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Abstract

We study the ability of a quantum channel to generate quantum coherence when it applies
to incoherent states. Based on probabilistic averages, we define a measure of such coherence
generating power (CGP) for a generic quantum channel, based on the average coherence gen-
erated by the quantum channel acting on a uniform ensemble of incoherent states. Explicit
analytical formula of the CGP for any unitary channels are presented in terms of subentropy.
An upper bound for CGP of unital quantum channels has been also derived. Detailed exam-

ples are investigated.
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1 Introduction

Originating from the fundamental superposition principle of quantum mechanics, quantum co-
herence is a kind of important quantum resources. It plays key roles in the interference of light,
the laser, superconductivity and quantum thermodynamics [1, 2, 3], as well as in some quantum
information tasks [4, 5, 6, 7] and biological processes [8, 9, 10, 11].

However, the rigorous theories of quantum coherence have been proposed only recently [12].
Although the superposition rule is more fundamental than coherence, the rigorous theories of
superposition appearing relatively late [13] (a recent paper discussing a resource theory frame-
work for quantifying superposition). In fact, there is one of the oldest paper in literature which
introduces the idea of measuring the degree of superposition in quantum states [14]. The coher-
ence measures are provided to quantify the amount of quantum coherence for a given quantum
system. After the work of Baumgratz et al. [12], various aspects of coherence have been studied
in the literature. Recently, many different kinds of coherence measures such as coherence of
formation, relative entropy of coherence, /1 norm of coherence, distillable coherence, robustness
of coherence, coherence averaged over all basis sets or the Haar distributed pure states, and max-
relative entropy of coherence have been investigated [12, 15, 16, 17, 18, 19, 20]. The notion of
speakable and unspeakable coherence is discussed in [21].

Based on these measures of coherence, the connections of coherence with path distinguisha-
bility and asymmetry have been studied [22, 23]. For bipartite and multipartite systems, the
relationship between quantum coherence and other quantum correlations such as quantum en-
tanglement and quantum discord has also been studied [24, 25, 26, 27, 28, 29]. It has been shown
that there is a one to one mapping between the quantum entanglement and quantum coherence
[30].

Apart from the above mentioned investigations, Mani and Karimipour [31] were the first to
introduce the concept of cohering power and de-cohering power of generic quantum channels.
In their method toward the coherence generating power (CGP) of a quantum channel, defined to
quantify the power of a channel in generating quantum coherence, they define them in terms of
optimization of output coherence. They also gave several exmaples of qubit channels including
unitary gates as a special case. Different kinds of operations which can either preserve or generate
coherence have been also studied [32, 33]. Probabilistic averages were firstly used to study the
CGP by Zanardi et al. [34, 35]. They presented a way to quantify the CGP of a unitary gates,
by introducing a measure based on the average coherence generated by the channel acting on a
uniform ensemble of incoherent states. In deriving explicit analytical formulae of CGP for any
dimensional systems, they used the Hilbert-Schmidt norm as a measure of coherence.

However, the Hilbert-Schmidt norm measure is not really a complete measure of coherence,



in more detail, it does not have the desired monotonicity property in general, although it facili-
tates the calculation of CGP. The present paper is along the same line as that of Zanardi et al., but
uses the true norm based on the relative entropy. Indeed, the relative entropy of coherence mea-
sure is a well defined measure of coherence, satisfying all the required properties of a bona fide
measure of coherence, together with informationally operational implications. In this paper, in
stead of the Hilbert-Schmidt norm measure, we use the relative entropy of coherence to quantify
the CGP of a generic quantum channel via probabilistic averages. We give an explicit analytical
formula of CGP for any unitary channel. An upper bound for CGP of a unital quantum channel

is also derived.

2 CGP of quantum channels

The measure of coherence under consideration in the present paper is the relative entropy of

coherence [12]:

Cr(p) = S(pdiag) — S(p), (2.1)

where S(p) = —Tr(plnp) is the von Neumann entropy of a quantum state p and pgis is
the diagonal part of p with respect to the standard basis. Through out the paper, we take
{li) :i=1,..., N} the standard computational basis in an N-dimensional Hilbert space Hy. De-
note 7 the set of incoherent states with respect to the basis. An incoherent state A in 7 has the
form A = diag(Ay,...,AN), where A = (Aq,...,AN) constitutes an N-dimensional probability
vector with YN, A; = 1. Obviously C,(A) = 0. The problem one may ask is that if A undergoes
a generic quantum channel ®, i.e., a trace-preserving completely positive and linear map, what
the coherence of ®(A) will be.

To characterize the coherence generating power of a generic quantum channel ®, one needs
to average over all the incoherent states A. Nevertheless, the definition of CGP of a quantum
channel is not unique. All current approaches provided involve optimizations problems that are
extremely hard to deal with for generic channels. By adopting the probabilistic averages [34, 35],
we define the coherence generating power CGP(®) of ® to be

CGP(d) = /Idy(A)Cr(CD(A))
= [ () [S(O(A)aiag) — S(@(A)], (22)

where du(A) = T(N)d (1 — Z]‘IL /\j> ]_[jlil dAj, i.e., p is the probability measure on a uniform
ensemble of incoherent states.
We first calculate the CGP(®) for unitary channels ® = Ady; such that ®(A) = UAUT, where

U denotes unitary transformations and t the transpose and conjugation. Before giving the main
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results, we introduce some basic notations. Let p = [p1,...,pn|" and g = [q1,...,9n]" be two
probability vectors in RY, where ™ denotes the transpose. The Shannon entropy of p and the relative
entropy of p and g are defined by H(p) = — YN, piInp; and H(p||lq) = XN, pi(Inp; — Ing;),
respectively, where 0In0 = 0.

An N x N matrix B = [b;] is said to be stochastic if b;; > 0, and YN b; = 1 for every
j=1...,N. If Z}il bi]- = 1 holds also for every i = 1,..., N, then a stochastic B is said to be bi-
stochastic. Let B be a bi-stochastic N x N matrix and p an N-dimensional probability vector. The
weighted entropy of B with respect to p is defined by H,(B) = Z}il piH(B;), where B = [By,. .., BN]

is the column-block partition of B. In particular, when p = [1/N,...,1/N]", one denotes
1 N
H(B) = ) H(B))- (2.3)
j=1

It can be proved that H,(B) < H(Bp) < H,(B) + H(p).

Let @ be a quantum channel and ® =}, Ad, be its Kraus representation. Define the Kraus
matrix B(®) of ® by B(®) = Y, My, x My, where x denotes the Schur product of matrices, that
is, the entrywise product of two matrices, and M, is the complex conjugate of M,. It is easy to
show that B(®) is a stochastic matrix if ® is a quantum channel on H, and B(®) is a bi-stochastic
matrix if @ is a unital quantum channel (¥ being unital here means that ®(1) = 1). Moreover,
B(®') = B(®)" [36]. In this case, one also has p = B(®)A, where p = [p1,...,pn|" with
pi = (j|®P)]j),j=1,...,N,and A = [Ay,..., AN]" with A; giving by the spectral decomposition
0= ij\il Ajlj){j| of a quantum state p.

If B = [b;j] is a N x N bi-stochastic matrix and A = [Ay,...,AN]" a probability vector, then
BA is also a probability vector. Its Shannon entropy is given by H(BA). It is well-known that
the action of bi-stochastic B on probability vectors increases the uncertainty, i.e. H(BA) > H(A)
— a fact for the first step in proving the famous H-theorem [37]. With respect to a random
probability vector A subjecting to a uniform distribution over the probability simplex Ay_1 =
{[xl, .., xn] ERY: Z}il Xj = 1}, the corresponding probability measure dj(A) is given by the
one in (2.2). Moreover, the subentropy associated with A is defined by

N ANInA;
CH s —2)
which takes its maximal value Q(1y/N) = In N — Hy + 1 for the completely mixed states, where
Hy = Z]»Z\Ll 1/j is the N-th harmonic number [38, 39].

Similarly, we can define weighted subentropy of a stochastic matrix B with respect to a prob-
ability vector p, Q,(B) = Z]-I\Ll piQ(B;), where B = [By,..., Bn] is the column-block partition of
B. In particular, when p = [1/N,...,1/N]", we denote

Q(A) = (2.4)

1 N
a(B) = L Q) 25
]:
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The explicit formula of CGP for the unitary channels can be given by the subentropy.

3 CGP of unitary and unital channels

Based on the definition of CGP of a quantum channel, we may derive an explicit analytical

formula of the CGP for any unitary channels.
Theorem 3.1. For any given N x N unitary matrix U, the CGP of the unitary channel Ady is given by
CGP(U) = Q(B(U)"), 3.1)
where B(U) := B(Ady) = U x U.
Before proving the theorem, we first give the following Lemma.

Lemma 3.2. Let B be an N x N bi-stochastic matrix. Then [ H(BA)du(A) = Hy — 1+ Q(B").

Furthermore,
JIHBA) ~ HO)du(2) = Q(B"). (3.2)
Proof. We calculate the following integrals related to the left hand side of (3.2):
Ty = / H(BA)du(A) and Tp = / H(M)du(M).

Concerning Zg, we have

Ty = [ H(BA)dr(A i/ (Z bk, ) In (}i b,j)\j> d

It suffices to calculate
N N N N
TN [ Lpid | (Lo ) o (1= 1A ) TTdn =
j=1 j=1 j=1 k=1

N ® N N
Ip(a) = r(N)/ (Z% ij]) s (1 - ZA]) ﬂd)\k (3.3)
= =

=1

where

and Z,(1) = Lﬂ’l’é“)

. After some tedious calculation , we have (see Eq. (5.2) in Appendix A),

a=1

T(N)T(a+1) & pit

) = =1 = T (pi — i)

and (see Eq. (5.3) in Appendix A)



By partitioning B as a row-block matrix:

b,
B=1| : |,
bn
where b; = [bj1,...,biy] fori=1,...,N, we obtain
1 N
ZI’T =Hy-1+5 Y Q). (3.5)
i=1
Taking B =1, we have 73 = Hy — 1, which gives rise to (3.2). O

Remark It can shown that Q(B") < H(B), see Appendix B. Hence (3.2) also implies that
JIH(BA) — H(A)]dp(A) < H(B).

Proof of Theorem 3.1. Let A = diag(A4,...,An) be an incoherent state in Z, and ® = Ady be a
unitary channel. Denote A = (A4,...,Ay) the probability vector form of A. Then

S((UAU")giag) = H(B(®)A) and S(UAU') = H(A).
Thus S((UAU")giag) — S(UAU*) = H(B(®)A) — H(A). Therefore
I(N) /[dA] (1=Tr (A)) (S(®(A)ding) — S(A)) = /dy(A) (H(B(®)A) — H(A)).
That is,
CGP(®) = [ du(A) (H(B(®)A) — H(1))
N

= *; = Q(B(U)").

Zl=

We have done. O

From the Theorem we see that the possible values of CGP form the closed interval [0,In N —
Hy +1]. An interesting question is which kind of unitary channels would give rise to the maxi-
mal value of CGP. Let us consider the set of U such that

{(U:CGP(U) = InN — Hy +1} = {LI:B(U) _ ;,p} (3.6)

where P is the matrix with all entries being one. Obviously U must be of the following form:
u= ﬁZ, where Z = [z;;] with the complex entries z;; satisfying |z;j| = 1. For example, for

N = 2, we have

0 i
u:\lfeﬂi’[e 8_7]. (3.7)



If ® is a unital quantum channel, one has

5(®(p)) — S(p) = S(pl[@" o D(p)), (3.8)

where S(p||0) := —Tr (p(Inp — In0)) is the relative entropy, and ®* is the dual of ® in the sense
that Tr (X®*(Y)) = Tr (®(X)Y) for any N x N matrices X and Y [40]. In this case we have

Corollary 3.3. If ® is a unital quantum channel, then
CGP(®) < Q(B(®)"), (3.9)

where B(®) is the Kraus matrix of ®.

4 Examples

In the following, as applications of our Theorem 3.1, we calculate the CGP for some detailed

unitary transformations.

1 1
Example 4.1. Consider the Hadamard gate H = % [ ] The Kraus matrix is given by

1 -1

1
B(H) =1 [ . Therefore, from the Theorem we have CGP(H) =In2 —1/2.

1

f sin®
Example 4.2. For Uy = o8 s

2 0 .2 0
] , the Kraus matrix is given by B(Uy) = [ cos sin ] .

—sinf® cosf sin20 cos?6

Its CGP is given by

sin*01Insin? 0 — cos*H1n cos? 6

CGP(Uy) = (4.1)

cos? ) — sin® 6

As a demonstration, we plot the CGP(Up) as the function of 6 € [0, 77]. From Fig. 1, we see
that the coherence generating power of Uy is a periodic function of 6. In particular, the maximal
CGP for Uy isInN — Hy+1 =1In2—1/2 = 0.193. We also see that the maximal CGP of Uy is
attained at 8 = 7t/4 and 37 /4.

Example 4.3 (Square root of swap gate). The ,/swap gate is universal in the sense that any
quantum multi-qubit gates can be constructed from ,/swap and single qubit gates,

(10 0 0]

0 (1+4i) 3(1-1i) 0
swap = 1 1 ]

0 l1—-1) la+i) o

0 0 0o 1




CGP(Uy)

0.05

Figure 1: The coherence generating power of Uy vs 0

Example 4.4. For a partial swap operator [41], one has U; € U(Cd ® Cd): U = Vil @ I +
ivV1—tS, where S = Z;i,':l lij) (ji| and t € [0,1]. In particular, for d = 2, we have

]

Vi+V1I—H 0 0 0
0 VioV1-4 0
U, =
0 1—t Vit 0
0 0 0 VEi+1—H
Then _ _
1 0 0 0
_ 0 t 1—t 0
B(Ut) = ut*Uf =
01—t t 0
0 0 0 1
and 2] 1—1)2In(1
t t— —t —t
cgpuy) = Et= U=l =8 o)

2(1—2t)

Again, we plot the CGP(U;) as the function of t € [0,1]. From Fig. 2, we see that the maximal
CGP of U,, attained at t = 0.5, is given by CGP(U; ;) = ;(2In2 — 1) = 0.097, which is less than
the maximal CGP, In4 — Hy+1=1n4-1/2—-1/3 —1/4 = 0.303, of 4 x 4 unitary matrices.

5 Conclusion

Based on probabilistic averages, we have defined a measure of the coherence generating power of

a unitary operation: the average coherence generated by the unitary channel acting on a uniform

ensemble of incoherent states. We have presented the explicit analytical formula of CGP for any
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Figure 2: The coherence generating power of U;

unitary channel and any finite dimensions in terms of subentropy. An upper bound for CGP of
a unital quantum channel has been also derived. Detailed examples have been studied.

We remark here that Zanardi et al. [34, 35] studied cohering power and de-cohering power
for unitary gates and based their definition on averaging the output coherence measured by the
Hilbert-Schmidt norm, which is not really a complete measure of coherence. But however we
uses the true norm based on the relative entropy. Because of the very difference, their method is
only suitable for unital quantum channels instead of any quantum channels, but our approach
applies to any quantum channels. In addition, the formula in [34, 35] for CGP of unitary channel
strongly depends on the dimension. The CGP of any unitary channel approaches to zero when
the dimension increases. However, our formula for CGP of any unitary channel does not always
approach to zero when the dimension goes to infinite.

We have already seen that computing the CGP of a generic quantum channel seems impossi-
ble, but it maybe is possible for the special case, i.e., qubit channels. Further research about it is
left in the future. We hope our results may highlight further researches on the characterization

of quantum coherence.
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Appendix A: About the proof of the Theorem

We first introduce the following Lemma.

Lemma 5.1 (Jordan lemma). Let f(z) be analytic in the upper half-plane Im(z) > 0, except for a finite
number of isolated points. Let also Cg be an arc of a semicircle |z| = R in the upper half-plane. If for each

z on Cg, there is some constant Kg such that | f(z)| < Kg and Kr — 0as R — oo, then for a > 0

lim e f(z)dz = 0. (5.1)
Cr

R—oo

Proof. Set z = Reé? and take into account that sin6 > %9 for0 <0 < g We have that, if R — oo,

/CR e f(z)dz

T .
< KR'R-/ e—aRstdg
0
< Keo (1-e®) o,
a
This completes the proof. O

If 2 < 0 and f(z) satisfies the conditions of Jordan lemma at Im(z) < 0, the formula is still
valid but at the integration over the arc Cg in the lower half-plane. Similar statements take
place at a = +ia(a > 0) if the Cg-integration occurs in the right (R(z) > 0) or left (R(z) < 0)
half-plane, respectively.

Now we prove the following two formulae used in the proof of the Theorem 3.1.

@i).

I(NT(1—a—N) &, pfN!

[(—a) = [Tizj(pi —pj)’

Ty(a) = (5.2)

(i).

where 7, («) is given by (3.3).

Proof. (i). From the Fourier transform of the Dirac delta function J,

N 1 [ . N
()Ll

and the definition of Gamma function,
N & 1 I . N
— —a—
; piAi | = (—a) /0 15 exp | —s ; piA ds, (5.5)
= =

10




we have

1) 00 N @ N N
Zy(a) = r(N)/O /0 (Z%pj)\j> 5(1—Z%Aj>ﬂd)\k (5.6)
= = =

_ o e e e
- 2nar(— / s"‘+1/ dt-e [/o /0 Ed)\kvlvzl, (5.7)

where Vi = exp (—s (Zjlil pj/\j>) and V, = exp ( it Z] 1 ) Substituting f(x) = e H(x),
where H(x) = 1(g ) is the Heaviside step function and a > 0, into the following formula,

~

flw) = \/12? /j:o (x)e“¥dx, (5.8)

we obtain that

e —iwx _ * —ax —iwx _ 1
/ dx = /_Ooe H(x)e “*dx = ot (5.9)
Therefore
o N N N
/ / Hd)tk exp | —s Zp]-/\j exp | —it 2/\]-
k=1 j=1 j=1
=11 / dAjePitie N = (5.10)
P [T, (it + spj)
It follows that
[(N) [ ds ® elt
T,(a) = / ¢ {/ _dt} . (5.11)
P 27T (=) Jo s | Jooo TIN, (it + sp;)
By using complex integral techniques in Lemma 5.1, we get
o0 et 2 N e P
: dt = - , (5.12)
/*°° T4 (it + spj) SN S Tl (pi = 1)
which gives rise to
I(N) [® ds & e
T,(a) = / 5.13
P( ) 1"(—1x 0 Soc+N E Hz;é](pz P]') ( )
I(N) Y 1 /w o N —sp:
= s 4 Ne ®Fids (5.14)
[(—a) ]; [Tizj(pi — pj) Jo
T(NT(1—a—N) & pi !
. (5.15)
F<_D‘) j=1 Hz#](pi - pj)
(ii). From the property of the Gamma function:
T
I'(1—-2z)'(z) = Sin(rz)’ (5.16)
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we have

s

F1-a—N)= I'(a + N)sin(amr + N7) (517)
and
T
[(-a) = T(a+1)sin(am+ )" (-18)
Therefore 7,(a) can be rewritten as
) — DONC@+1)sinar+ Nn) i prNt 5.19)
p ['(a+ N) sin(am+ ) = H#]‘(Pi - pj) '
a+N—-1
r(“+N) j=1 Hi;«é]’(pi_p]’)
which gives rise to
+N-1
() = T(N)T(a+1) X P} | 52
§ ['(a+ N) pst [Tizi(pj — pi)
Taking the derivative of Z,(a) with respect to «, we get
N a+N-1
Tw = rv o ety b
daT(a+N) = Iigi(pj — i)
T(N)T(a+1) & pf N Hnp; 522
r(“+N) j=1 Hi;éj(pj_Pi)
This implies that, for a =1,
1 yooop 1Y plnp
7'(1) = =(p(2) —p(1+ N J + = ! , (5.23)
p(1) N(¢( ) =¥l ))].Z{ [Tixi(pj — pi) N]Z; [Tix(pj — pi)
where ¢(2) =1 — v, (1 4+ N) = Hy — 7, where ¢ ~ 0.57721.
We compute the following summation in (5.23),
N pN
F(p1,...,pN) =) J (5.24)

=1 Hl#](p] - pl) ‘
Since it is a rational symmetric function, homogeneous of degree one, with all singularities re-

movable, it must be a multiple of Z}il pj. Thatis, F(tpy,...,tpn) = tF(p1,...,pn) for any real
number ¢, and F(pg(l), s, pU(N)) = F(py,...,pn) for all permutations ¢ € Sy. This means that
N

F(p1/~--/pN> X Zp] (525)
j=1

12



Without loss of generality, assume that F(py,...,pn) = C- Zjlil p; for some constant C. By setting

(p1, -

.,pn) = (1,0,...,0), we get C = 1. That is,

i=1 [Tizj(pj — pi) =1

Therefore, from (2.4), (5.23) gives rise to

N-T(1) (p(14+N) —9(2)) i i % P,
_N. = + — -
P w ll) j=1 Hz;&](p] pl) j=1 Hl?é] p] o

= Hy-14+Q(p).

Hence I;’,(l) = —% (Hv —1+Q(p)).

Appendix B: Proof of Q(B") < H(B)

To prove the relation Q(B") < H(B), we prove that following relation first:

N N 1 N
T(N) /HA(B)cS (1 - 2@-) [Tdn =+ (Z H(ﬁi)> .
i1 ) j=1 i=1

Proof. Since H(BA) — H(A) < Hy(B) = Y1 A;H(B;), it follows that

Denote

j=1

Performing Laplace transform (t — s) of f, we obtain

_ oo N 0o N
flo) = || feae=t(v) [ TTan, (Al / 5<t—}:%)u> e—stdt>.
j= i=

13

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)



That is,

N ) N
() = T(N) dA-</\1 5(1‘— Ai> e—stdt>
7 JTTan (n o (-1
N
= T(N) [T]dAje T
j=1

= F(N) /Ale_s/\ld)\l X /e_SAzd)\z X o0 X /E—SANdAN

= F(N)s_N_l/ xe *dx =
0 s

Thus f(t) = &tV. Therefore

r(N) [ Ha(B) ( Z )ﬁ <iH(5i))~

We have done.

As a by-product of the formula (5.29), we have Q(B") < H(B).
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