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ABSTRACT

Lying in between entanglement and Bell nonlocality, the Einstein-Podolsky-Rosen (EPR) steering has received increasing at-
tention in recent years. To characterize the EPR-steering, many criteria have been proposed and experimentally implemented.
Nevertheless, only a few results are given to quantify the steerability with analytical results. In this work, we propose a method
to quantify the steerability for two-qubit quantum states in the two-setting EPR-steering senario, by using the connection be-
tween joint measurability and the steerability. We derive the analytical formula of the steerability for a class of X-states. The
sufficient and necessary conditions for two-setting EPR-steering are presented. Based on these results, a class of asymmetric
states: one-way steerable states are obtained.

Introduction

Quantum nonlocality, EPR-steering and quantum entanglement are important quantum correlations. EPR-steering, originally
given by Schrodinger in the context of famous Einstein-Podolsky-Rosen (EPR) paradox [1], lies in between quantum nonlo-
cality and quantum entanglement, which means that one observer, by performing a local measurement on one’s subsystem,
can nonlocally steer the state of the other subsystem. Recently EPR-steering was reformulated by Wiseman et al who showed
the hierarchy among Bell nonlocality, EPR-steering and quantum entanglement [2]. EPR-steering has shown to be of advan-
tages for the quantum tasks such as randomness generation, subchannel discrimination, quantum information processing and
one-sided device-independent processing in quantum key distribution [3, 4, 5, 6, 7] etc..

Many efforts have been made to detect and measure EPR-steering. Some steering inequalities based on uncertainty rela-
tions [8, 9, 10, 11, 12, 13], inequalities based on steering witnesses and Clauser-Horne-Shimony-Holt (CHSH)-like inequality,
and geometric Bell-like inequalities et al [ 16, 18, 19, 20, 14, 15, 17] are constructed to diagnose the steerability, which usually
are necessary conditions. Besides inequalities, all-versus-nothing proof without inequalities, were also presented to detect the
steerability [21]. But only a few methods are given to quantify EPR-steering based on maximal violation of steering inequal-
ities [22], steering weight [23] and steering robustness. In these cases semi-definite programming are needed to calculate the
measures. Recently, the radius of super quantum hidden state model was proposed to evaluate the steerability [25] by finding
the optimal super local hidden states. Nevertheless, it is formidably difficult to find the optimal super quantum hidden states.
A critical radius was proposed through the geometrical method and the critical radius of T-states was calculated explicitly [24].
The closed formulas for steering were derived in the two and three measurement scenarios [26], however, which is the case
when Alice and Bob are both allowed to measure the observables in their sites. It has been proven that there is a one to one
mapping between joint measurability and the steerability of any assemblage [27, 28, 29, 30]. By using the connection between
steering and joint measurability, the closed formula of the measure for two setting EPR-steering of Bell-diagonal states was
given [31]. However, for any two-qubit quantum states, one still lacks the closed formula for the steerability problem even for
2-setting scenario.

Different from the Bell nonlocality and quantum entanglement, steering exhibits asymmetric features, proposed by Wise-
man et al [2]. There exist quantum states psp, for which Alice can steer Bob’s state but Bob can not steer Alice’s state,
or vice versus. This distinguished feature would be useful for some one-way quantum information tasks such as quantum
cryptography. But until recently only a few asymmetric states are proposed and experimentally demonstrated [33, 34, 25, 32].

In this work we aim to investigate the analytical formula for the quantification of EPR-steering and get the necessary and



sufficient condition of steerability for a class of quantum states. Then the asymmetric feature of EPR-steering will be also
investigated.

Setting up the stage

Consider a bipartite qubit system p4p shared by Alice and Bob, with reduced density states p4 and pg. Alice performs positive-

operator-valued measures (POVMs) I1y; on subsystem A, where IT; = 3(L+(—1)%ii- 6), I is the identity matrix and 6 =

(0x, 0y, 0;) are the Pauli matrices. Alice gets the result k (x =0, 1) when measuring along the direction 7i. Bob’s unnormalized

conditional state is Py = Tra[pap (Il @ I)]. Bob’s unconditional state pp = Trapap = ¥ Py remains unchanged under any
K

measurement direction. A state assemblage Py ; is unsteerable if there exists a local hidden state model (LHSM) with the
state ensemble of p;p; satisfying py; = ZP(K|n i)pipi, where pg = Zp,p, and ZP(K|n i) = 1. The quantum state psp is

unsteerable from A to B if for all the local POVMEs, the state assemblages are all unsteerable. The quantum state pap is
steerable from A to B if there exist measurements in Alice’s part that produce an assemblage that demonstrates the steerability.
The corresponding local hidden state model and the joint measurement observables are connected through O ; = \% Pk ﬁ%

and G; = \/pTa PiPi—7= f by the one to one mapping between the joint measurement problem and the steerability problem, when-
ever pp is invertible [27]. The steerability can be detected through the joint measurability of the observables.
N 3
Two setting steering scenario: Any two-qubit quantum state can be expressed by pap = (Is+d- G R L+ 1L ®Db-G+Y ¢i0; ®
i
0;) /4 under local unitary equivalence, where d b,eER, 01 =0y, 00 = 0y, 03 = 0;, 6 = {01,02,03}, C = Diag{cy,c2,¢3}
is the correlation matrix.
When Alice performs two sets of POVMs I, = (I + (—1)%7;-6)/2 (i = 0,1, kK = 0,1) on A with 7i; = (sin a; cos f3;,
sin o;sin f;,cos @;), Bob’s unnormalized conditional states are pj;; = Tr[Pys] (12 + (—1) 5k, - 6)/2, where Tr[pyz] = (1 +

(=1)¥a@-7%;)/2 and 5y; = (b+ (=1)*C- n,)/(2Tr[ﬁK|ﬁi]). Then when |b| # 1, the measurement assemblages

Ox(ring) = P gy = 3(1+ (1)) + (=18 ),

ﬁ\

where g,' =UH;, x; =V ii; with

- ba’ +(—1+«/1—\b|2)BETC+ c
b —1 bI2([62 = 1) NS

andV = alT:‘i‘TzC. Then { Px| i  x.i are unsteerable assemblages if and only if { Oy (x;, &)}« are jointly measurable [37, 38, 39],
namely,
2 2
2 2 X d S o 2
U—%—%W—ﬁ-ﬁﬁ(gg-wn<a (1
X0

where Fy, = 3(1/(1+x)2 = g2+ /(1 —x)* ~ &), &i = [8il.
(1) gives rise to the condition for Alice to steer Bob’s state. If Bob performs two sets of POVMs Il on his system to
steer Alice’s state, the corresponding condition can be similarly written by changing @ — b,b—@and C — CT in (1).
However, generally it is quite difficult to deal with the condition (1) and get explicit conditions to judge the steerability
for an arbitrary given two-qubit state. For Bell-diagonal states, a necessary and sufficient condition of steerability has been
derived from the relations between steerability and joint measurable problem [31]. In the following we study the steerability
of any arbitrary given two-qubit states. We present analytical steerability conditions for classes of two-qubit X-state.

Results

Steerability of two-qubit states
First, based on the jointly measurability condition (1) of {Ox(x;, &)}« for two-setting steering scenario we define the steer-
ability of two-qubit states psp by

S = max{max(S; — S2),0}, 2)

a;,Bi

2 2

X — - . . .

where ) = (1 - F2 —F2)(1— % — 7)., S2 = (30 §1 —xox1)%, and the maximization runs over all the measurements Iz,
XO .’Cl

namely, over the parameters ¢; and f3;, i = 0, 1. It is obvious that S lies between 0 and 1. pap is steerable if and only if § > 0.
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For general two-qubit states, global search can be used to get the global minimum values of S. We give matlab code in the
supplementary material.

Due to the relationship between joint measurements and steerability, local hidden states 5, are represented as \/pPpGuv\/Pp
(1 =£1,v=+£1), where Gy, = (1 + pxo +vx; + UvZ + (WZ + ugo +vg1)3) which are all possible sets of four measure-
ments satisfying the marginal constraints for any two jointly measurable observables { Oy (x;, g,-)},c,,» [37, 38, 39]. The steering
radius R(pag) [25] can be calculated by optimizing 7 and Z.

In the following we calculate analytically the steerability S for some X-states px. We define a class of two-qubit X-states
to be zero-states P, if the X-states px satisfy the condition that the maximum points (stationary points) of S; belong to the
zero points of S, with respect to the measurement parameters ¢; and f;, (i = 1,2).

3
For any two-qubit X-state, px = %(14 +a303 1 + b3l ® 03+ Y.¢;0; ® 0;), we have U = Diag{u;,up,u3}, V =1[0,0,13],
f

where uy = c1/1/1—b3, us = c3/\/1 — b3, us = (asb3 — c3) /(=1 +b3) and 13 = (a3 — b3c3) /(1 — b}). We have the following
results:
Theorem. For the zero-states p..,,, the analytical formula of the steerability is given by

S =max{A;,A;,A3,0}, 3)

where & = 18+ 13 — 1, & = 3 ~ ) 1 +18 -+ — 1 — (1 =)y /(1 —0? — ) (14122~ )], 82 = Lo —

2)+uws+ui+13—1—(1—u3) x \/((1 —13)2 —u3)((1+13)2 —u3)]. When S > 0, the optimal measurements which give rise
to maximal S are o, and o, if A; > max{A;,A3,0}, o, and o; if Ay > max{A,A3,0}, o, and o if A3 > max{A;,A,,0},
respectively.

See proof in supplementary material.

It is obvious that any X-state with 73 = 0 belongs to Peers, €.8. |@) = a|00) + /1 —a?|11) (0 < |a| < 1) and the Bell-
diagonal state p = %(H— €101 ® O] + 202 ® 02 + ¢303 ® 03) are all the zero states. For |¢), we have S = 1.

For the Bell-diagonal state, interestingly the steerability S is given by the non-locality characterized by the maximal
violation of the CHSH inequality. Let Bcysy denote the Bell operator for the CHSH inequality [35], Beusy = A1 Q@ By +
A1 ®By+A>,@B1 —Ay @By, where A; =d; - G, B; = b -0, d; and b,, i = 1,2, are unit vectors. Then the maximal violation of
the CHSH inequality is given by [36]

N= max [(Bersr)pl=2VT1+, “)

where 7; and 7, are the two largest eigenvalues of the matrix 777, T is the matrix with entries 7}, ap =tr[poq®ogl, o, =

1,2,3, 1 stands for transpose and conjugation. For the Bell-diagonal state, we have N = 2 c1 +c2 +c3 —mln{cl,cz, }

From (3) we get that the steerability of Bell-diagonal state is given by S = N -

For t3 # 0, we give the explicit conditions of zero states in supplementary material.
In the following we present the maximum value of the steerability S for given N of peo.

Corollary 1: For zero-states p,.,, with given N, 0 < N < 2, we have S < % Moreover, S = N/2 is attained when

az=1—c3 —‘rb3, by — —1,c1 = (l +b3)(C3 — b3)7 ) = —Cq, ie. Pzero has the following form,
M 0 0 + V (1+b3)(€3—b3)
2 1763 0 02
0
= 2
Px, 0 5 0 0 )
+ (1+b32)(c37b3) 0 0 L'3;b3

The following corollary gives the conditions at which one gets the minimal value of S for given N.

Corollary 2: For zero-states pg,, with given CHSH value N, S gets the minimal value when a3 = 0 and b3 = 0 or
laz +b3| = /(14 ¢c3)2 = (c1 —c2)? or |as —b3| = /(1 —c3)2 — (c1 +2)2.

The proofs of Corollary 1 and Corollary 2 are given in supplementary material. In Fig. 1, we give a description for the
boundaries of the steerability S for given value of N. From Fig. 1 we see that for any given N with 0 < N < 2, the lower bound
of S is always 0 and the upper bound of S is always less than 2 (light blue), and for N > 2 the lower bound of S is always
greater than 0 and the upper bound of S is always 2 (dark blue).
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Figure 1. The regions of the values taking by the steerability S for given N.

For zero-states .y, the steering radius R(p,.r,) can be obtained when Alice measures her qubit along the directions o,
and oy, or oy and 0; or 6, and o;. Actually, from the construction of joint measurements [37], when Alice measures her qubit
along the directions of o, and o, the local hidden states can be expressed as

My Oy + m;O;

—(I, + ,
2(2 1—|—,ua3+v(b3z3+Z))

where m, = uv(c; + 14/ 1 —b%zl), m; =bs+ ez +v(zz3+b3Z), p = £1,v = £1. Therefore

R(Pzero) = max{r(px)xy; 7(Px)xz> F(Px)yz }» (6)
where
r( zero)xy =1/ C% + C% + bz; r(pzero)xz = ZF,?@I}ZI?LE}VX ’7‘},% r(pzem)yz = Zfrgnzrﬂavx rlyﬁv;
(c1+ 14/ 1—=b321)% 4 (b3 + pes +v(z3 + b3Z))? oz (c2+ 14/ 1= b321)* + (b3 + pe3 +v(z3 + b3Z))?
py (1+ pas +v(bszz +2))? ’ py (1+ paz +v(bszz +2))?

It is not easy to calculate r(Pzero)x; and r(Pzero )y, analytically. We give the analytical results for R(p..,,) for some special
states in the following.

Asymmetric two-setting EPR-steering
Different from Bell-nonlocality and quantum entanglement, EPR-steering has the asymmetric property - one-way EPR steer-
ing: Alice may steer Bob’s state but not the vice versa. The demonstration of asymmetric steerabiliy has practical implications
in quantum communication networks [40]. Till now only a few asymmetric steering states are found [33, 34, 25, 32]. Here we
present a class of asymmetric steering states of the form py, in (5).

If Alice performs measurements on her qubit, the steerability is given by S(px,) = max{% ,0} which approaches c3
when b3 approaches to —1 and c3 > 0. If Bob performs measurements on his qubit, the related steerability is given by

(1+4b3)(b3 +c3)
(2+b3 —63)2

which equals to zero as long as (14 b3)(b3 + ¢3) < 0. Therefore, when 0 < ¢3 < —b3 and b3 — —1, Alice can always steer
Bob’s state, but Bob can never steer Alice’s state, see Fig. 2 for the asymmetric EPR-steering for b3 = —0.999. We see that
Alice can always steer Bob’s state, while Bob can not steer Alice’s state.

In the following part, we investigate the geometric features of the asymmetric steering state-py, in terms of the steering
ellipsoid [41]. The steering ellipsoid of px, when Alice performs POVMs is quite different from that of when Bob performs
POVMs. The center of the steering ellipsoid s for Alice performing POVMs on her qubit is (0,0, (b3 —ascs3)/(1—a3)),
which goes to (0,0, —1) when b — —1. And the volume of the steering ellipsoid &g is

S(px,) = max{ 0}

41 |C]C2<C3 —a3b3)| _ 4£ (1 +h3)2
3 (-ay 3 —crtb)?

Here the steering ellipsoid is tangent to the Bolch sphere. The center of the steering ellipsoid €4 for Bob performing POVMs

on his qubit is
1—c3

1—by

—b
(0,0, 2= = (0,0
1— b2

),
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Figure 2. The steerability S versus c3 for b3 = —0.999: dashed line for Alice steering Bob’s state, solid line (horizontal
coordinate) for Bob steering Alice’s state.

which goes to (1 —c¢3)/2 when bs — —1. The volume of the steering ellipsoid €, is given by

41 ‘6‘1C2(C3 —Cl3b3)| _ 47[(6‘3 —b3)2
3 (1-b3)2 3(1—b3)2

which goes to ”(1%03)2 when b3 — —1. The steering ellipsoid is also tangent to the Bolch sphere. Here the ellipsoid represents

some peculiar feafure, when b3 — —1 and c3 — 0, , the ellipsoid &g are almost 0, but Alice can still steer Bob; When b3 — —1
and c3 — —bs, , the ellipsoid &4 are almost the whole Bloch sphere, but Bob can not steer Alice.

As a special case of py,, we take az3 =1 —-2n(1—x),b3=2nx—1,c3=2n—1,c1 = —co = =21/ x(1 — x). The state
has the following form,

nx 0 0 —-nyx(1-yx)
0

X 0 I1-n 0
Wi = 0 0 0 0 : )
-nyvx(l—=x) 0 0 n(l—x)

From the Theorem, we get that when Alice measures her qubit,

L+n(=2+%) n(+n(=2+x)(=1+%)
—l+nx (1-nx)?
The sufficient and necessary condition in the two-setting steering scenario is 7 > 1/(2 — ) for Alice to steer Bob’s state. The

corresponding optimal measurements are oy and O,
If Bob measures his qubit, the steerability is given by

S(W) =max{ ,0}.

nx(=1+n+nx) —1+n+nx 0.
(I+n(=14%))* "1+n(=1+%)

The sufficient and necessary condition for Bob to steer Alice’s state is 7 > 1/(1+ ). The related optimal measurements are
o, and oy. The asymmetric property in quantum steering given by this example is shown in Fig. 3 and Fig. 4. The steering
radius is \/1—41x(1 —n(2— %)) when Alice measures her qubit, and /1 —4n(1 —x)(1 —n —ny) when Bob measures
his qubit.

As another example showing the asymmetry of quantum steering, we consider the state W‘f [25],

S(WF) = max{

W =Vy1) (wi] + (1= V) [ya) (v, (8)

where |y;) = cos 6|00) +sin8|11), |y2) = cos610) +sin6|01), 6 € (0,7/2), V € [0,1/2) U(1/2,1]. W is a zero state.
From our Theorem, we have that when Alice performs the measurements on her qubit, S(W,¢) = (1 —2V)2. The optimal
measurements are Oy, Oy Or Oy, O;. This state is always steerable for Alice except for V =1/2.

When Bob performs two projective measurements on his qubit, we have

(1-2V)? —cos?260 sin26%((1—2V)? —cos>20)
—(1—=2V)2c0s2260° (1—(1—2V)2cos226)?

S(W¥) =max{ ; ,0}. ©)

The sufficient and necessary condition in the two-setting steering scenario for Bob to steer Alice’s state is | cos20| < |2V — 1|,

with the optimal measurements o, and oy. For W‘f the corresponding steering radius is \/ 1+ (1—2V)2sin?26 when Alice
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Figure 3. The parameter region for S/Big Alice (Bob)
steer Bob’s state and Bob can also steer Alice’s state
(Alice) can not steer Alice’s (Bob’s) state. In regi

0.0 “
0.0 . I

05 05 | C

1.0 1.0
(a) (b)

Figure 4. Fig. (a) (Fig. (b)): S (W,’f ) when Alice (Bob) measures her (his) qubit.

measures her qubit, and 1/ (1 —2V)2 + sin? 20 when Bob measuring his qubit. From Fig. 5 we see that Alice can always steer
Bob’s state except for V = 1/2. While Bob can only steer Alice’s state for some V depending on 6.
From our Theorem, analytical results of steerability can be obtained for more detailed zero states. And the asymmetric
property of steering can be readily studied. In the following we give two examples of symmetric two-setting EPR-steering.
Example 1. The two-qubit nonmaximally entangled state mixed with color noise,

Pen = VIW(O))W(O)] + - (100)(00] + 11)(11]),

where |y(8)) = cos 8]00) +sin8|11), 8 € (0,7/2), V € (0, 1]. The steerability is given by S(pen) = V?sin>26 /(1 — V2 cos26?).
Therefore p.n is steerable if and only if V'sin26 # 0.

Example 2. The generalized isotropic state, py; = V|w(0))(w(0)|+ (1 —V)I/4, where |y(0)) = cos 6|00) +sin0|11),
0 € (0,m/2), V € (0,1]. The state reduces to the usual isotropic state when 6 = 7/4. By our theorem, we get the analytical

steerability of pg;,

S(pai) = 1-V2cos246+(1-V) (l+V)274V2c08229XV2(1+251n229)7]7(17V) (14V)2—4V2cos2 20
Pgi) = 4(1-V2cos220) 1-V2cos226

Hence, the sufficient and necessary condition of steerability is 14 (1 — V) \/(1 +V)2—4V2c0s220 < V2(1+25in>26).

Discussions

Based on the one-to-one correspondence between EPR-steering and the joint measurability, we have investigated the steer-
ability for any two-qubit systems in the two-setting measurement scenario. The steerability we introduced is invariant under
local unitary operations. Analytical formula of the steerability for a class of X-states has been derived, and the sufficient and
necessary conditions for two-setting EPR-steering has been presented. For general two-qubit states, it has been shown that the
lower and upper bounds of the steerability are explicitly connected to the non-locality of the states given by the CHSH values
of maximal violation. Moreover, we have also presented a class of asymmetric steering states by investigating the steerability
with respect to the measurements from Alice’s and Bob’s sides. Our strategy may be also used to study the quantification
of steerability for multi-setting scenarios, especially for three-setting scenarios since the joint measurability problem of three
qubit observables has already been investigated [42, 43]. Our method may also be used to the continuous variable steering,
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Figure 5. S (WV6 ) versus 0: blue solid line when Alice measures her qubit; red dashed line (6 = %), red dotted line (6 = §)
and red dot-dashed line (6 = l—’%) when Bob measures his qubit.

temporal and channel steering. The steerability of the state assemblages or the instruments assemblages can be connected to
the incompatibility problems of the quantum measurement assemblages [44, 45], so the steerability of the quantum states or
the quantum channel may also be studied by investigating all their corresponding incompatibility problems through over all
the measurement parameters.
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4 Supplementary Information

4.1 Proof of the Theorem

_ [ Ux)? =g (1—x1)*—¢}) _ 2, 2 2 2 _ 2 2 2, .2 _ &
Denote § = \/((1+X0)2g:2))<(1x())2gé>, Op=1-x(+g7+6(l+x5—gp), &2=1+x7—g7+6(1 —x5+g;), 6 = % and

oy = %. To calculate the term max S; of the steerability, we compute the derivations of §; with respect to the variables o; and

a;,Bi
Bi,i=1,2,

S ) . as ) .

ﬁ = sinajcosa;[d u% cos® B1+ 8 u% sin? B1— 01 u% — 52132], a—ﬁl =35, sin’ q sin Bicos By (u% — u%)7
1 1

S ) . aS . .

37061 = sinoypcos 0n[S3uf cos? By 4 S3ud sin® By — S3u3 — 8413), a—ﬁl =8 sin® o sin B cos By (5 — u?).
) 2

98 _ 98 _ 98 _ 98 _ . .
From Jor = 9B — da — 9B = 0, we have the following solutions,

sinjcosop =0 or A=0,
sin” o sin By cos B =0,
sinapcosop =0 or Q=0

sin® o sin BacosfBr =0,
where A = §; (u% cos? By + u% sin’ B — u%) — 62t32 and Q = & (u% cos? By + u% sin By — u%) - 54t§. Therefore we have either

sino cos o = 0,

sin® oy sin B cos By =0,

. (10)
sinap cos o =0,
sin® o, sin BrcosfBr =0,
or
sin; cos o =0,
sin® oy sin BicosPB; =0,
(11)

sinopcosap #0 but Q =0,

sin® o, sin Brcos By =0,
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or

sinajcosa #0 but

A=0,

sin® oy sin BicosPB; =0,

. (12)
sinop cos 0y =0,
sin® o sin Bacosfr =
or
sinajcosa; #0 but A=0,
sin® oy sin By cos B; =0, (13)
sinopcosap #0 but Q =0,
sin® ot sin 8 cos B = 0.
Actually, (11) is equivalent to (12). Hence we only need to consider (10), (11) and (13). From (11), we have
coso =0, . 0
sina; =0,
sinBj cos By =0, !
Q=0 2=0, (14)
o sinBycosfBr =0
sin 3, cos B, = Prcos Pz
which gives rise to
o T
1= 7
2
g (= o =0,
T o {00 (15)
Q= Oa (.] — 1)7T
B =L
2 ) y
(13) is equivalent to
A=0
A=0, g _ =D
sin B cos By =0, 1= g
Bi cos By . 2 (16)
Q=0, Q=0,
sinfcos B =0 (j— =
B =
Herei=1,2 and j = 1,2. Form (15) given a1 =0,p="FFora; =% B = T B= T Q=0is an equation
satisfied by a. From (16), given B; = “5% B, = G=bm l then A=0and Q=0 are equanons satlsﬁed by the variables oy

and 0. Hence we have the followmg condltlons

(M Fora; =7, B1 =

DT and By, = U= 1> , if the equation Q = 0

(a) does not have a solutlon or

(b) only has the solution o =

(¢) has the solutions o = a2 # ’"” , but this solution o = ocg , together with o; =

the maximum points of § 1
(I) For oy =0, B, =

m77:

(m=0,1), or

Z.Bi= 7(!'—21)71 and B, = 7“}”71,

are not

T if the equation Q =0

(a) does not have a solutlon or

(b) only has the solutions o =

(c) has the solutlons o = 052 ;é

(HI)Forﬁl
o =7 T om= O,I,n—O 1.

U and B, = U= 1> , the equations A = 0 and Q = 0 are satlsﬁed simultaneously if and only if ¢ =

,m=0,1, or

Z but op = ocz, together with o =

0,8 =

, are not the maximum points of S.

mn
27
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It is obvious that if py satisfies all the conditions (I) to (IIT), the candidates of the maximal points of S; are @; = %, a =0,
ﬁ[ ZOOI‘(Xl = %, (Xzzo,ﬁl ZgOI'Otl ZO, azzg,[b:Oora] 20, O = %,ﬁzZ%OI'Oﬂ ZO, OCQZOOI‘OC] = %,OQ:%,
Bi=0,B=Foras =%, 00=7,B1 =%, B =0, therefore the maximum points of S; are all the zero points of S, i.e.
the states satisfying (I)-(III) are zero-states p,.r,. We do not need to consider the case oy = op = 0, since when ¢ = ap =0,

S| — 82 < 0. Therefore, S = max{Aj,Az,A3,0}. O

4.2 Conditions of p.,,, for X-state
For any given two-qubit X-state, it is difficult to check if the state belongs to zero-state or not. Here we study further the

conditions that a X-state needs to satisfy to be a zero-state p..,,. In the following we denote cond..,, the conditions such that
px satisfying cond,,, is a zero state.

We have already classified the problem by conditions (I)-(II). For conditions (I): oy = [31 U= and B = ) (i, j=
1,2), © = 0 is actually an equation satisfied by cos . We can prove that the following conditions are equivalent to (I)
lal).

w<uy or [ —u3+13) —13) (i —d)][uF (uF — i +15) —ui +uz] <0,i=1,j=1
w<uy or [ —u3+83) —13)(uF —d)][uF (uF — i +13) — 5 +u3] <0,i=1,j=2
wy<uy or [ —u3+83) —83) w5 —ud)][uwi (uF — i +13) — 5 +u3] <0,i=2,j=1
3<u3 or [(ulz(ug—u%—|—t32)—t%)(uf—u%)][u?(u?—u%+t3) u; —|—u3]<0,i=2,j:2

1a2). if the conditions in lal) are not satisﬁed that is, at least one of the four inequalities in lal) is not satisfied, i.e. for

the i and j which satisfy u7 > u3 and [(uf (u3 —u3 +13) —13) (5 — u3)][u3 (u5 — 3 +13) — u3 +u3] > 0, we have

3~ + 5+ —u3+83)) |olluf (-3 +8) +ui—ui - | g —uwi+ (i —ui+13)
(u?—u%—i—t%)z (uj—u3—|—t3) (uf—ug)(ulz(ui—u3+t3)—t3)

(u%—u?—l—t%—i—u?(u?—u%—&—t%)) |t3||u (u —u3+t3)+u —u3—t3| —u?—i—u?(u u§+t32) “0
(u?—u§+t32)2 (u?—u3+t3) (u%—u%)(ulz( %—u3—|—t3)—t3) '

1a3). if the conditions in lal) and 1a2) are not satisfied, i.e. for the i and j which satisty u >u3 and [(u? (u? —ui +13) —

J
t3)(u —u%)][u?(u%—u3+t3)—u3+u3] 0, we have
Cosza:(u%—u§+t32+u§(u§—u%+t32)) \t3|\u1~2(u§—u%+t32) u—u3—t3\ u%—u?—i—uf( —u%—i—t%)
us—us+t us—us+t us —us)(us(us —us+15)—t
: G P AP D))
(—1+ul~2)(2u§—u‘}—2u§+u§72(1+u%)t3 +15+ (u 37u%+t32)2)(2005a2271) 0
<
2(1 —I—u)(uz—u%) 2(1—u2)2
or
o BB R d+R) el B+t Rl [ d—i s — i)
2 = - =
(uF —u3 +15)? (uF —u3 +15)? (3 —103) (uf (uf — 15 +15) —13)
(—1—l—uiz)(2u§—u?—Zu%—i—u‘{—Z(l—i—u%)%—i—t3 (u 3—u%+t32)2)(20050o22—1) 0
- - <
21 +12)(E — 1) —2(1—12)3

If py satisfies conditions lal) or 1a2) or 1a3), we have for oy = %, B = W and 3, = w, Q = 0 does not have
solutions.

If both 1al),1a2) and 1a3) are not satisfied, then
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1b) for the i and j which satlsfyu > u3 and [(u3 (u?—u3—|—t3)—tg)(uf—u%)}[uz(uf—u3+t3)—u +u3] > 0 we have
cos’ 0 (u§7u5+t32+u§(u57u%+t32)) |t3|u? (ujfu3+t3)+u —u3 — 13| u%—u?—ku?(u —u3+13)
) = -
(u?—u%—i—tf)z (u?—u3+t3) (u%—u%)(u,z(uf—u3—|—t3)—t3)
(=14 uf) (2u5 —uf — 205 +u§ —2(1+u3)65 +15 + (5 —u5+13)%) o
2(1+u? )(uj—ug) 2(1—u?)i? -
or
ol g (ugfu§+t32+u§(u§fu%+t3z)) |t3|u? (ujfu3+t3)+u —ui — 13| u —u?—ku?(u —ui+13)
h = =
(u%—u%—kt%)z (u?—u3+t3) (u?—u%)(ulz( 3—u3+t3)—t3)
(=14 u7) (205 — iy — 2u3 +uf —2(1+u3)i5 +13 — (uF —uz +13)?) o
2(1+u)(ujfu§) 2(1—ud)i3 -
ie foroy =%, B = andﬁ — Uz 1>” , Q = 0 has the solution a = % (m =0 or l)

2
1c) for the i and J Wthh satisfy u >3 and [( (u? —ui+8)— t3)(u —u3)] [uz(u3 —3+13) — u +u3] > 0, we have

PO C s e Rt e O A e e e e R R e R LI
(5 —uz+13)? (5 —uz+13)? (5 —u3) (uf (0 — w3 +15) —13)
(—1—|—u%)(2u§—u‘}—2u%+u‘3‘—2(l+u§)t32+t§‘+(u?—u§+t32)2(20052a2—1))
N2 2 23,2 >0
201+ up)(u; —u3) —2(1 —up)ts
or
CoszaF<u%—u§+r§+u§(u§—u%+r%>)_\r3|\u%(u§—u§+r§)+u —B-dl | B-grs-ded)
(u?—u%—i—t%)z (u?—u%—&—@) (u?—u%)(ulz(uf—%—l—%)—%)

(-1 +u%)(2u§—u‘}—2u%+u‘3‘f
20+ D)@ —i2) -

J
2(1—u)2

1

2(1+ud) +15 + (u? —u3 +13)*(2cos? o — 1)) N

=

of) 5 (m =5 B =" p =,

= 1,2), but we require that o

i.e. for some i and j, Q = 0 has the solutions o, =
o = otg are not the maximum points of § 1

0,B =
Letr) = \/((1 +13)2 —ud)((1—13)? —u3), r=ul+6+ (3 —132)2—|—u§(—1 —u3 +13), we can prove that the following

conditions are equivalent to (II).
2al)

2 2

I/l] < us or
2 2
J

ui <uz or

For condition (I): when o = ( j=1,2), Q=0is actually the equation of cos o.

—1—u3+13))(
—1—u3+53))(r

(”3+” (u
(”3+'4 (u

r3—r
2
=

= =

(;—u3+14)) <0, j=2

2 (F—u3+13)) <0, j=1
2 2
j r\u;

If the conditions in 2al) are not satisfied, i.e.

2a2) u? > u3 and (u%—l—u%(u?—1—u%—{—t%))(r%—r%(u?—u§+t32)) >0,j=1orj=2orj=1,2, but

w3+ 15 +ui (s — 1 —u3 +13)

(uf —u3+13)?

2|rats] u%—&—uz-(u?—l—u%-m%)
(u%—u%—&—t%)z 13 —ri(ud —u3+13)

w3+ 13 +u5 (5 — 1 —u3 +13)

2\r2t3\

(u? —ui+13)?

J

(2 —iZ+7)
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If the conditions in 2al) and 2a2) are not satisfied, i.e.
2a3) uf > u3 and (u%%—uf(u? — 1= +13))(r5 — r%(u3 —13+13)) =0, j=1lorj=2orj=1,2,but

u§+t§+u§(u§flfu%+t32) 2|rat3] u3—|—u (u —1—u3+t3)
W?‘“%"'%)z (u 3_”%‘”%)2 2_”1(“3_“3"’%)

(1= u5) (5 —uz) — (1+u3)e5 + (u5 —u3 +13)* cos 0
w3 +15+ (U3 — 132+ ui (=1 —u3 +13)

cos’ o =

or
c0s2a2:M§+t32+u§(u?_l_u§+t32) 2|t u%—i—uZ( 2-—1—u§+t32)
(&~ + B2 (@@ +3P\ AR d+8)
(1 —uf)(uz—u3) (14 u; )t3 (uf — 13 +12)? cos
ud+03 4 (u3 —13)? +u; H-1—u3+13)
If px satisfies conditions in 2al) or 2a2) or 2a3), we have for o = 0, B, = ~.52=, Q = 0 does not have solutions.

If both 2al), 2a2) and 2a3) are not satisfied, i.e.

2b) w5 > w3 and (u3 +u5 (5 — 1 — 3 +13))(r3 — rf(u5 —u3 +13)) =0, j=1lor j=2or j= 1,2, but

cos? oty = M§+f§+u§(u?—l—u§+t§) 2|3 M%‘FM%(H%*]*M%*{“Z‘%) _
(w3 +15)? W—d+372\ RB-Rw—i+1)
(1 —u?)(uf—u%) —(1 +u§)t32+(u§ —ui+13)?

w313+ (u3 —13)2 +ui (=1 —uz +13)

or
) u§+t§+u§(u§—l—u§+t32) 2|rat3] u3—|—u (u —1—u3—|—t3)

cos™ o = > 2 o0 R Y 2 =0
(uf —us+13) (uf —us+13) 2"1(”;’ w3 +13)

(- - -+
ud+034 (U3 —13)? +uj(—1 —ui+13) ~

i.e. for oy _O B = U= ]) , @ = 0 only has the solution ap = "% (m=0,1).
2c)u > u3 and (u3+u (u —1—u3+t3))(r2—r%(uz—u3+t3)) >0,j=1lorj=2orj=1,2, but

U R L R SR YN U R R R
(u?—u%—l—t%)z (u 3—u%—|—t§)2 r3—r u?—u%—i—t%)
(vwwﬁ—%>u+um+%—%+m%m@>o
w3 +15+ (U3 —13)2 +ui (=1 —u3 +13)
or
c0s2a2:M§+t32+u§(u?_l_u§+t32) 2|t u%—i—uZ( 2-—1—u§+t32) -0
(uf —uz+13)? i =3 +5)*\  r3—r(uf—u3+13)
(l—uf)(uz—ug) (1+u )3 (uf—u3+t3)zcosa22 >0
u+13 + (u3—t3) +id(—1 -3 +13) -
ie. forog =0, B = U= "0 = 0 has the solution o = o) o, # %, but we require that oy =0, B, = w and ap = 0521 are

not the maximum of §;.
For condition (IIT): If tg‘ #* (u% - u%)(u% - u%), when f; = %” B = %”, A and Q can not be 0 simultaneously, then (13)
does not have solutions. O
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4.3 Proof of Corollaries
Proof of Corollary 1: For the states p..,,, the positivity of density matrix gives the conditions (a3 —b3)>+ (c1 4+¢2)> < (1—¢3)?
and (a3 + b3)2 +(c1— Cz)z <(1 +C3)2.

Case I: The maximal value of A; = u} +u3 — 1

From the condition (a3 — b3)? + (c1 +¢2)* < (1 —¢3)? and (a3 +b3)> + (c1 — 2)* < (1 +¢3)?, we have that ¢ + ¢ <
G393 C%f“s
1-03 ° 1-b3
(c1+¢2)* <(1—c3)? and (az +b3)% + (c1 — c2)* < (1+¢3)%, we get |[a3 —b3| < 1 —c3 and |az +b3| < 1+c3. When az =0,
b3 attains its maximum value, min{1 — ¢3, 1+ ¢3}. Therefore,

1+ ¢} —a3 — b3 Hence, ul +u3 — 1 < gets the maximum value for small a3 and large b3. Due to (a3 — b3)* +

2 2 2
343 3

1-53 ~ 1—min{(I —c3)?,(1+¢3)*}

< esl.

Actually when ¢3 > 0, if b3 — —1 and a3 —b3 = 1 —c3, we have u3 +u3 — 1 — ¢3. When c3 < 0,if b3 — 1 and a3 +b3 = 1 +c3,
we have u +u3 — 1 — |c3].

Case II: The maximal value of Ay = Y[uf (i3 — 1) +uf +ud+15 —1—(1— u%)\/((l —13)2—ud)((1+13)2 —ul)]

For any given a3, b3 and c3, A, increases with |c1|. The maximum value of ¢; is attained when (a3 —b3)? + (] +¢3)? =
(1 —c3)? and (a3 +b3)> + (c1 —¢2)> = (1 +¢3)>. We only need to consider the parameters a3,b3,c1,c, and c3 which sat-
isfy (a3 —b3)> + (c1 +2)? = (1 —c3)? and (a3 +b3)> +(c1 —2)?> = (1 +c3)% Let Ty = /(1 —¢3)2 — (a3 —b3)3, [ =
V/(1+¢3)2 — (a3 +b3)2. We assume ¢| > c3, and ¢; > 0, then ¢; < % Setcy = % —x,c1 = % +x,for0<x < % We have
that A, is an increasing function of x. Hence

c%—a% 1—b§+c§—a§+rlr2
2(1-03) 1-b3

Ay <

/(11— b%) attain the maximum value when ¢3 > 0 (< 0) and asbsz > 0 (< 0). By the optimization method, one can
2 2 2 2 2
cs—a3y 1-b3+cs—az+I'11
find 2(1-62) 1-b3
approaches to —1 and a3 — b3 = 1 —¢3, or b3 — 1 and a3 + b3 = 1 4¢3, we have the maxima of Ay = |c3].
We have the steerability S < |c3| when b3 — —1 and a3 —b3 = 1 —c¢3, or b3 — 1 and a3z + b3 = 1 + ¢3. Then either
cr=—cp =2/ (14+b3)(cs—b3)orci =cy ==%+/(1 —b3)(b3—c3),and S < % This completes the proof. O

Proof of Corollary 2: Due to the positivity of density matrix py, a3, b3 and ¢; (i = 1,2,3) satisfy the conditions |az + b3| <
V(1+¢3)2 = (c1 —c2)? and |az — b3| < /(1 —¢3)2 — (c1 +¢2)%. Let

attain the maximum value when 1+ c¢3 = |a3 + b3| or 1 —¢3 = |az — b3|. So we have when b3

Q={las +b3] < /(1 +¢3) ~ (c1 — 22,

a3 b3l < /(1= c3)? — (c1 +2)?)

The minimum of mz;sx S is attained at the interior points or the boundary of Q for given CHSH value N:
@, Pi
(1) For the interior points of Q, when 3 = 0, u3 = ¢3, and b3 = 0, we have the minimal steerability S = NTZ —1.
(2) For the boundary of €, the minimal value of S is attained at the extreme points of A, or A3, or the points solving the
equation Ap = Ay, A3 = Ay, or Ay = A3. By numerical simulations, we find that when N > 2, the lower bound is very close to

N% — 1 but smaller than NTZ —1. 0
4.4 Matlab program for computing steerability of general two-qubit states
opts=optimoptions(@fmincon,” Algorithm’, interior

—point’);

problem=createOptimProblem(opt);

gs=GlobalSearch;

[x,f]=run(gs,problem).

Here

opt="fmincon’,’objective’,... @ (x)(—S(x1,x2,x3,X4)), ‘x,x*, ‘Ib',Ib*, ‘ub’ ,un*, ‘options’,opts

with x| = ap,x = ﬁ],X3 = 0p,X4 = ﬁz, x* = [0,0,0,0], Ib* = [0,0,0,0], and ub* = [7'C,27'C,7T,27T].

14/14



