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It is a computationally hard task to certify genuine multipartite entanglement (GME). We in-
vestigate the relation between the norms of the correlation vectors and the detection of GME for
tripartite quantum systems. A sufficient condition for GME and an effective lower bound for the
GME concurrence are derived. Several examples are considered to show the effectiveness of the
criterion and the lower bound of GME concurrence.
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INTRODUCTION

Quantum entanglement is a remarkable resource in the
theory of quantum information, with various applications
[1, 2]. A multipartite quantum state that is not separable
with respect to any bi-partition is said to be genuine mul-
tipartite entangled [3]. As one of the important type of
entanglement, genuine multipartite entanglement(GME)
offers significant advantage in quantum tasks comparing
with bipartite entanglement [4]. In particular, it is the
basic ingredient in measurement-based quantum compu-
tation [5], and is beneficial in various quantum commu-
nication protocols [6], including secret sharing [7] (cf.
[8]), extreme spin squeezing [9], high sensitivity in some
general metrology tasks [10], quantum computing using
cluster states [11], and multiparty quantum network [13–
15]. However, detecting and measuring quantum entan-
glement turn out to be quite difficult. To detect GME,
series of linear and nonlinear entanglement witnesses [17–
24, 26, 27], generalized concurrence for GME [28–31], and
Bell-like inequalities [32] were derived and a characteri-
zation in terms of semi-definite programs (SDP) was de-
veloped [33, 34]. Nevertheless, the problem remains far
from being satisfactorily solved.
From the norms of the correlation tensors in the gener-

alized Bloch representation of a quantum state, separable
conditions for both bi- and multi-partite quantum states
have been presented in [39–42]. A multipartite entan-
glement measure for N-qubit and N-qudit pure states is
given in [43, 44]. A general framework for detecting gen-
uine multipartite entanglement and non full separability

in multipartite quantum systems of arbitrary dimensions
has been introduced in [19]. In [45] it has been shown
that the norms of the correlation tensors has a close rela-
tionship to the maximal violation of a kind of multi Bell
inequalities and to the concurrence [46].

In this paper, we investigate the genuine tripartite en-
tanglement in terms of the norms of the correlation ten-
sors and GME concurrence for tripartite qudit quantum
systems. We derive criteria to detect GME. An effective
lower bound for GME concurrence is also presented.

CRITERIA FOR DETECTING GME

In this section, we present a criterion to detect GME by
using the approach presented in [19] for tripartite qudit
systems. We start with some definitions and notations.

Let Hd
i , i = 1, 2, 3, denote d-dimensional Hilbert s-

paces. A tripartite state ρ ∈ Hd
1 ⊗ Hd

2 ⊗ Hd
3 can be

expressed as ρ =
∑
pα |ψα⟩ ⟨ψα|, where 0 < pα ≤ 1,∑

pα = 1, |ψα⟩ ∈ Hd
1 ⊗ Hd

2 ⊗ Hd
3 are normalized

pure states. If all |ψα⟩ are biseparable, namely, ei-

ther |ψα⟩ =
∣∣φ1
α

⟩
⊗

∣∣φ23
α

⟩
or |ψβ⟩ =

∣∣∣φ2
β

⟩
⊗

∣∣∣φ13
β

⟩
or

|ψγ⟩ =
∣∣φ3
γ

⟩
⊗

∣∣φ12
γ

⟩
, where

∣∣φiγ⟩ and
∣∣φijγ ⟩ denote pure

states in Hd
i and Hd

i ⊗ Hd
j respectively, then ρ is said

to be bipartite separable. Otherwise, ρ is called genuine
multipartite entangled.

Let λi, i = 1, · · ·, d2 − 1, denote the generators of the
special unitary group SU(d)[47], and I the d×d identity
matrix . Any ρ ∈ Hd

1 ⊗Hd
2 ⊗Hd

3 can be represented as
follows:

ρ =
1

d3
I ⊗ I ⊗ I +

1

2d2
(
∑

t1iλi ⊗ I ⊗ I +
∑

t2jI ⊗ λj ⊗ I +
∑

t3kI ⊗ I ⊗ λk)

+
1

4d
(
∑

t12ij λi ⊗ λj ⊗ I +
∑

t13ikλi ⊗ I ⊗ λk +
∑

t23jkI ⊗ λj ⊗ λk) +
1

8

∑
t123ijkλi ⊗ λj ⊗ λk, (1)

where t1i = tr (ρ λi ⊗ I ⊗ I), t2j = tr (ρ I ⊗ λj ⊗ I), t3k = tr (ρ I ⊗ I ⊗ λk), t
12
ij = tr (ρ λi ⊗ λj ⊗ I). t13ik =



2

tr (ρλi ⊗ I ⊗ λk), t
23
jk = tr (ρ I ⊗ λj ⊗ λk) and t123ijk =

tr (ρ λi ⊗ λj ⊗ λk). In the following, we set T (1), T (2),
T (3), T (12), T (13), T (23) and T (123) to be the vectors
(tensors) with entries t1i , t

2
j , t

3
k, t

12
ij , t

13
ik , t

23
jk and t123ijk ,

i, j, k = 1, 2, · · · , d2 − 1, which are the so called correla-
tion vectors.

Let ∥M∥k =
k∑
i=1

σi denote the k-norm for an n × n

matrix M , where σi, i = 1, ..., n, are the singular val-
ues of M in decreasing order. ∥M∥n = ∥M∥KF is just
the Key-Fan norm. Denote ∥·∥ the Frobenius norm of a
vector or a matrix. Let T123, T213 and T312 be the matri-
ces with entries ti,d(j−1)+k = tijk, tj,d(i−1)+k = tijk and

tk,d(i−1)+j = tijk, respectively. SetMk(ρ) =
1
3 (
∥∥T123∥∥k+∥∥T213∥∥k + ∥∥T312∥∥k).

Lemma: For a pure tripartite qudit state, we have for
any k = 1, 2, · · · , d2 − 1 and jlm = 123, 213, 312 that
(i) if the state is fully separable, then

∥∥∥Tjlm∥∥∥
k
≤

√
8(d− 1)

3

d3
; (2)

(ii) if the state is separable under bipartite partition
j |lm , then

∥∥∥Tjlm∥∥∥
k
≤

√
8(d− 1)

2
(d+ 1)

d3
; (3)

(iii) if the state is entangled under bipartite partition
j |lm , then

∥∥∥Tjlm∥∥∥
k
≤

√
8k(d− 1)

2
(d+ 1)

d3
. (4)

Proof. We shall use repeatedly
∥∥T (i)

∥∥ ≤
√

2(d−1)
d , i =

1, 2, 3,
∥∥T (lm)

∥∥ ≤ 2
√

d2−1
d2 , lm = 12, 13, 23 [19] and

∥M∥k ≤
√
k ∥M∥ for any matrix M . Then we have

(i)∥∥∥Tjlm∥∥∥
k
=

∥∥∥(T (j)) · (T (l) ⊗ T (m))
t
∥∥∥
k

=
∥∥∥T (j)

∥∥∥∥∥∥T (l) ⊗ T (m)
∥∥∥ =

∥∥∥T (j)
∥∥∥∥∥∥T (l)

∥∥∥∥∥∥T (m)
∥∥∥

≤

√
8(d− 1)

3

d3
;

(ii) ∥∥∥Tjlm∥∥∥
k
=

∥∥∥(T (j)) · (T (lm))
t
∥∥∥
k

=
∥∥∥T (j)

∥∥∥∥∥∥T (lm)
∥∥∥ ≤

√
8(d− 1)

2
(d+ 1)

d3
;

(iii)∥∥∥Tjlm∥∥∥
k
=

∥∥∥(T (jl))⊗ (T (m))
t
∥∥∥
k

=
∥∥∥T (jl)

∥∥∥
k

∥∥∥T (m)
∥∥∥ ≤

√
8k(d− 1)

2
(d+ 1)

d3
;

where we have denoted T (jl) the matrix with entries tjlxy.
Theorem 1: If for a tripartite qudit state ρ, it holds

that

Mk(ρ) >
2
√
2

3
(2
√
k + 1)

d− 1

d

√
d+ 1

d
(5)

for any k = 1, 2, · · · , d2−1, then ρ is genuine multipartite
entangled.

Proof. Assume that ρ is bipartite separable. By using
the above Lemma, we get

Mk(ρ) =
1

3
(
∥∥T123(ρ)∥∥k + ∥∥T213(ρ)∥∥k + ∥∥T312(ρ)∥∥k)

=
1

3
(

∥∥∥∥∥∑
α

pαT123(|ψα⟩)

∥∥∥∥∥
k

+

∥∥∥∥∥∑
α

pαT213(|ψα⟩)

∥∥∥∥∥
k

+

∥∥∥∥∥∑
α

pαT312(|ψα⟩)

∥∥∥∥∥
k

)

≤ 1

3

∑
α

pα(
∥∥T123(|ψα⟩)∥∥k + ∥∥T213(|ψα⟩)∥∥k + ∥∥T312(|ψα⟩)∥∥k)

≤ 1

3

∑
α

pα(2

√
8k(d− 1)

2
(d+ 1)

d3
+

√
8(d− 1)

2
(d+ 1)

d3
)

=
1

3
(2

√
8k(d− 1)

2
(d+ 1)

d3
+

√
8(d− 1)

2
(d+ 1)

d3
)

=
2
√
2

3
(2
√
k + 1)

d− 1

d

√
d+ 1

d
.
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Thus once the inequality is violated, the quantum state
ρ must be genuine multipartite entangled.
Remark. For d = 2, k = 3, Theorem 1 reduces to the

Theorem 2 in [19]. If we set d = 2, and k = 1, 2 one finds
that Theorem 1 is strictly covered by Theorem 2 in [19].
However, our theorem can detect GME for any tripartite
qudit systems rather than only tripartite qubit systems.
Example 1: Consider quantum state ρ ∈ H3

1 ⊗H3
2 ⊗

H3
3 , ρ = 1−x

27 I+x |φ⟩ ⟨φ| , where |φ⟩ =
1√
3
(|000⟩+ |111⟩+

|222⟩) is the GHZ state. By Theorem 1 in [19] we can
detect GME for 0.894427 < x ≤ 1. With our Theorem 1,
by setting d = 3 and k = 8(which is the optimal selection)
one detects GME for 0.716235 < x ≤ 1.

0.2 0.4 0.6 0.8 1.0
x

-2

-1

1

2
fHxL

FIG. 1: Vicente criterion (dashed line) v.s. the lower bound
(5) in this manuscript (solid line). We have used f(x) to
denote the difference between the left and the right side of
the two criteria. From the figure one sees that ρ is genuine
multipartite entangled for 0.894427 < x ≤ 1 by Vicente’s
result with f(x) = −2.177324 + 2.434322x. One computes
f(x) = −4.83138 + 6.74552x by our proposition. Thus GME
is detected for 0.716235 < x ≤ 1.

LOWER BOUND OF GME CONCURRENCE

The GME concurrence is proved a well defined measure
[28, 29]. For a pure state |ψ⟩ ∈ Hd

1 ⊗Hd
2 ⊗Hd

3 , the GME
concurrence is defined by

CGME(|ψ⟩) =
√

min{1− tr(ρ21), 1− tr(ρ22), 1− tr(ρ23)},

where ρi is the reduced matrix for the ith subsystem. For
mixed state ρ ∈ Hd

1 ⊗Hd
2 ⊗Hd

3 , the GME concurrence is
then defined by the convex roof

CGME(ρ) = min
∑

{pα,|ψα⟩}

pαCGME(|ψα⟩). (6)

The minimum is taken over all pure ensemble decompo-
sitions of ρ.

Since one has to find the optimal ensemble to carry
out the minimization, the GME concurrence is hard to
compute. In this section we derive an effective lower
bound for GME concurrence in terms of the norms of
the correlation tensors.

Theorem 2: For a tripartite qudit state ρ, the GME
concurrence satisfies the following inequality,

CGME(ρ) ≥ max{ 1

2
√
2

∥∥∥T (123)
∥∥∥− (d− 1)

d
, 0}. (7)

Proof. We first consider pure states. For pure state ρ = |ψ⟩ ⟨ψ| one has trρ2 = 1, which implies that

trρ2 =
1

d3
+

1

2d2

∑
(t1i )

2
+
∑

(t2j )
2
+
∑

(t3k)
2
+

1

4d

∑
(t12ij )

2
+

∑
(t13ik )

2
+
∑

(t23jk)
2
+

1

8

∑
(t123ijk )

2
= 1. (8)

From (8) we have

1

d3
+

1

2d2
(
∥∥∥T (1)

∥∥∥2 + ∥∥∥T (2)
∥∥∥2 + ∥∥∥T (3)

∥∥∥2) + 1

4d
(
∥∥∥T (12)

∥∥∥2 + ∥∥∥T (13)
∥∥∥2 + ∥∥∥T (23)

∥∥∥2) + 1

8

∥∥∥T (123)
∥∥∥2 = 1.

In the following we denote ρjk the reduced density matrix for the subsystems j ̸= k = 1, 2, 3. One computes from (1)
that

ρ1 =
1

d
I +

1

2

∑
t1iλ

1
i , ρ23 =

1

d
I ⊗ I +

1

2d
(
∑

t2jλ
2
j ⊗ I +

∑
t3kI ⊗ λ3k) +

1

4

∑
t23jkλj ⊗ λk.

Thus

trρ21 =
1

d
+

1

2

∥∥∥T (1)
∥∥∥2, trρ223 =

1

d2
+

1

2d
(
∥∥∥T (2)

∥∥∥2 + ∥∥∥T (3)
∥∥∥2) + 1

4

∥∥∥T (23)
∥∥∥2.

Similarly we get

trρ22 =
1

d
+

1

2

∥∥∥T (2)
∥∥∥2, trρ213 =

1

d2
+

1

2d
(
∥∥∥T (1)

∥∥∥2 + ∥∥∥T (3)
∥∥∥2) + 1

4

∥∥∥T (13)
∥∥∥2,

trρ23 =
1

d
+

1

2

∥∥∥T (3)
∥∥∥2, trρ212 =

1

d2
+

1

2d
(
∥∥∥T (1)

∥∥∥2 + ∥∥∥T (2)
∥∥∥2) + 1

4

∥∥∥T (12)
∥∥∥2.
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By noticing that ρ = |ψ⟩ ⟨ψ| is a pure state, we get trρ2i = trρ2jk for i ̸= j ̸= k, i, j, k = 1, 2, 3. Then we have:

3

d
+

1

2
(
∥∥∥T (1)

∥∥∥2 + ∥∥∥T (2)
∥∥∥2 + ∥∥∥T (3)

∥∥∥2) = 3

d2
+

1

d
(
∥∥∥T (1)

∥∥∥2 + ∥∥∥T (2)
∥∥∥2 + ∥∥∥T (3)

∥∥∥2) + 1

4
(
∥∥∥T (12)

∥∥∥2 + ∥∥∥T (13)
∥∥∥2 + ∥∥∥T (23)

∥∥∥2).
Set A =

∥∥T (1)
∥∥2 + ∥∥T (2)

∥∥2 + ∥∥T (3)
∥∥2, B =

∥∥T (12)
∥∥2 + ∥∥T (13)

∥∥2 + ∥∥T (23)
∥∥2 and C =

∥∥T (123)
∥∥2. We have

1

4
B = (

1

2
− 1

d
)A+

3

d
− 2

d2
. (9)

Substituting (9) into (8), one has

trρ2 =
1

d3
+

1

2d2
A+

1

4d
B +

1

8
C =

1

d3
+

1

2d2
A+

1

d

[
(
1

2
− 1

d
)A+

3

d
− 3

d2

]
+

1

8
C

=
3

d2
− 2

d3
+ (

1

d
− 1

d2
)A+

1

8
C.

Thus we get

trρ2 − trρ21 = (
3

d2
− 2

d3
− 1

d
) +

2d− 2− d2

2d2
||T (1)||2 + (

1

d
− 1

d2
)(||T (2)||2 + ||T (3)||2) + 1

8
C

≥ −d2 + 3d− 2

d3
+

−d2 + 2d− 2

2d2
2(d− 1)

d
+

1

8
C =

1

8
C − (d− 1)2

d2
,

where we have used ||T (1)||2 ≤ 2(d−1)
d and set (||T (2)||2 + ||T (3)||2) = 0 to get the inequality.

Similarly, one obtains

trρ2 − trρ22 ≥ 1

8
C − (d− 1)2

d2
, trρ2 − trρ23 ≥ 1

8
C − (d− 1)2

d2
.

Thus we have

C2
GME(|ψ⟩) = min{1− trρ21, 1− trρ22, 1− trρ23} = min{trρ2 − trρ21, trρ

2 − trρ22, trρ
2 − trρ23}

≥ max{1
8
C − (d− 1)2

d2
, 0}.

We now consider mixed quantum state ρ ∈ Hd
1 ⊗ Hd

2 ⊗ Hd
3 . Let ρ =

∑
pα |ψα⟩ ⟨ψα| be the optimal ensemble

decomposition of ρ. We obtain

CGME(ρ) =
∑

pαCGME(|ψα⟩) ≥ max{( 1

2
√
2

∥∥∥T (123)
α

∥∥∥− (d− 1)

d
), 0}

∑
pα = max{ 1

2
√
2

∥∥∥T (123)
∥∥∥− (d− 1)

d
, 0},

where we have used
√
a− b ≥

√
a−

√
b for a > b > 0 and the convex property of the Frobenius norm.

Example 2: We consider the mixture of the GHZ
state and W state in three-qubit quantum systems ρ =
1−x−y

8 I + x|GHZ⟩⟨GHZ| + y|W ⟩⟨W |, where |GHZ⟩ =
1√
2
(|000⟩ + |111⟩) and |W ⟩ = 1√

3
(|001⟩ + |010⟩ + |100⟩).

The lower bound of GME concurrence for ρ by Theorem
2 is computed to be max{ 1

12 (
√
72x2 + 66y2 − 6), 0} as

shown in Figure 2. Comparing with Vicente’s criterion,
our lower bound can detect more genuine multipartite
entangled states as shown in Figure 3.

Example 3: We consider a mixed state in three-
qutrit quantum systems ρ = 1−x

27 I + x|ψ⟩⟨ψ|, where

|ψ⟩ = 1√
3
(|012⟩ + |021⟩ + |111⟩). The lower bound of

GME concurrence can detect GME better than Vicente’s
criterion(Theorem 1) and Theorem 1 in this manuscript
as shown in Figure 4.

CONCLUSIONS AND DISCUSSIONS

It is a basic and fundamental question in quantum the-
ory to detect and quantify GME. Since the GME concur-
rence is defined by optimization over all ensemble decom-
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FIG. 2: Lower bound of GME concurrence in Theorem 2 for
ρ in Example 2. g(x, y) stands for the lower bound.

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2
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0.8

1.0

x

y

FIG. 3: GME Detected by vicente criterion (pink region by
Theorem 1 and yellow region by Theorem 2 in [19]) and by
the lower bound for GME concurrence in our Theorem 2 (blue
region).

positions of a mixed quantum state, it is a formidable
task to derive an analytical formula. We have derived an
analytical and experimentally feasible lower bound for
GME concurrence of any tripartite quantum state based
on the correlation tensors of the density matrix. We have
also obtained an effective criterion to detecting GME for
any tripartite quantum states by sketching the Vicente’s
method. Genuine multipartite entanglement can be de-
tected by using this bound. The results presented in this
manuscript are experimentally feasible as the elements
in the correlation tensors are just the mean values of the
Hermitian SU(d) generators. The approach used in this
manuscript can also be implemented to investigate the
k-separability of multipartite quantum systems. The re-
sults can be also generalized to any multipartite qudit
systems.
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