallis relative a-entropies, while the bit flit channel does change for some special cases.
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I. INTRODUCTION

Quantum coherence is a fundamental feature of quantum mechanics, which distinguishes the quantum world from the
classical physics realm. It is an essential ingredient in many research fields such as low-temperature thermodynamics
[1-5], quantum biology [6-11], nanoscale physics [12, 13], etc. Quantifying the coherence of quantum states[14] has
become a hot issue. Recently, Baumgratz et al. proposed a strict framework to quantify quantum coherence [15].
Consequently, various coherence measures have been defined based on this framework, such as l;-norm of coherence,
relative entropy of coherence [15], geometric measure of coherence [16] and Tsallis relative a-entropies of coherence
measure [17], etc. Here, the Tsallis relative a-entropy of coherence measure violates the condition of a coherence
measure that is nonincreasing under mixing of states, while it satisfies a generalized monotonicity of average coherence
under subselection based on measurement.

Different coherence measures have been employed according to different physical context, thus give rise to different
values of coherence. Questions about ordering states with various coherence measures have also been discussed [17-
19]. Another interesting problem is that whether or not quantum operators change coherence-induced state ordering,
which has been proposed by Zhang et al [18].

Focused on single-qubit states, in this paper, we investigate such ordering problems under incoherent channels.
Particularly, we consider four Markovian channels — amplitude damping channel, phase damping channel, depolarizing
channel, and bit flit channel. Note that for some special cases, Zhang et al have studied the problem for single-qubit
states by using the amplitude damping channel and phase damping channel [18]. Here we also consider the geometric
measure of coherence for more general situations. We extend the results of Ref. [18] to general cases. Furthermore,
we show that the depolarizing channel does not change the coherence-induced state ordering while the bit flit channel
changes it when p = %

II. PRELIMINARIES

In this section, we first recapitulate some concepts related to quantum coherence. Let H be a d-dimensional
Hilbert space and {|i)}¢=] be an orthonormal basis of H. An incoherent state is defined as p = %9= p; i) (|, where
p; > 0,%;p; = 1. Let Z denote the set of incoherent states. An incoherent operation is defined as A(p) = %, K, pK},
where ¥, K, K! = I and K,,ZK! C Z. Baumgratz et al. proposed a framework to quantify quantum coherence, that
is, a function C can be taken as a coherence measure if it satisfied the following postulates [15]:

(C1) C(p) =0, C(p) =0if and only if p € T;

(C2) C(A(p)) < C(p) for any incoherent operation A;
(C3) X,,pnC(pn) < C(p), where p, = Tr(K,pK}), and p,, = K,,pK} /p,., {K,} is a set of incoherent Kraus operators;

(C4) C(Zipipi) < ZipiC(p;) for any set of quantum states {p;} and any probability distribution {p;}.

Several coherence measures have been put forward based on this framework. Here, we give the definitions of the
following four coherence measures for further use.



Let p be a state defined on H, then
CL(p) = lpis] (1)
i#]
is the [; norm of coherence, where p;; are the entries of p. The relative entropy of coherence is defined by

Cr(p) = mins (pllo) = S(pdiag) — S(p), (2)

where S(p||o) = Tr(plog p— plog o) is the quantum relative entropy, S(p) = —Tr(plog p) is the von Neumann entropy,
and paiag = Lipss|t) (4 is the diagonal part of p. The geometric measure of coherence is defined by

Cyl(p) =1 —maxF(p,0), (3)

2
where F(p,0) = (Tr ﬁp\/g) is the fidelity of two density operators p and o. And the Tsallis relative a-entropy
of coherence is defined by

re—1
= minD = 4
Ca(p) = minDa(p]|9) — (4)
where 7 = % (i[p®|i)= and « € (0,1) U (1,2].
Any single-qubit state can be expressed as
1 -, 1 s
p= 5([—1— ko) = §(I+tna), (5)

where k = (kg, ky, k) is a real vector satisfying Ik <1,t=|k||, 7= (ng,ny,n;) is a unit vector and & = (04, 0y, 0)
is the vector of Pauli matrices. Here, we note that n,, n,, n, represent the length of vector k along the direction
Oz, 0y, 0z, respectively.

A non-coherence-generating channel (NC) ® is a CPTP map from an incoherent state to an incoherent state:

®(Z) C Z, where T denotes the set of incoherent states [20]. Any quantum channel ® is called an incoherent channel
K7L(p)K’1-L

if there exists a Kraus decomposition ®(-) = ¥, K,,(-) K} such that p, = T ED

is incoherent for any incoherent
state p.

A rank-2 qubit channel is an NC if and only if it has the Kraus decomposition either as [20]

() = BV (B + BV (B! (6)
with
in . Zf .
E§1) _ (e c.osec.os¢ § 0 7 Eél) _ 7§1n9cos¢ €'t sin ¢ (7)
—sinfsing e cos ¢ e "Tcosfsin¢ 0
or as
o () = BP (VBT + B () B (8)
with
(2) _ (cosf® 0 2 _ 0 sin ¢
B _( 0 elfcosqS)’ By _<elfsin9 0 ’ (9)

where 6, ¢, & and 7 are all real numbers. Here ®() is not an incoherent channel unless sin 6 cos  sin ¢ cos ¢ = 0 and
&) is an incoherent channel.

III. MAIN RESULTS

In this section, we first study the coherence-induced ordering problem under arbitrary incoherent channels for single-
qubit states via the coherence measures Cy,, C;, C, and C,. Then we study the dynamics of coherence-induced state



ordering under specific Markovian channels for single-qubit states by four Markovian channels amplitude damping,
phase damping channel, depolarizing channel and bit flit channel. ,

Suppose that an incoherent channel is defined as (6). Let a = 1=£% and b = w with b =| b | €#. Then
O(p) = ( 51* 1 ?A ) with A = acos? ¢ + (b*e'* + be ™) sinfsin ¢
cosp + (1 — a) sin? ¢, B = be" % cos cos® ¢ + b*e’st cosfsin® ¢. Thus, Cp, (®(p)) = 2 | be % cosfcos® ¢ +
b*e’tMcosfsin®¢ |.  If sinf = 0, then ® is an incoherent operation and C, (®(p)) = 2 | b |
VeiB=i€ cos? ¢ + ei€=iB sin . We find that the value of C;, (p) depends on both b and the channel itself. In oth-
er words, there may exist incoherent channels such that Cj, (®(p1)) < Cj, (®(p2)) though C, (p1) > Ci, (p2).

¢ D >With0ac0829+(1a)sin2¢

Suppose that an incoherent channel is defined as (8). Then ®(p) = D" 1-C

and D = e*(bcosfcos ¢ + b*sinfsin¢). Thus, C, (p) = 2|b|\/cos2 Bcos?(0 — ¢) +sin® Bcos2(0 + ¢). Also we have
that the value of C;, (p) depends on both b and the channel itself. In other words, there may exist incoherent channels
such that Cj, (®(p1)) < Ci, (P(p2)) though Cp, (p1) > Ci, (p2).

According to the above discussion, we can conclude that there exist incoherent channels changing the coherence-
induced state ordering under the coherence measure C;,. This is true also for the coherence measure C4, since Cj,
and C, give the same ordering for single-qubit states [21]. For the other coherence measures C, and C,, the issue
will become formidably difficult for general incoherent channels. However, we can consider some specific incoherent
channels to deal with the problem.

A. Amplitude damping channel

The amplitude damping channel is characterized by the Kraus’ operators: Ko = [0)(0] + /p|1)(1|, K1 =
V1 —p|0)(1], where p € [0,1]. It is direct to verify that [18],

1+tn, + p(l—tn,) +I—pt(nz—iny)
)= gt :
1—pt(ne+iny) (1-p)(1—tn.) ’
2 2

(10)

Ci,(e(p)) = (1 = p)ty/1 —nZ, (11)

o(eo)) = h(2E1E) (A, (12)
. = % (13)

N , AT N ACTIE I
where h(x):fxlogxf(lfa:)log(lfx),r:[(1%) 1+2n2+(1_2t) 1;2] Jr{(l%t) 122+(1_2t) HTZ] ,

=0 —p) A —n2) + (p+ (1 p)nat)?, nly = VPt 1 — YIZPml g g — pEOpinat,

Clearly, for the case p = 1, the amplitude damping channel transforms any single-qubit state to an incoherent state.
For p = 0, any single-qubit state is unchanged under amplitude damping channel.

It has been proved that the amplitude damping channel does not change the coherence-induced state ordering under
the coherence measure C;; [18]. In the following we study the case p € (0,1) for the coherence measures C, and C,
for a € (0,1) U (1,2]. By numerical calculation we find that for any p € (0, 1), the amplitude damping channel does
not change the coherence-induced state ordering by C,. with fixed n, or fixed ¢, since C, is an increasing function with
respect to ¢ for every fixed n, while a decreasing function with respect to n, for every fixed t, see figures 1, 2 and 3
for the cases of p = %, % and %.

For the coherence measure C,, Zhang et al have proved that for p = %, the amplitude damping channel keeps
the coherence-induced state ordering with fixed n, or fixed t. In fact, we find that it holds for any p € (0,1) and

a € (0,1)U(1,2]. In Figure 4, we give the variation of C; for p = g, §, § and p = {. In Figure 5, we give the variation
of C, for fixedp=1 and v =1, 3, 5 T,



(@) p=1 (b)p=13 (c)p=3

FIG. 1: The variation of C,(¢(p)) with respect to t and n, under amplitude damping channel.

(a)p=1% b)yp=3 (c)p=3

FIG. 2: For p = i, p=21andp= %, Cr(e(p)) is an increasing function with respect to ¢ for the cases n., = 0.3 (red line),
n. = 0.6 (green line) and n. = 0.9 (blue line).

B. Phase damping channel

Now we study the dynamics of coherence-induced state ordering under phase damping channel , which can be
characterized by the Kraus’ operators Ko = /pI, K1 = /1—p|0)(0|, K = /1 —p|1)(1], where 0 < p < 1. By
applying the phase damping channel to the state (5), we get

14tn, tp(ne—iny)
e(p) = | iptnring  1-tn. : (14)

2 2

For p = 0, the phase damping channel transforms a state into an incoherent one. In the following, we study the
case p # 0. For simplicity, we define A =1+ (p> — 1)(1 —n,)% B = %, C = (VA+n,)? and D = p*>(1 —n?).
Substituting £(p) into eq. (1), (2) and (4), we have

Ci, (e(p)) = ptv/'1 —n. = pCy, (p), (15)

Cole(p)) = h(—5"2) ~ (B), (16)
re —1
Calelp)) = = (1)
@)p=; (b)yp=1 () p=2

FIG. 3: For p =

,p=1%and p=3,Cr(c(p)) is a decreasing function with respect to n. for the cases t = 0.3 (red line), t = 0.6
(green line) and ¢t =

0.9 (blue line).
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FIG. 5: For fixed p = %, the variation of C, with with respect to ¢ and n, under amplitude damping channel for a = i, a=

3 -5 e
$,a=3and a= .

where r = (B* %= orp +(1 B)O‘CED) +((1-B)~ C+D + B~ CED) . According to eq. (15) we have that the phase

damping channel does not change the coherence-induced state ordering by C;, for single-qubit states.
Next we consider the coherence measure C,.. According to eq.(16), we get

1- A1 1t 1
9r(ep) _ mz g, L= tne £1 tivA 2 Jog LS W e
ot 2 T+ in, 8 A 2 1+t 2 1 tn,

since ‘F log Tﬁ? is an increasing function with respect to p € (0, 1]. Moreover, since c (p) > 0, the phase damping
channel does not change the coherence-induced state ordering by C, for single-qubit states with fixed n,. According



(a)a:i (b)a:%

(c)a:% (d)az%

[~

FIG. 6: The variation of C, with respect to ¢ and n, under phase damping channel for fixed p = % and a = i, %, g and a =

to eq.(15), we obtain

aC,.((p)) ,t. 1—tn, (p2—1)nzt1 14+t/A

o = (5n )/In2.

2 1+tn. 24 1—tJA

Set f(p) = =D In HVA Then

_ ppA g 16V L 20— @R D) o pipA | 1etVE | 2p0=0D)@P=Y) _ p (A4l 1etV/E
f'p) =247 Iy 5 A + a2 e mnA T T aaA - = A(UR s —20) 20,

. A41 1+t\/7 . . . . .
since <7 In VA — 2t is an increasing function with respect to t > 0. Thus,

2t

on., -

£(0))/In2 = 0.

n
21 +tn,

Therefore the phase damping channel keeps the coherence-induced state ordering by C, for single-qubit states with
fixed t as %}p) <0.
o .a—10r

According to eq.(16), for the coherence measure C,, a € (0,1) U (1,2], we have w = 255 rYT g, where

_va o n i -
o — 1B iy + (1~ Bltgiple 1B Tolp = (L= B)* o]} (18)
+T{[(1 - ) C'J’,LD +B(XC'+LD E_l[BO‘_chrLD _ (1 _ B)a—lm%]}

If o €(0,1), § at <[B® CED +(1- B2yl Y(Be = (1—-B)* ) <.
If a € (1 2], ¢ > [B* %5 + (1 - B)* 25]a 1B —(1— B)*~1) > 0.

Then 2 {(j e )) > 0. Since (%gt(p ) > 0, the phase damping channel does not change the coherence-induced state
ordering by C,, for single-qubit states with fixed n,. In fact, the phase damping channel does not change the coherence-
induced state ordering by C,, for single-qubit states with ﬁxed t. Generally, it is very difficult to discuss the monotony
of C, for all parameters a € (0,1) U (1,2] and p € (0, 1] with respect to n,. In figure 6 we present the variation of C,,

Withﬁxedp:%fora: ,%,%andaz%.

N



C. Depolarizing channel

Now we study the dynamics of coherence-induced state ordering under depolarizing channel. The state of the

quantum system after depolarizing channel is given by &(p) = %I + (1 —p)p,
1+tn.(1—p) (1—p)(ngy—iny)t
elp) = (1—p)(n2m+iny)t 17tn22(17p) : (19)
2 2

Substituting (p) into eq. (1), (2) and (4), we have

Ci(e(p) = A =pitvV1—n. = (1 =p)C,(p), (20)

¢ (elp)) = n(A L)) AEHOZR), (21)
re¢ —1
Calelp)) = —— (22)

where 7 = [E®F 4 (1 — E)*(1 - F)]* + [E*(1 — F) 4+ (1 — E)*F]=, and E = U=p) p — line,
According to eq. (20), we have that the depolarizing channel keeps the coherence-induced state ordering under C;,
for single-qubit states.

Next, we consider the coherence measure C,. Clearly, C,(e(p)) is a decreasing function with respect to n,, since

oC,. (E(p)) _ t(l 1) log} tnzg pg
+itn P

orderlng by C. for single-qubit states with fixed ¢, due to that C,.(p) is also a decreasing function with respect to n,.
In fact, C.(e(p)) is an increasing function with respect to ¢, as

Cr(e(p))  (1—p), 1—tn.(1-p) t(1 —p)*n.

= 1 — < O.
Bton, 2 B litn(l—p) 1-n2(l—p2 -

< 0. Thus, the depolarizing channel does not change the coherence-induced state

Therefore,

0Cr(e(p)) (1 —p)n. 1 1—tn,(1—p) 1 —P, 1+t(1—p)

_ > 0.
ot 2 STit(l—-p 2 Pl-tl-p ~

In addition, C,(p) is an increasing function with respect to ¢ [18]. Thus, the depolarizing channel does not change the
coherence-induced state ordering by C, for single-qubit states with fixed n.
Lastly, we consider the the coherence measure Co, where a € (0,1) U (1,2]. First of all, we show 9% > 0 if o € (1, 2]

and % <0if a € (0,1). Clearly, we have

g = L2{[FeF + (1 - E)*(1 - F)]a B 'F — (1 - E)*" (1 - F)]+ (23)
[ ( F)+(1-E)*Fl="[E*"Y(1 - F) — (1 - E)* 'FJ}.
Since z%y + (1 — z)*(1 —y) > 2*(1 — y) + (1 — )%y, where o > 0, 3 < z,y < 1, we have
87’ 1- « «a L _1rpa—1 a—1
815_ 3 [E F+(1-E)*Q1-F)]=""[E -1-E)""1>0 (24)
if € (1,2]. And if a € (0,1), we have
1—
?)Z < “PEer+(1- B Q- F)s B - (1- E)*Y) <. (25)
Thus, ( (p ) — o 11 g: > 0. Since 868 = (p) > 0, we obtain that the depolarizing channel does not change the

coherence 1nduced state ordering by C, for single-qubit states with fixed n..
On the other hand, as
or 1

S B = (1= BB P - (- B - P - B0 - )+ (- B R

0Ca (E(P)

and z%y — (1 —2)*(1—y) > 2*(1—y) — (1 —2)*y for « > 0 and § < x,y < 1, one has ) < 0. Therefore, since

L() < 0, we have that the depolarizing channel keeps the coherenee induced state ordermg by C, for single-qubit

states with fixed t.



D. Bit flit channel

Now we study the dynamics of coherence-induced state ordering under bit flit channel, which can be characterized
by the Kraus’ operators Ko = \/pI, K1 = /1 —po,, where 0 < p < 1. Applying the bit flit channel to the state (5),

we get
1+tn.(2p—1) tng —itn, (2p—1)
e(p) = | ottt @p—-1)  1—tnop—1) | - (26)
2

2

Substituting this e(p) into eq. (1), (2) and (4), we have

Cuu(e(p)) = \/1202 + (20 — 12203 = [(2p — 1)2C} (p) + 4(p — p?) 22, (27)

1+ tn.(2p—1)

Cole(p)) = (= =) — ), (28)
re¢—1
Calelp)) = ——> (29)
where r = [H* ;A5 +(1— H)* ijN]é +[(1-H)* 35 +H” MﬁN]i, and G = /1+4(p*> —p)(1 —n2), H = %,
M =n2+ (2p—1)?nZ and N = (VG — (2p — 1)n.)>.
Let us consider the special case p = % Thus,
Ci, (e(p)) = tna, (30)
1+itn,
Cole(p) = 1= h(—"%), (31)
r® —1
= 2
Calelp)) = =, (32)

where r = 2[$(1Fne ) 4 L (1=ine)o] 3 Hence, %i(p)) =t>0, %Eip)) = Llog {1« > 0 and

9Cu(e(p)) at 1 1 1+tn, 1 1—=tng gr g, l+tng g 1—=tng o
_ «a - «a - aln « _ e’ > 0.
Let p1 = %(I + t1m1d) and py = %(I + tonpd), where ny = (Ni1g,M1y,N1.), N2 = (Nog, N2y, N2,). As-

sume t; = t2, N1, < nNg, and ny, < ng,. Then we find that C;(p1) > Ci,(p2),Ci,(e(p1)) < Ci(e(p2)),
Cr(p1) > Cr(p2),Cr(e(p1)) < Cr(e(p2)), Calpi) > Calp2) and Co(e(p1)) < Cale(pz2)). Thus, the bit flit channel
changes the coherence-induced state ordering by the coherence measures C;,, C, and C, for single-qubit states with
fixed ¢, where a € (0,1) U (1, 2].

Now assume t; > ta, ni, < ng, and my, = ng, such that t1n1, < tans,. Then we find that Cp, (p1) >
Ci, (p2),Ciy (e(p1)) < Ciy(e(p2)), Cr(p1) > Crlp2),Crle(pr)) < Cr(e(p2)); Calpr) > Cr(p2) and Cale(p1)) < Cr(e(p2)),
since the coherence measures C;,, C, and C, are all increasing functions with respect to tn,. Thus, bit flit channel
changes the coherence-induced state ordering by the coherence measures C;,, C, and C, for single-qubit states with
fixed n,, where a € (0,1) U (1,2].

IV. CONCLUSION

We have discussed whether or not a quantum channel changes the coherence-induced state ordering, for four specific
Markovian channels — amplitude damping channel, phase flit channel, depolarizing channel and bit flit channel. We
have showed that the depolarizing channel does not change the coherence-induced state ordering by C,, C,, C, and
Cg4. For the bit flit channel, we have shown that it does change the coherence-induced state ordering under these four



coherence measures for the case of p = % Our results enrich the understanding of coherence-induced state ordering
under quantum channels.

[1] Aberg, J.: Catalytic coherence. Phys. Rev. Lett. 113, 150402 (2014)
arasimhachar, V., Gour, G.: Low-temperature thermodynamics with quantum coherence. Nat. Commun. 6,
2] N imhachar, V., G G.: L h d i ith h Nat. C 6, 7689 (2015
[3] Cwiklinski, P., Studzinski, M., Horodecki, M., Oppenheim, J.: Limitations on the evolution of quantum coherences:
towards fully quantum second laws of thermodynamics. Phys. Rev. Lett. 115, 210403 (2015)
[4] Lostaglio, M., Jennings, D., Rudolph, T.: Description of quantum coherence in thermodynamic processes requires con-
straints beyond free energy. Nat. Commun. 6, 6383 (2015)
[5] Lostaglio, M., Korzekwa, K., Jennings, D., Rudolph, T.: Quantum coherence, timetranslation symmetry, and thermody-
namics. Phys. Rev. X 5, 021001 (2015)
enio, M. B., Huelga, 5. FF.: Dephasing-assisted transport: quantum networks and biomolecules. New J. ys. ,
6] Plenio, M. B., Huelga, S. F.: Dephasi isted ks and bi lecules. New J. Phys. 10, 113019
(2008)
ebentrost, P., Mohseni, ., Aspuru-Guzik, A.: Role of quantum coherence and environmental fluctuations in chro-
7] Reb P., Mohseni, M., A Guzik, A.: Role of h d envi 1 fl ions in ch
mophoric energy transport. J. Phys. Chem. B 113, 9942 (2009)
[8] Lloyd, S.: Quantum coherence in biological systems. J. Phys. Conf. Ser. 302, 012037 (2011)
[9] Li, C.-M., Lambert, N., Chen, Y.-N., Chen, G.-Y., Nori, F.: Witnessing quantum coherence: from solid-state to biological
systems. Sci. Rep. 2, 885 (2012)
[10] Huelga, S., Plenio, M.: Vibrations, quanta and biology. Contemp. Phys. 54, 181 (2013)
[11] Levi, F., Mintert, F.: A quantitative theory of coherent delocalization. New J. Phys. 16, 033007 (2014)
[12] Vazquez, H., Skouta, R., Schneebeli, S., Kamenetska, M., Breslow, R., Venkataraman, L., Hybertsen, M.: Probing the
conductance superposition law in singlemolecule circuits with parallel paths. Nat. Nanotechnol. 7, 663 (2012)
[13] Karlstrom, O., Linke, H., Karlstrom, G., Wacker, A.: Increasing thermoelectric performance using coherent transport.
Phys. Rev. B 84, 113415 (2011)
[14] J. A berg.: Quanatifying superposition.arXiv:0612146
[15] Baumgratz, T., Cramer, M., Plenio, M. B.: Quantifying coherence. Phys. Rev. Lett. 113, 140401 (2014).
[16] Streltsov, A., Singh, U., Dhar, H. S., Bera, M. N., Adesso, G.: Measuring quantum coherence with entanglement. Phys.
Rev. Lett. 115, 020403 (2015)
ang, F.-G., ao, L.-H., Luo, Y., Li, Y.-M.: Ordering states wit sallis relative a-entropies of coherence. Quantum.
17] Zh F.-G., Shao, L.-H., Luo, Y., Li, Y.-M.: Orderi ith Tsallis relati i f coh Q
Inf.Process (2017)
ang., I'.-G., Li., Y.-M.: Coherent-induced state ordering with fixed mixedness. arXiv: . v
Zh F.-G., Li.,, Y.-M.: Coh induced deri ith fixed mixed Xiv:1704.02244v1
| Liu, C.-L., Yu, X.-D., Xu,G.-F., Tong, D.-M.: Ordering states with coherence measures. Quantum Inf. Process (2016)
. Y. Hu, annels that do not generate coherence. ys. Rev. ,
X.Y. Hu, Ch Is that d h Phys. Rev. A 94, 012326 (2016
. M. Yang, B. Chen, S. M. Fei, Z. X. Wang, Ordering states with various coherence measures, submitted.
L. M. Y: B. Chen, S. M. Fei, Z. X. W. Orderi ith vari h bmitted



