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The operational characterization of quantum coherence is the corner stone in the development of resource
theory of coherence. We introduce a new coherence quantifier based on max-relative entropy. We prove that
max-relative entropy of coherence is directly related to the maximum overlap with maximally coherent states
under a particular class of operations, which provides an operational interpretation of max-relative entropy of
coherence. Moreover, we show that, for any coherent state, there are examples of subchannel discrimination
problems such that this coherent state allows for a higher probability of successfully discriminating subchannels
than that of all incoherent states. This advantage of coherent states in subchannel discrimination can be exactly
characterized by the max-relative entropy of coherence. By introducing suitable smooth max-relative entropy
of coherence, we prove that the smooth max-relative entropy of coherence provides a lower bound of one-shot
coherence cost, and the max-relative entropy of coherence is equivalent to the relative entropy of coherence
in asymptotic limit. Similar to max-relative entropy of coherence, min-relative entropy of coherence has also
been investigated. We show that the min-relative entropy of coherence provides an upper bound of one-shot
coherence distillation, and in asymptotic limit the min-relative entropy of coherence is equivalent to the relative

entropy of coherence.

I. INTRODUCTION

Quantumness in a single system is characterized by quan-
tum coherence, namely, the superposition of a state in a given
reference basis. The coherence of a state may quantify the
capacity of a system in many quantum manipulations, rang-
ing from metrology [1] to thermodynamics [2, 3] . Recently,
various efforts have been made to develop a resource theory
of coherence [4-10]. One of the earlier resource theories is
that of quantum entanglement [11], which is a basic resource
for various quantum information processing protocols such as
superdense coding [12], remote state preparation [13, 14] and
quantum teleportation [15]. Other notable examples include
the resource theories of asymmetry [16-22], thermodynam-
ics [23], and steering [24]. One of the main advantages that
a resource theory offers is the lucid quantitative and opera-
tional description as well as the manipulation of the relevant
resources at ones disposal, thus operational characterization
of quantum coherence is required in the resource theory of
coherence.

A resource theory is usually composed of two basic ele-
ments: free states and free operations. The set of allowed
states (operations) under the given constraint is what we call
the set of free states (operations). Given a fixed basis, say
{ | };1;01 for a d-dimensional system, any quantum state
which is diagonal in the reference basis is called an incoher-
ent state and is a free state in the resource theory of coher-
ence. The set of incoherent states is denoted by .#. Any
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quantum state can be mapped into an incoherent state by a
full dephasing operation A, where A(p) := Y91 (i|p|i) [i)i].
However, there is no general consensus on the set of free op-
erations in the resource theory of coherence. We refer the
following types of free operations in this work: maximally
incoherent operations (MIO) [25], incoherent operations (10)
[4], dephasing-covariant operations (DIO) [25] and strictly in-
coherent operations (SIO) [10, 25]. By maximally incoherent
operation (MIO), we refer to the maximal set of quantum op-
erations  which maps the incoherent states into incoherent
states, i.e., ®(.#) C .# [25]. Incoherent operations (IO) is the
set of all quantum operations & that admit a set of Kraus oper-
ators { K; } such that ®(-) = ¥, K;(-)K; and K;.#K; C .7 for
any i [4]. Dephasing-covariant operations (DIO) are the quan-
tum operations @ with [A,®] = 0 [25]. Strictly incoherent
operations (SIO) is the set of all quantum operations ¢ admit-
ting a set of Kraus operators { K; } such that &(-) = ¥; K; (-)K;
and A(K,-pK;) = K,-A(p)K;L for any i and any quantum state p.
Both IO and DIO are subsets of MIO , and SIO is a subset of
both 10 and DIO [25]. However, 10 and DIO are two different
types of free operations and there is no inclusion relationship
between them (The operational gap between them can be seen
in [26]).

Several operational coherence quantifiers have been intro-
duced as candidate coherence measures, subjecting to physi-
cal requirements such as monotonicity under certain type of
free operations in the resource theory of coherence. One
canonical measure to quantify coherence is the relative en-
tropy of coherence, which is defined as C,(p) = S(A(p)) —
S(p), where S(p) = —Tr[plogp] is the von Neumann en-
tropy [4]. The relative entropy of coherence plays an impor-
tant role in the process of coherence distillation, in which it
can be interpreted as the optimal rate to distill maximally co-
herent state from a given state p by IO in the asymptotic limit
[7]. Besides, the [/ norm of coherence [4], which is defined
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as Cp, (p) = Yizj|pij| with p;j = (i|p|j), has also attracted
lots of discussions about its operational interpretation [27].
Recently, an operationally motivated coherence measure- ro-
bustness of coherence (RoC) - has been introduced, which
quantifies the minimal mixing required to erase the coherence
in a given quantum state [28, 29]. There is growing concern
about the operational characterization of quantum coherence
and further investigations are needed to provide an explicit
and rigorous operational interpretation of coherence.

In this letter, we introduce a new coherence measure based
on max-relative entropy and focus on its operational charac-
terizations. Max- and min- relative entropies have been in-
troduced and investigated in [30-33]. The well-known (con-
ditional and unconditional) max- and min- entropies [34, 35]
can be obtained from these two quantities. It has been shown
that max- and min-entropies are of operational significance
in the applications ranging from data compression [34, 36]
to state merging [37] and security of key [38, 39]. Besides,
max- and min- relative entropies have been used to define
entanglement monotone and their operational significance in
the manipulation of entanglement has been provided in [30-
33]. Here, we define max-relative of coherence Cp.x based on
max-relative entropy and investigate the properties of Cpax.
We prove that max-relative entropy of coherence for a given
state p is the maximum achievable overlap with maximally
coherent states under DIO, 10 and SIO, which gives rise to an
operational interpretation of Cpax and shows the equivalence
among DIO, IO and SIO in an operational task. Besides, we
show that max-relative entropy of coherence characterizes the
role of quantum states in an operational task: subchannel dis-
crimination. Subchannel discrimination is an important quan-
tum information task which distinguishes the branches of a
quantum evolution for a quantum system to undergo [40]. It
has been shown that every entangled or steerable state is a
resource in some instance of subchannel discrmination prob-
lems [40, 41]. Here, we prove that that every coherent state
is useful in the subchannel discrimination of certain instru-
ments, where the usefulness can be quantified by the max-
relative entropy of coherence of the given quantum state. By
smoothing the max-relative entropy of coherence, we intro-
duce € —smoothed max-relative entropy of coherence C%,,, for
any fixed € > 0 and show that the smooth max-relative entropy
gives an lower bound of coherence cost in one-shot version.
Moreover, we prove that for any quantum state, max-relative
entropy of coherence is equivalent to the relative entropy of
coherence in asymptotic limit.

Corresponding to the max-relative entropy of coherence,
we also introduce the min-relative entropy of coherence Cpin
by min-relative entropy, which is not a proper coherence mea-
sure as it may increase on average under 10. However, it gives
an upper bound for the maximum overlap between the given
states and the set of incoherent states. This implies that min-
relative entropy of coherence also provides a lower bound of
a well-known coherence measure, geometry of coherence [6].
By smoothing the min-relative entropy of coherence, we intro-
duce £é—smoothed min-relative entropy of coherence C%,, for
any fixed € > 0 and show that the smooth max-relative entropy
gives an upper bound of coherence distillation in one-shot ver-

sion. Furthermore, we show that the min-relative of coherence
is also equivalent to distillation of coherence in asymptotic
limit. The relationship among Cpin, Cmax and other coherence
measures has also been investigated.

II. MAIN RESULTS

Let 7% be a d-dimensional Hilbert space and 2(¢) be the
set of density operators acting on 7. Given two operators
p and 6 with p > 0, Tr[p] < I and o > 0, the max-relative
entropy of p with respect to o is defined by [30, 31],

Dnax(p|lo) i =min{A :p <2*c}. (1)

We introduce a new coherence quantifier by max-relative en-
tropy: max-relative entropy of coherence Cp,x,

Cmax(p) = gg%Dmax(P”G)a (2)

where . is the set of incoherent states in 2(57).

We now show that Cy,,x satisfies the conditions a coherence
measure needs to fulfil. First, it is obvious that Ciyax(p) > 0.
And since Dyax (p]|0) = 0iff p = o [30], we have Cax (p) =
0 if and only if p € #. Besides, as Dp,x is monotone un-
der CPTP maps [30], we have Cpax(P(p)) < Cmax(p) for
any incoherent operation ®. Moreover, Cpax iS nonincreas-
ing on average under incoherent operations, that is, for any
incoherent operation ®(-) = Z,-I(,~(~)Kl.T with KiﬂK,T Cc J,

Y PiCmax(Pi) < Cmax(p), where p; = Tr [KiPK,T} and p; =

K,»pK: /i, see proof in Supplemental Material [42].

Remark We have proven that the max-relative entropy of
coherence Cyax 1S a bona fide measure of coherence. Since
Dnax is not jointly convex, we may not expect that Cpx has
the convexity, which is a desirable (although not a fundamen-
tal) property for a coherence quantifier. However, we can
prove that for p = Y7 pipi, Cmax(P) < max; Cmax (pi). Suppose
that Cimax (pi) = Dmax(pi||0;") for some o}, then from the fact
that Diax (¥; pipil| Li pi0i) < max; Dmax (pi||0;) [30], we have
Cinax(P) < Dmax(Xi pipil| Xi pic;") < max; Dmax(pil|0]) =
max; Cpax (p;). Besides, although Cyax is not convex, we can
obtain a proper coherence measure with convexity from Cpax
by the approach of convex roof extension, see Supplemental
Material [42].

In the following, we concentrate on the operational charac-
terization of the max-relative entropy of coherence, and pro-
vide operational interpretations of Cpax.

Maximum overlap with maximally coherent states.—At
first we show that 2¢max is equal to the maximum overlap with
the maximally coherent state that can be achieved by DIO, IO
and SIO.

Theorem 1. Given a quantum state p € 9(), we have

26mx) = d max F(&(p), [¥)(¥I)?, (3)
&%)
where F(p,0) =Tr [|\/p\/G|] is the fidelity between states p
and © [43], |¥) € A and M is the set of maximally coherent
states in D (), & belongs to either DIO or IO or SIO.




(See proof in Supplemental Material [42].)

Here although IO, DIO and SIO are different types of free
operations in resource theory of coherence [25, 26], they have
the same behavior in the maximum overlap with the maxi-
mally coherent states. From the view of coherence distillation
[7], the maximum overlap with maximally coherent states can
be regarded as the distillation of coherence from given states
under 10, DIO and SIO. As fidelity can be used to define cer-
tain distance, thus Ciax(p) can also be viewed as the distance
between the set of maximally coherent state and the set of
{&(P) } 2cq» Where 8 = DIO,I0 or SIO.

Besides distillation of coherence, another kind of coherence
manipulation is the coherence cost [7]. Now we study the one-
shot version of coherence cost under MIO based on smooth
max-relative entropy of coherence. We define the one-shot
coherence cost of a quantum state p under MIO as
Clhirolp) == min [loght: F(p,&(| W) (¥Y)? > 1-e},

McZ

where [¢¥) = ﬁf}il i), Z is the set of integer and € >
0. The e-smoothed max-relative entropy of coherence of a
quantum state p is defined by,

CEx(P):= min Cnu(p), 4)

p'€Be(p)
where Be(p) := {p'=0:|p"—pll; <& Tr[p'] < Tr[p]}.
We find that the smooth max-relative entropy of coherence
gives a lower bound of one-shot coherence cost. Given a quan-
tum state p € Z(5), for any € > 0,
!
Chan(P) < Cllitio(P). 5)

where €' = 24/, see proof in Supplemental Material [42].

Besides, in view of smooth max-relative entropy of coher-
ence, we can obtain the equivalence between max-relative en-
tropy of coherence and relative entropy of coherence in the
asymptotic limit. Since relative entropy of coherence is the
optimal rate to distill maximally coherent state from a given
state under certain free operations in the asymptotic limit [7],
the smooth max-relative entropy of coherence in asymptotic
limit is just the distillation of coherence. That is, given a quan-
tum state p € Z(J¢), we have

: : 1 € ®ny _
;%’}E}; ;Cmax (P ) -

Cr(p). (©6)

(The proof is presented in Supplemental Material [42].)

Maximum advantage achievable in subchannel discrim-
ination.— Now, we investigate another quantum information
processing task: subchannel discrimination, which can also
provide an operational interpretation of Cp,x. Subchannel dis-
crimination is an important quantum information task which is
used to identify the branch of a quantum evolution to undergo.
We consider some special instance of subchannel discrimina-
tion problem to show the advantage of coherent states.

A linear completely positive and trace non-increasing map
& is called a subchannel. If a subchannel & is trace preserv-
ing, then & is called a channel. An instrument J = { &, }, for
a channel & is a collection of subchannels &, with & =Y, &,

and every instrument has its physical realization [40]. A de-
phasing covariant instrument J° for a DIO & is a collection
of subchannels { &, }, such that & =Y}, &,. Similarly, we can
define incoherent instrument 3/ and strictly incoherent instru-
ment J5 for channel & € 10 and & € SIO respectively.

Given an instrument J = { &}, for a quantum channel
&, let us consider a Positive Operator Valued Measurement
(POVM) {M, }, with Y, M;, = 1. The probability of success-
fully discriminating the subchannels in the instrument J by
POVM { M, }, for input state p is given by

psucc(jv {Mb }h vp) = ZTr [éaa (p)Ma] . N

The optimal probability of success in subchannel discrimina-
tion of J over all POVMs is given by

Psucc (ja P) = max Psucc (ja {Mb }b ,P) (8)
{Mp},

If we restrict the input states to be incoherent ones, then the
optimal probability of success among all incoherent states is
given by

plEQ(3) = max puec (3, 0). 9)
ocd

We have the following theorem.

Theorem 2. Given a quantum state p, 26ma (P) is the maximal
advantage achievable by p compared with incoherent states
in all subschannel discrimination problems of dephasing-
covariant, incoherent and strictly incoherent instruments,

Cmax _ Psuce (37 P)
2] = max ey (10

where J is either 3P or 31 or 35, denoting the dephasing-
covariant, incoherent and strictly incoherent instrument, re-
spectively.

The proof of Theorem 2 is presented in Supplemental Ma-
terial [42]. This result shows that the advantage of coherent
states in certain instances of subchannel discrimination prob-
lems can be exactly captured by Cpax, which provides another
operational interpretation of Cpax and also shows the equiva-
lence among DIO, IO and SIO in the information processing
task of subchannel discrimination.

Min-relative entropy of coherence Cy, (p ).—Given two op-
erators p and ¢ with p > 0,Tr[p] < 1 and ¢ > 0, max- and
min- relative entropy of p relative to ¢ are defined as

Din(pl|0) := —logTr [T, 0] (11)

where I, denotes the projector onto suppp, the support of
p. Corresponding to Cpax (p) defined in (2), we can similarly
introduce a quantity defined by min-relative entropy,

Ciin(p) := min Dy,in(p]|0). (12)
occs

Since Dpin(p|lo) = 0 if suppp = suppo [30], we have

p €S = Cnn(p)=0. However, converse direction may

not be true, for example, let p = 1|0)(0] + §|+)(+| with

|+) = %(m +12)), then p is coherent but Cpi(p) = 0.



Besides, as Dy, is monotone under CPTP maps [30], we
have Ciyin(P(p)) < Cin(p) for any ® € 10. However, Cyin
may increase on average under 10 (see Supplemental Mate-
rial [42]). Thus, Cp,;y, is not be a proper coherence measure as
Cmax-

Although Cy,j, is not a good coherence quantifier, it still has
some interesting properties in the manipulation of coherence.
First, Cyi, gives upper bound of the maximum overlap with
the set of incoherent states for any given quantum state p €

D(AH),

2 GninP) > max F(p,0)>. (13)
ces

Moreover, if p is pure state |y), then above equality holds,

that is,

2~Gnin(¥) — max F(y, 6)?, (14)
ces
see proof in Supplemental Material [42].
Moreover, for geometry of coherence defined by C,(p) =
1 —maxge.s F(p,0)? [6], Cumin also provides a lower bound
for C, as follows

Ce(p) > 1—2 CuinlP) (15)

Now let us consider again the one-shot version of distillable
coherence under MIO by modifying and smoothing the min-
relative entropy of coherence Cp,;,. We define the one-shot
distillable coherence of a quantum state p under MIO as

1),
Chiro(p) = max {loght: F(&(p), | ¥Y) (¥ > 1-¢},
MeZ

where |[PY) = f):l 1 |i)y and € > 0.

For any € > 0, we define the smooth min-relative entropy
of coherence of a quantum state p as follows

€ . _
Chin(p):= [max, ;nel; logTr[Ao], (16)
Tr[Ap]>1-¢
where I denotes the identity. It can be shown that C%. is a
upper bound of one-shot distillable coherence,
1
Cortro(P) < Chin(p) (17)

for any € > 0, see proof in Supplemental Material [42].
The distillation of coherence in asymptotic limit can be ex-
pressed as

L.
C = lim li Cc
pmio = im m DM[O(p)
It has been proven that Cp y0(p) = C-(p) [7]. Here we show
that the equality in inequality (17) holds in the asymptotic
limit as the Cpy is equivalent to C, in the asymptotic limit.

Given a quantum state p € Z(5¢), then
1
lim Tim —Cy,(p™") = Cr(p). (18)

(The proof is presented in Supplemental Material [42].)

We have shown that Cp;, gives rise to the bounds for max-
imum overlap with the incoherent states and for one-shot
distillable coherence. Indeed the exact expression of Cpin
for some special class of quantum states can be calculated.
For pure state |y) = Y4, y; i) with Y4, [w;]> = 1, we have
Cmm(y/) = —logmaxi|w,~| . For maximally coherent state
|¥) = f Z/ 1 €91 7), we have Cpin (¥) = logd, which is the
maximum value for Cpj, in d-dimensional space.

Relationship between Cy,x and other coherence mea-
sures.— First, we investigate the relationship among Cyax,
Cmin and C,. Since Dyin(p|lo) < S(p||o) < Dmax(p||o) for
any quantum states p and ¢ [30], one has

Cuin(P) < Cr(p) < Cinax (P)-

Moreover, as mentioned before, these quantities are all equal
in the asymptotic limit.

Above all, Cpax is equal to the logarithm of robustness
of coherence, as RoC(p) = minge s {s>0|p <(1+s)o}
and Cpax(p) = mingeymin{A : p < 2’16} [25], that is,
2Cmax(P) = 1 + RoC(p). Thus, the operational interpretations
of Cpax in terms of maximum overlap with maximally coher-
ent states and subchannel discrimination, can also be viewed
as the operational interpretations of robustness of coherence
RoC. It is known that robustness of coherence plays an impor-
tant role in a phase discrimination task, which provides an op-
erational interpretation for robustness of coherence [28]. This
phase discrimination task investigated in [28] is just a special
case of the subchannel discrimination in depasing-covariant
instruments. Due to the relationship between Cyp,x and RoC,
we can obtain the closed form of Cyax for some special class
of quantum states. As an example, let us consider a pure

19)

state [y) = XL, ;i) Then Cnax () = log((EL [Wil)?) =
21og(Y% , |wi|). Thus, for maximally coherent state |¥) =
ﬁ Z?:, %), we have Crnax () = logd, which is the max-

imum value for Cp,,x in d-dimensional space.

Since RoC(p) < Cy,(p) [28] and 1+ RoC(p) = 2Cmax(P),
then Crax(p) < log(1+4Cj,(p)). We have the relationship
among these coherence measures,

Canin(P) < Gr(p) < Cinax(p) = log(1 +RoC(p))
<log(1+C(p));

which implies that 26-(P) < | +Cy, (p) (See also [27]).

III. CONCLUSION

We have investigated the properties of max- and min-
relative entropy of coherence, especially the operational in-
terpretation of the max-relative entropy of coherence. It has
been found that the max-relative entropy of coherence char-
acterizes the maximum overlap with the maximally coherent
states under DIO, IO and SIO, as well as the maximum ad-
vantage achievable by coherent states compared with all in-
coherent states in subchannel discrimination problems of all
dephasing-covariant, incoherent and strictly incoherent instru-
ments, which also provides new operational interpretations



of robustness of coherence and illustrates the equivalence of
DIO, IO and SIO in these two operational taks. The study of
Cmax and Cpyi, also makes the relationship between the opera-
tional coherence measures (e.g. C, and Cj; ) more clear. These
results may highlight the understanding to the operational re-
source theory of coherence.

Besides, the relationships among smooth max- and min-
relative relative entropy of coherence and one-shot coherence
cost and distillation have been investigated explicitly. As both
smooth max- and min- relative entropy of coherence are equal
to relative entropy of coherence in the asymptotic limit and
the significance of relative entropy of coherence in the distil-

lation of coherence, further studies are desired on the one-shot
coherence cost and distillation.
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Appendix A: strong monotonicity under 10 for Cy.x

We prove this property based on the method in [44] and the
basic facts of Dpax [30]. Due to the definition of Cy,x, there
exists an optimal o, € .¥ such that Ciax(P) = Dmax (P]]0x)-

Let 6; = K;0:K; i /Tr [K o0.K/' |, then we have

ZPiDmaX(ﬁiHai)
< ZDmax(KipKlTHKiG*I(IT)
< Y Dunax(Ti [1 [i){i|Up @ o) etU T [i)il] |

x Trg [1@ |i)(i{lU 0. ® )| UTT@i)i])
< Y D (I [i)i|Up ® o) | U T [i)(i |

xI® [i)i|Uc. @ |a)a|UTT® |i)i])
= Dnux (Up ® |at){(a|U'[|U . @ |a)(at|UT)
= Dmax(p ® |a)(al[[ox @ [ar){x])
:DmaX(pHG*)
= Cmnax(P),

where the first inequality comes from the proof of Theo-
rem 1 in [30], the second inequality comes from the fact
that there exists an extended Hilbert space 7%, a pure
|a) € & and a global unitary U on 5 ® s such that
Trg [I@ |i)i|Up @ |a)(a|UTT® |i)i]] = KipK] [44], the third
inequality comes from the fact that Dy, is monotone un-
der partial trace [30], the last inequality comes from the
fact that for any set of mutually orthogonal projectors { F; },
Dimax (L Pep1Pi|| Xk Pcp2Pi) = Yk Dmax (PcP1Pr||Pip2Fy) [30]
and the first equality comes from the fact that Dp,y is in-
variant under unitary operation and Dyax(p1 ® P||p2 @ P) =
Dax(p1]|p2) for any projector P [30]. Besides, since
Cmax(pi) = min‘EGJDmax(ﬁiHT) < Dmax(pi”&i)’ we have
Zipicmax(ﬁi) S Cmax(p)-

Appendix B: Coherence measure induced from Cy,x

Here we introduce a proper coherence measure from Cp,x
by the method of convex roof and prove that it satisfies all the
conditions (including convexity) a coherence measure need to
fulfil. We define the convex roof of Cp,,x as follows

Coax(p) = _ min chmdx vi), (B1)
where the minimum is taken over all the pure state decom-
positions of state p. Due to the definition of Cinax and the
properties of Chax, the positivity and convexity of Ciax are
obvious. We only need to prove that it is nonincreasing on
average under IO.

Proposition 3. Given a quantum state p € D(H), for any
incoherent operation ®(-) =¥, Ky, () K}, with KH/K;E C

Zpuémax(ﬁu) < émax (P), (B2)
u

where py = Tr [KMPKA-E] and py = KﬂpKﬂ/p”'

Proof. Due to the definition of Cpax(p), there exists a pure
state decomposition of state p = Y ;A;|y;)(y;| such that

Cmax(p) = Zj 2ijmaX(lI/j)' Then
~ KuPK;;
pu=—"—"

Pu

A
= Z*”Kylllfﬂ(‘I/leZ

l<
—y ’qf 0o,

J

where (o) = Kylw;)/y/q}" md gt =

Tr [Kuww,-\K;]. Thus, Coux(By) < I 2
and

Zpucmdx pu < Z)qu max(q)}u))

_Zl qu Cinax (¢

:;Aquj log( 1+C11(¢,(”)))

gZ;L,.loga@qﬁ“)ch(w“)))
J

< ;ljlog(l +G, (vj))

=Y AConax(¥))

= Cmax(p)»

where the third line comes from the fact that for pure state y,
Cmax (V) =1log(14-Cj, (y)), the forth line comes from the con-
cavity of logarithm and the fifth lines comes from the fact that

monotonicity of C;, under 10 as ®(y;) =Y, Ky| 1//j)<l//j|l(T =
Tudt 10 )0, O

Appendix C: The operational interpretation of Cy,x

To prove the results, we need some preparation. First of all,
Semidefinite programming (SDP) is a powerful tool in this
work—which is a generalization of linear programming prob-
lems [45]. A SDP over 2 = CN and & = CM is a triple
(®, C, D), where @ is a Hermiticity-preserving map from
Z(Z") (linear operators on 2") to .Z(#) (linear operators
on %), C € Herm(Z") (Hermitian operators over 2°), and
D € Herm(%/) (Hermitian operators over %'). There is a pair
of optimization problems associated with every SDP (P, C,
D), known as the primal and the dual problems. The standard
form of an SDP (that is typically followed for general conic



programming) is [46]

Primal problem Dual problem
minimize: (C,X), maximize: (D,Y), (C1)
subject to: ®(X) > D, subject to: ®*(Y) > C,
X € Pos(Z). Y € Pos(¥).

SDP forms have interesting and ubiquitous applications
in quantum information theory. For example, it was re-
cently shown by Brandao etr. al [47] that there exists a
quantum algorithm for solving SDPs that gives an uncondi-
tional square-root speedup over any existing classical method.

Lemma 4. Given a quantum state p € 9 (),

min Tr[o]= max Tr[p7]. (C2)
>0 >0
A(o)=p Alp-1

Proof. First, we prove that

max Tr[pt] = max Tr[p1]. (C3)
A(t)=I A(1)<I

For any positive operator T > 0 with A(7) < T, define 7/ =
T+I1—A(t) >0, then A(t) =T and Tr[p7’] > Tr[p7]. Thus
we obtain the above equation.

Now, we prove that

min Tr[o] = max Tr[p7]. (C4)
A(0)>p A(T)<I

The left side of equation (C4) can be expressed as the follow-
ing semidefinite programming (SDP)

minTr [Bo],
s.t. A(o) >C,
c>0,

where B =1, C = p and A = A. Then the dual SDP is given
by

max Tr [CT],
s.t. AT(1) <B,
7>0.

That is,

max Tr [pT],
s.t. A(T) <1
7>0.

Note that the dual is strictly feasible as we only need to choose
G = 2Amax (P)L, where Amax (p) is the maximum eigenvalue of
p. Thus, strong duality holds, and the equation (C4) is proved.

O

Lemma 5. For maximally coherent state |¥,.) = f Yo, i),
we have the following facts,

(i) For any & € DIO, T =d&" (W, ) (W, |) satisfies T > 0
and A(1) =1

(ii) For any operator T > 0 with A(t) =1, there exists a
quantum operation & € DIO such that T = d&" (|¥ )P |).

(iii) For any & € 10, © = d& (W, (¥, |) satisfies T > 0
and A(t) =1

(iv) For any operator T > 0 with A(t) =1, there exists a
quantum operation & € 10 such that T =d&7(|¥+ ) (¥ |).

(v) For any & € SIO, T =d&T (|¥ )(¥|) satisfies T >0
and A(t) =1

(vi) For any operator T > 0 with A(t) =L, there exists a
quantum operation & € SIO such that T =d&" (¥ )} (¥ |).

Proof. (i) Since & is a CPTP map, &% is unital. Besides, as
& € DIO, [£,A] = 0 implies that [£7,A] = 0. Thus A(7) =
dET (AW ) ]) = &7(1) =1

(ii) For any positive operator T > 0 with A(t) =1, Tr[7] =
d, thus T = dt with £ € Z() and A(%) = JI. Consider the
spectral decomposition of £ = Y | A;|y;)(y;i| with Y& l?Li =
1,A4; >0foranyie {1,..,d}. Bemdes foranyze{l .},

|y/,>canbewr1ttenas|l//,> ): lc |J>W1th):d \c |2—1
LetusdeﬁneKn 721 1€ |]><J|f0ranyn€{l .,d }, then
W) = \f‘lljl> and ¥ KW KT = i) (vl
LetM,-mf\ﬁKn , then
ZMT M: ZZ}VK([)K(O
inMin iAn Bp
in in
d .
—ay 2Kk
i=1
d d
=dY XYl Pl
=1 j=I
d d
=d Y. Y Al Rl
j=li=1
41
=d ), Sldil=1,
j=1
where YL, Ailcf) P = X,/ (wilj)* = (j[#)) = . Then

Mi.,n(')M'T

in

E() = Lin is a CPTP map. Since M;, is di-
agonal, the quantum operation &(-) = Zln ()an is a
DIO. Moreover, & (W )}(W4|) =¥, M WY1 My =
LAk W)W K = 1 vl = .

(iii) If & is an incoherent operation, then there exists a set
of Kraus operators { K, } such that &(-) = Yu K,J(-)K;E and




KK} € .. Thus

d(i |<57T (0L ])|i) dZ( |K1 (W NP4 Ky | )

=ZZ (i K[ ) (n [ Ko 1)
u mn

B ROCABIEAD
- Y GIKK ) =1

where the third line comes from the fact that for any K,
there exists at most one nonzero term in each column which
implies that <z|K;E |m) (n| Ky |i) # 0 only if m = n, and the
forth line comes from the fact that Z” K;EKu = I. Therefore,
A (¥ ) ) =T

(iv) This is obvious, as the DIO & given in (ii) is also an
incoherent operation.

(v) This is obvious as SIO C DIO.

(vi) This is obvious as the DIO & given in (ii) also belongs
to SI0.

[

Lemma 6. Given a quantum state p € 9(¢), one has

max F(&(p), [, )W ] = max F(&(p),[¥)(¥])2.

£eDI0 £eDI0
Wyet
where |V ) = f Y% | |i) and A is the set of maximally co-

herent states.
Proof. Due to [48], every maximally coherent can be ex-
pressed as |¥) = IZ % ]j), that is, |¥) = Uy |¥,)

where Uy = ):J: %17)(jl. Obviously, [Uy,A] = 0, thus
Uy € DIO and

F(&(p),[)(®|)> = F(&(p), Uy ¥+ NP |Ug)?
F(USE (p) U, [¥)(P)?
F(&'(p), [P )(W4])?,

Uy & (-)Uy € DIO as &, Uy € DIO. O

where &'(-) =
After these preparation, we begin to prove Theorem 1.

Proof of Theorem 1. If & belongs to DIO, that is, we need to
prove

26max(P) — ¢ max F(&(p),|¥)N¥|)?, (©5)

&eDIo
Wyen

where ./ is the set of maximally coherent states. In view of
Lemma 6, we only need to prove

Cmax (P) — 2
where [P ) = \f):, 118).

First of all,
26max(P) — minmin{A | p < Ao}
ces
— min{Tr[o] | p < A(0)}
c>0

= min Tr[o].
c>0
A(o)=p

Second,

dF (E(p), W4 )(W+])? = dTr [6(p) W4 (W]
=dTr [p& (|94 (W4 )]
=Tr[p1],

where T = d&7(|W. )}(¥|. According to Lemma 5, there
is one to one correspondence between DIO and the set
{t>0|A(t) =1}. Thus we have

2 _
d max F(&(p), ¥+ }(¥+[)" = Ar(p%gHTr lpt]. (CD)
T)=

Finally, according to Lemma 4, we get the desired result (C5).
Similarly, we can prove the case where & belongs to either IO
or SIO based on Lemma 5. |

Appendix D: Subchannel discrimination in dephasing covariant
instrument

Proof of Theorem 2. First, we consider the case where instru-
ment J is dephasing-covariant instrument J°. Due to the defi-
nition of Cpax(p), there exists an incoherent state ¢ such that
p < 26max(P). Thus, for any dephasing-covariant instrument
3P and POVM {M, },,

Psucc(jDa {Mb }b ,P) < 2Cma)((p)Psucc (jDa {Mb }b 5 G)v

which implies that

3°,p) < 26mP)pEQ(3P).

psucc

Psucc ( (D 1 )

Next, we prove that there exists a dephasing-covariant in-
strument J° such that the equality in (D1) holds. In view of
Theorem 1, there exists a DIO & such that

2Cmax (P )

=dTr[&(p) Y)W+, (D2)

where |¥) =
agonal unitaries

f Y %=11J). Let us consider the following di-

d
U= Y a2 |j)(jl ke {1,...d}. (D3)

j=1
The set { Uy | ) }’,le forms a basis of the Hilbert space and
Yo, Uk\‘PJr}(‘PHUkT =1 Let us define subchannels {4} },
as & (p) = %Uké"(p)U,j. Then the channel & = Y¢_, & is

a DIO. That is, the instrument J° = { &k}, is a dephasing-
covariant instrument.



For any POVM {M; }, and any incoherent state o, the
probability of success is

psucc(§D7{Mk }k,c) = ZTI' [é”k(G)M
k

1

=2Tr & G);U,;"MkUk .

Since { My }, is a POVM, then Y, My = 1. As {Uy }, are all
diagonal unitaries , we have

AY U MU;) =
k k

Thus,

psucc(EDa{Mk}k,O'): Tr g(G)ZUszUk
k

) ZU/Z-MkUk
%

Tr | £(0)A(Y, U MUy)
k

where the second equality comes from the fact that &(o) € &
for any incoherent state ¢, and the second last equality comes

from that fact that A(Y, U;MkUk) =1I. That is,

Pha(@®) = . (D4)
Besides, taking the POVM  {N;},  with
Ny = UJW )WL U/, one has Tr[&(p)Nd =
2 Tr[E(p) W )(W+[] and
PsuCC(§D7 {Nehiop) = ZTr (6 (p) Nk
= Z Te[£(p) 9 ),
= Tr[ (P) ¥ (P+]
2CmAX(P)
- d
— 2Cmax( )plg(g(’"D)
Thus, for this depasing-covariant instrument 3P = { &k}
psucc( ,P) > 2Cmax(P)_ (D5)
pIS2(3P)

Finally it is easy to see that the above proof is also true for
Jis 3 or 35
]

Note that the phasing discrimination game studied in [28]
is just a special case of the subchannel discrimination in the
dephasing-covariant instruments. In the phasing discrimina-
tion game, the phase ¢ is encoded into a diagonal unitary
Uy, = X;€7%|j)(j|. Thus the discrimination of a collec-
tion of phase { ¢ } with a prior probability distribution { py }
is equivalent to the discrimination of the set of subchannel

_ _ T
{ &k }1» where &, = piUy and Ui () = U¢k(-)U¢k.

Appendix E: C§,, as a lower bound of one-shot coherence cost

The e-smoothed max-relative entropy of coherence of a
quantum state p is defined by,

Crax (P) := (EL)

min  Cpax ,7
p'€Be(p) P

where Be(p) := {p'=0:|p"—pll; <& Tr[p'] <Tr[p]}.

Then
Ct = D
max(p) Y Ielllglr(lp) mu} max (p ||G)
= min Dy (p[0),

where D, (p||o) is the smooth max-relative entropy [30-32]
and defined as

Dy (pllo) = inf Duin(p’[|o).

p'€Be(p)

Proof of Equation (5). Suppose & is MIO such that

FE(PHPY).p2 > 1 — ¢ and  CEo(p) =
logM.  Since F(p,06)> < 1 — L|p—o|] [43], then
(e ]) — p|, <2/ Thus &(LY)EY)) € Ber(p).
where € = 2v/€. As Cpax is monotone under MIO, we
have Chux(P) < Conax (6(IFYNPY)) < Conax (| ¥ N WY]) =

logM = Cyio(P). m

Appendix F: Equivalence between Cp,,x and C, in asymptotic
case

We introduce several lemmas first to prove the result. For
any self-adjoint operator Q on a finite-dimensional Hilbert
space, Q has the spectral decomposition as Q = Y; A;P;, where
P, is the orthogonal projector onto the eigenspace of Q. Then
we define the positive operator {Q >0} = Y350 F, and
{0>0},{0<0}, {Q<0} are defined in a similar way.
Moreover, for any two operators Q and Qy, {Q1 > 0>} is
defined as { Q) — 0>, > 0}.

Lemma 7. [31] Given two quantum states p,o € P(H),
then

Diux(pllo) <A (F1)

forany A € Rand € = \/8Tr [{p>2*c}p].

Note that in [31], the above lemma is proved for bipartite
states. However, this lemma also holds for any state.



Lemma 8. (Fannes-Audenaert Inequality [49]) For any two
quantum states p and © with € = % llp —clly, the following
inequality holds:

1S(p)

where d is the dimension of the system and H,(€) = —€loge —
(1 —¢)log(1 — €) is the binary Shannon entropy.

—S(0)| < elog(d — 1)+ Ha(e), (F2)

Based on these lemmas, we can prove the equivalence be-
tween Chax and C, in asymptotic limit.

Proof of Equation (6). First, we prove that
1
< € ®n .
Cr(p) < ll_l}g)nlggnCm (p=") (F3)

Since

Criax(pxn) = crrg,% Dfnax( ®nHGﬂ)
n<=<n

= Dmax (Pn,s | |6n) 5

where p,, ¢ € B¢(p“"), 6, € .7, and .7, is the set of incoherent

states of J#%",
Due to the definition of Zp,.x, We have
pn”S S 2C§1ax (péon) 6-n . (F4)
Then

Cr(Pne) < S(pnel|n)
=Tr [pn,s log pn,s] —Tr [pn,s log 6n]
< Tt [pne(Crar(P™") +10gGy) | = Tr [Py log 6,

< Grax(P™"),

where Tr [pn¢] < Tr [p®"] = 1. Besides, as ||p, —p®"|| <&,
due to the Fannes-Audenaert Inequality (F2), we have
Cr(Pne) = Cr(p®") —elog(d — 1) — Hy(e)
=nC,(p)—elog(d— 1) — Ha(¢).
Thus,

lim lim C‘S e x(PEM) > C(p). (F5)

e—>0n—eo

Next, we prove that

C,(p) > lim lim Cmax(p®").

e—0n—ep

)

1
)-

Consider the sequence p = { p®" },, 1 and 67 = { }:
where oy € .# such that C,(p) = S(p||oy) = mm(,ejS I
Denote

D(p||6) :=inf{y: lgn supTr [{p*" > 26"} p©"] =0} .
Due to the Quantum Stein’s Lemma [31, 50],
D(pl|6) = S(pl|or) = C,(p).

Forany 6 >0,let A =D(p||6)+ 8 =S(pl|o;) =C.(p)+9.
Due to the definition of the quantity D(p||6), we have

Ji_r)rolosupTr [{p®n > ZnQLGI@n}p@n —0.

10

Then for any € > 0, there exists an integer Ny such that for
any n > No, Tr [{ p®" > 2" 6, } p®"] < %. According to
Lemma 7, we have

DS

max

(p?"|of™) <nA =nC,(p) +ns. (F6)
for n > Ny. Hence,

CEax(p™") < nC,(p) +né.

Therefore

lim lim ]Cﬁl (p®") < Cr(p)+6.

e—0n—oo
Since § is arbitrary, limg_,o lim,e 1CE. (p®") < Ci(p).
]

Appendix G: C,;, may increase on average under 10

For pure state |y) = Y4, y;|i), we have Cpin(y) =
—logmax; |y;i|?. According to [51], if Cpyy is nonincreasing
on average under IO, it requires that Cpi, should be a con-
cave function of its diagonal part for pure state. However,
Ciin(W) = —logmax; | y;|? is convex on the diagonal part of
the pure states, hence Cp,;, may increase on average under I10.

Besides, according the definition of Cpy, for pure state |y),
one has

2*Cmin(ll/) = 1'1121)(]7'(1117 6)2, (G1)
ces

However, this equality does not hold for any states. For any
quantum state, the inequality (13) in the main context holds.

Proof of Equation (13). There exists a o, € ¢ such that
F(p,0.)? = maxges F(p,0)?%. Let us consider the spectrum
decomposition of the quantum state p, p = ¥; ;| y; }{y;| with
Ai >0 and ¥;A; = 1. Then the projector Il, onto the sup-
port of p can be written as IT, = Y; |y;)(y;| and 2~ Cain(P) =
maxge s Tr [[1,0].

Besides, there exists pure state decomposition of o, =

¥; 1i]9:)(@i] such that F(p, 6.) = ¥ \/Zitti (| ¢i) [52]. Thus
Z\/Tul (yil:))?

< ;Ai ;HiTr vi)(wil |9:)(@i])

< ;mTr [TTp|91)(9u]

=Tr [Hp G*]
S 27Cmin<p)7

PG*

where the first inequality is due to the Cauchy-Schwarz in-
equality and the second inequality comes from the fact that
YA =1 and |y;)(y;| <TI, for any i. [ |



Appendix H: Equivalence between C,,;, and C, in asymptotic
case

For any € > 0, the smooth min-relative entropy of coher-
ence of a quantum state p is defined as follows

£ L s
cin(p) = (max  min logTr [Ac], (H1)
Tr[Ap]>1—¢

where I denotes the identity. Then

min(P) = max  min —logTr[Ac]
Tr[Ap]|>1-¢
=min max —logTr[AC]
ce.s  0<A<I
Tr[Ap]>1—¢

= min Dy, (p[[o),

where D . (p||o) is the smooth min-relative entropy [32] and
defined as

Di(pllo)=sup  —logTr[Ac].

0<A<I
Tr[Ap]>1—¢

Lemma 9. Given a quantum state p € 9 (), for any € > 0,
min(P) < Chax (p) —log(1 —2¢). (H2)
Proof. Since
Chnax(P) = min D (p1]0),
ocs
Cx?un(p) = ggI}Df‘nm(p”G)v
we only need to prove that for any two states p and o,
Dfin(pllo) < D (pllo) —log(1—2¢).  (H3)

First, there exists a pe € B¢(p) such that D&, (p||o) =
Dmax(pe||o) =logA. Hence Ao — pe > 0.

Second, let 0 < A < I, Tr[Ap] > 1 — & such that
Di. (p|lo) = —logTr[Ac]. Since for any two positive op-
erators A and B, Tr[AB] > 0. Therefore Tr [(Ao — pg)A] > 0,
that is,

Tr[Ape] < ATr[Ac].

Since ||p —pell; = Tr[|p —pel] < € and Tr[Ap] > 1 — &,
one gets

| Tr[Ape] — Tr[Ap]| < Tr[Alp — pel]
<Tr(lp—pell <e.

Thus,
Tr[Ape] > Tr[Ap] — & > 1 —2¢,
which implies that
1-2e <ATr[Ao].
Take logarithm on both sides of the above inequality, we have

—logTr[Ac] <logA —log(1 —2e¢).
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That is,
Diin(pllo) < Dhu(pllo) —log(1—2¢).  (H4)
O

The following lemma is a kind of generalization of the
Quantum Stein’ Lemma [53] for the special case of the inco-
herent state set .#, as the the set of incoherent states satisfies
the requirement in [53]. Note that this lemma can be gener-
alized to any quantum resource theory which satisfies some
postulates [54] and it is called the exponential distinguishabil-
ity property (EDP) (see [54]).

Lemma 10. Given a quantum state p € 9 (),
(Direct part) For any € > O, there exists a sequence of
POVMs {A,, 1—A, }, such that
: _ ®n] _
r}l_r}roloTr [(]I A,)p ] 0, (H5)
and for every integer n and incoherent state w,, € ., with .7,
is the set of incoherent states on ",

LoeTriAmnl o> ¢ p). (H6)

(Strong converse) If there exists € > 0 and a sequence of
POVMs {A,,1—A, }, such that for every integer n > 0 and
wy € 2,

n
then
: _ ®n] _
r}ggTr[(]I A)p©t] =1 (H8)

Now, we are ready to prove the equivalence between Cp;y,
and C, in asymptotic limit.

Proof of Equation (18). First we prove that

oo
lim lim —C;, (p°") < G/(p).
Since Cr(p) = limg0lim, e 1CE,, (p®") and CE, (p) <
Ct «(p) —log(1 —2¢), then we have

: : 1 € ®n
lim lim - Cprin (p™") < Cr(p)-

Now we prove that

T P
—CE. ny >
lli)%”lgll nCmm(p ) = C”(p)
According to Lemma 10, for any € > 0, there exists a se-
quence of POVMs { A, } such that for sufficient large integer
n, Tr[p®"A,] > 1 — €, and thus

CEi(p®") > min —logTr [A, 0] > n(C.(p) — €),
ocs

min

where the last inequality comes from the direct part of Lemma
10. Therefore,

lim lim lCfnm(pw) = G(p).

e>0n—ee



Appendix I: C¢

= in @s an upper bound of one-shot distillable

coherence

Lemma 11. Given a quantum state p € (), then for any
& e MIO,

Chin(€(P)) < Crin (P)- (I
Proof. Let0 <A <Tand Tr[A&(p)] > 1 — € such that
min(&'(p)) = min —log Tr [Ac] = —logTr[Ac.].
ccs
Then
C£

min

(p) > —logTr [@@T(A)G*]
= —logTr[A&(0,)]
> cryréi(g—logTr [Ao]

= Cr&;un(g(p))a

where the first inequality comes from the fact that
Tr [£7(A)p] = Tr[A&(p)] > 1 —€ and 0 < &T(A) < T as
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0<A<Tand & is unital. O
Proof of Equation (17). Suppose that & is the optimal MIO
such that F(&(p),[PMYWPH|)? > 1 — & with logM =
cl)e (p). By Lemma 11, we have

D,MIO
= max  min —logTr[AC]
0<A<I ocs
Tr[A&(p)]>1-¢

> min —log Tr [ Y WP |
= min —log Tr [[¥)(¥Y|o]

1),
=logM = Cpyiiio(P);
where the second inequality comes from the fact
that 0 < [WM)¥Y| <1 and Tr[[®¥)(¥Y|5(p)] =
F(E(p),[¥YNPY)? > 1 —e. .
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