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Abstract: We study the concurrence of arbitrary-dimensional multipartite quantum states. An-
alytical lower bounds of concurrence for tripartite quantum states are derived by projecting high-
dimensional states to 2 ® 2 ® 2 substates. The results are then generalized to arbitrary multipartite
quantum systems. Furthermore, the scheme enables us obtain lower bounds of concurrence for ar-
bitrary four-partite quantum states by projecting high-dimensional states to arbitrary given lower
dimensional substates. By detailed examples we show that our results improve the existing lower

bounds of concurrence.
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1. Introduction

Quantum entanglement is a crucial feature of quantum mechanics. Entangled states are
widely used in quantum information processing and quantum computation [1], such as quan-
tum cryptographic schemes [2], entanglement swapping [3,4], quantum teleportation [5], dense
coding [6] and so on.

The concurrence is one of the important measures of quantum entanglement. However,
although concurrence is defined for arbitrary dimensional mixed quantum states, it is not
easy to compute due to the extremum involved in the calculation. So far no explicit analytic
formulae of concurrence have been found for systems larger than a pair of qubits [7], except

for some special high dimensional bipartite symmetric states [8-11]. In terms of the substates



and the generalized partial transposition criterion, analytical lower bounds of concurrence were
presented for tripartite quantum systems [12-14]. Analytical lower bounds of concurrence for
four-partite quantum states were provided in [15,16]. In Ref. [17], the authors derived a
lower bound of concurrence for qubit quantum states. The lower bounds of concurrence in
terms of sub-states for tripartite quantum states were studied in [18], but the tripartite states
were in the same dimensional systems. A generalized formula of concurrence for n-dimensional
quantum systems was presented in [19]. Using the properties of the generalized concurrence, the
entanglement of formation and the separability of high dimensional mixed states can be studied.
An explicit lower bound of the concurrence for multipartite quantum states was derived in [20].
Considerable efforts have been devoted to multipartite concurrence [21,22]. Nevertheless, few
analytic formulae for multipartite concurrence are known due to its complexity compared with
bipartite cases.

In this paper, we study the lower bounds of concurrence for multipartite mixed quantum
states. In Section 2, by projecting high-dimensional states to 2 ® 2 ® 2 three-qubit substates
and using the monogamy property of concurrence, we present an analytical lower bound of con-
currence for any tripartite quantum state. The results are generalized to arbitrary multipartite
systems. In Section 3, we project a high-dimensional four-partite quantum state to lower-
dimensional ones and obtain a lower bound of concurrence for four-partite quantum states. By
a detailed example we show that our results improve the existing lower bounds of concurrence.

Comments and conclusions are given in Section 4.

2. Lower bound of concurrence for multipartite systems

from qubits substates

Let H;,7=1,2,---, N, be d;-dimensional Hilbert spaces. The concurrence of an N-partite

quantum pure state |p) € Hy ® Hy ® --- ® Hy is defined by [11],

Cn(lg)) = 21-’5\/<2N o) Y ar(R), )



where the index « labels all 2V — 2 subsystems of the N-partite quantum system and p,, are the
reduced density matrices of p = |@){(p], pa = tra(p), o C {1,2,--- , N}, & is the compliment
of a. For a mixed multipartite quantum state p = >, pi|pi){@;| € H1 ® Hy ® --- ® Hy, the

concurrence is given by the convex roof,
Cn(p) = mingy, 1oy Y PiCn(|0i) (#il), (2)

where the minimum is taken over all possible convex partitions of p into pure state ensembles
{pi.lea)}, 0<p;<land 3 p; =1

For an N-partite quantum pure state |¢) € H; ® Hy ® --- ® Hy, consider the general
M-partite decomposition of |¢), {M;, My, ..., M;}, with M), partitions, k = 1,2,...,7, each
containing k subspaces of N: Zi::l M, = M, Zizl kM, = N. The concurrence of the state

|¢) under such M-partite partition is given by

Cur(lg)) = 21-¥\/<2M —2) = S tr(p3), 3)

where B S {Ml, Mg, ceey M]}
We first consider the concurrence for tripartite quantum systems. A pure tripartite quantum
state |©) g 0dnds € H1 @ Hy ® Hy with the dimensions dy, dy and ds, respectively, is of the form

dy d2 d3

P arcdred = Y DY alijk), (4)

=1 j=1 k=1

where a;;, € C, 37, aijraj=1. The squared concurrence of ()4, ededs, C3(19)diedseds); 15
given by [14],

dy do ds

C3(10)dr wdoas) = Z Z Z |ijpgr — Qijepg| + |Qijrapg — Qigrap;e

i,p=1j,q=1k,t=1 (5)
+ [@ijrpgt — Apjraigt])-

We project the tripartite state |¢)a, g0 10 (three-qubit) substates |¢)agage given by

2@2@2 Z Z Z azgkmk (6)

i€{i1 i} j€{j1,d2} k€{k1,k2}



.,ds. There are (dl) (dQ) (d3) =

where i1 #£ 19 € 1, .. ) (5) (5

d1d2d3(d1—1)(d2 1)(ds—1)
8

dy, 1 FJ2 €1,

) different substates. By using Eq.(5) we have

B 2
8dydads(dy — 1)(dy — 1)(d3z — 1) Z C5([#)2g202)
! 2
= (dy — 1)(dy — 1)(ds — 1) Z Cs(lp)2w2g2)- (7)

dg,]ﬁ%kQEl

C’32 (|90>d1®d2®d3)

For a mixed state pg,ed,cds, the corresponding three-qubit substates pagoge have the following

form,

P22202 =

Piyj1k1rirjrks
Pivjrkasivjrka

Pigaki sijika

Pizjikavirjiks
Pisgaki sivjik1

Pisgaks sivj1k1

Pirj1ky vi1jike
Pivjikasivjiks

Pi1joki ritjika

Pizgikavivjiks
Pisjoki yi1jika

Pisjaka vi1jike

Pirj1k1 riagoky
Pivjrkasizjoky

Pigoki siajok1

Pizjiks vinjoks
Pisgoki siajok1

Pisjoks sizjoki

Pi1j1k1 viajoks
Piyjrkz vizjake

Pi1gaki siajoko

Pigjiks vigjoka
Pisgoki siajoko

Pisjoka viajoko

which are unnormalized mixed ones.

A lower bound of concurrence for tripartite quantum states is given by the following result.

Theorem 1. For any dy ® dy ® ds tripartite quantum mized state pq,ed,eds, the concurrence

Cs3(pdy2dyeds) Satisfies

1 ;
Cs(paredseds) = N DI Z Z Z n(P2g222)]?, (9)

m=1n>m

where Y sums over all possible 2 ® 2 ® 2 mized substates pagogs-

Proof. For a pure quantum state |p)agag2, according to (1) and (3) one has

 (Caallhre26) + Challhre262) + Crallip)aoe2). (10)

The monogamy relation of concurrence [14] implies that

O?? (|90>2®2®2)

Oz’2|jk(|30>2®2®2) > C7(|)as2e2) + Cll@)2masn), i £ #k=1,2,3. (11)

Therefore,

C5(|9)2m2e2) = Ch(|@)2s202) + Cls(|@)20202) + Cs(|@)20202)- (12)



From (7) and (12), we obtain

(|¢>d1®d2®d3) > (dl — 1)(d2 — 1 ZC |<10 2®2®2

(dl — 1)(d2 —1)(ds — 1) Z Z Z 2 (|9)20202)-

m=1n>m

For a mixed state Pdi®@da@ds = 21p2|¢1><§02|) we have

Cs(paeaeds) = min Y piCs(|@i)aoed;)

%

: 1 1
> min N sz Z Z Z n(|0i)20282))?

m=1n>m

| 1 -
me\/(dl—l)(dg—l)(dg—l ZZPZZZ n®i)2e202))°]7 (14)

m=1n>m

1

= V-0 - Dl ZZ > (min 3 pCrn(pidazacs) V1

m=1n>m

1

:\/(dl—l)(dg—l)(d ZZZ n(P22222)] 2,

m=1n>m

where we have used the Minkowski inequality (3,37, =) )z < POAODIE Z])2 in the second
inequality, the minimum is taken over all possible pure state decompositions of the mixed state
Pdy@dsds 11 the first three minimizations, while the minimum in the last inequality is taken

over all pure state decompositions of pogags. O

Remark 1. Theorem 1 in [18] gives the lower bound of quantum states in a tripartite
quantum system with subsystem dimensions N, respectively. We study the lower bound of
concurrence of tripartite quantum states in a quantum system with different dimensions. And
when m = 2, the lower bound of concurrence in our Theorem 1 is smaller than Theorem 1 in
[18]. Theorem 2 in [16], the authors derive the bound of concurrence for 2 ® 2 ® 4 quantum
states, 1.e, C3(pagas) = 5 2 C3(p2e2e2), thus our Theorem 1 is a generalization of the Theorem
2 given in [16].

Next we consider the lower bound of concurrence for four-partite quantum systems. We first

consider a pure bipartite quantum state |¢)q, 04, = Z?;l Z;lil aijlij), where a;; € C, ), aija;;



' d d
= 1. The concurrence of |¢)4, 04, can be written as C?(|p)a,0d,) = SR Jaijap, —
ap;aiql?. The projected two-qubit substates of |¢) 4,4, are of the form, |¢)age = Y ietiria} 2ol o}
aijlij), where iy # iy € 1,...,d; and j; # ja € 1,...,dy. For a pure bipartite quantum state
|©)dy 045, similar to (7), we have

1
(di = 1)(

where the summation runs over all possible 2 ® 2 pure sub-states |p)ags.

(| )ines) > =1 2 C9)aen), (15)

For any mixed quantum state p € H; ® Hy ® Hy ® Hy, the concurrence is bounded by [16]
1
OE(P) > E(2012m34(p) + 2012|3\24(P) + 2C12|4|23(P) + 20122|3\4(P) + 20123|2|4(:0)

+ 20124|2\3(P) + 0122|34(P) + 0123|24(P) + 0124|23(P))-
From (7), (15) and (16), we have the following theorem:

Theorem 2. For any dy ® dy ® d3 ® dy mized quantum state pg,od,cdsed,, he concurrence

Ci(pdy@dsdswds) Salisfies

1 2
2 ‘ > 2
C’4 (pd1®d2®d3®d4) =1 (pz dl — 1)(d2 — 1)(d3 + d4 — 1) CS (p2®2®2)
1]2|34
+ Z - C5 (pagae2) + Z 2
Jom (= 1)(ds —1)(dz +dy — 1) = (= 1) (di = 1)(da +ds — 1)
2
2 2
Cilpsesen) = 2 G @~ s 7 do = 1) 0 e2)
P12|3]4 ) , (17>
+ C; +
p§4 (dy —1)(dg — 1)(dy +ds — 1) 5 (P2z222) p;m (o — 1)(ds — )(ds + da— 1)
1
2 2
O3 (pagame) + pz (s +da—1)(dh + o — 1)0 (p2w2)
1234
1 1
c? + c? .
N P§|24 (do+dy —1)(dy +d3 — 1) (p22) p§3 (dy + ds — 1)(dy +dy — 1) (p2g2))

Next we consider the case of N > 5. For any N-qubits (N > 5) mixed state p, the
concurrence C'(p) satisfies [17]

N—-1 N

() > 5oy 30 D C0) (18)

i=1 j>i




A pure N-partite quantum state )4, odye--0dy € H1 @ Ha ® -+ ® Hy with the dimensions d,

do, -+, dy, respectively, has the form,
di do
|§0>d1®d2®“-®dz\1 Z Z Z Gryry- TN|T1T2 > (19)
ri=1ro=1 ry=1

* _
where aryryory € C, 300 Qriryery @y oy = 1. Hence we get

2(|90>d1®d2® ®dN)
di

|a7‘17’2 N Ahihg-hy = Qhyrg-ryArihy- hzv| +- (20)
rl,hl 1rg,ho=1 ry,hn=1

+’a7'17"2"'7‘Nah1h2"'hN = Qryrgehy @hyhg-ory ‘2'
According to (18) and (20), using the similar method to Theorem 1 we can generalize our result

to N-partite quantum systems as follows:

Theorem 3. For any di @ do ® --- @ dy N-partite (N > 5) mized state pa,odys--ody, the

concurrence Cn(payodye--ody) Satisfies

N-1 N

N
C (pd1®d2® ®dN) > 9N— 2(d1—1)(d2—1 dN—l ZZZO p2®2® ®2)

=1 j>i

where >, represents the sum of all possible 2 @2 ® - -+ @ 2 mized substates pagog...c2-

Ezxample 1. We consider the three-qutrit state,

where |GGHZ) = (|000) + [111) + |222))/4/3 is a generalized GHZ state and 0 < z < 1. By
Theorem 1, we get Cs3(p) > %. Fig. 1 shows that this lower bound can detect the
entanglement of |[GGHZ) for 0 < z < .

3. Lower bound of concurrence for multipartite systems
from qudits substates

In this section, we study lower bound of concurrence for multipartite quantum systems based

on qudits substates. We focus on four-partite quantum states. A pure four-partite quantum
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Fig. 1: Lower bound of C(p) for 0 < z < %.

state |©)a, wd0dsod, € H1 ® Hy @ Hy @ Hy with the dimensions dy, ds, d3 and dy, respectively,

has the form
di do dz da

|90>d1®d2®d3®d4 = Z Z Z Z aijkr|ijkr>7 (22>

i=1 j=1 k=1 r=1
* *
where a;j5, € C, Zijkr Aijkr iy, = 1. Denote pg,edyedsed, = |¢) (@] and I = Zijkr Wil Qo

we have
di do ds dy
2
[0 — tT ,01 E g g g |a7,jkrapqth a'pjkrazqth|
1,p=1 j,q=1 k,t=1rh=1
dy do ds dy
2
Iy —tr( ,02 E E E E |awkrapqth - alqkramth|
i,p=1 7,q=1 k,t=1r,h=1
dy da ds dy
2
]0 - t’/’ )03 E § E E |azjkrapqth - azgtra/quh|
i,p=1j,q=1 k,t=1r,h=1
dy da ds dy
2
IO — t g g g E |a7,jkrapqth a’zgk’hapqtr| )
1,p=1 j,q=1 k,t=1rh=1
di  d2 d3 dy

2
[ t p12 E E E E ‘azgkrapqth az]thaqur’ )

i,p=1 3,q=1 k,t=1r,h=1

1 2 3 4
2
h t P13 § E E E ‘amkralpqth ap]trazqkh|

i,p=1j,q=1 k,t=1r,h=1



di  do ds dy

]2 p14 Z Z Z Z |a7,jk7’apqth apjkhazqtr . (23)

i,p=1 7,q=1 k,t=1rh=1

From Eq. (1), we get

C*(|9) drods@ds 0ds)
=1 Z i,p=1 Z] g=1 Zk =1 2r, h 1 (laijnr@pgen — apjkraiqth|2 + |Qijkr @pgtn — aiqkrapjth|2 (24)
+|@ijkr Apgthn — Clijtraquh| + | @ijkr Qpgtn, — aijkh%qtr‘2 + | @ijkr Qpgtn — aquraijthP
| jer Qpgin — apjtraiqkh|2 + | @i jer Qpgn — apjkhaiqtr\Q)-
For a pure state |<p>d1®d2®d3®d4, its s ® s ® s ® s pure substates |¢)sgsgsas are of the form,
|0} spspsws = i Y i ]Zs_kl >, &z]kr‘zjkr> = (1 ® G2 ® G3 @ Ga|p) dy0dsods@ds; Where
Gr= i, )il Go = 20, 1) (il Ga = o3y, IR) (k| and Gy = Y272, 1) {rl, i < du, o < da,

ks < ds and ry < dy4, are the projectors to s-dimensional subspaces, respectively.

Theorem 4. For a four-partite mized quantum state pag,ed,edsed, € H1 @ Hy @ Hy @ Hy,
dy < dy < d3 < dy, the concurrence C(pg, edyedsed,) 1S bounded by

1
02 d1 ®do®d3®d4 Z d1—2\ 7do—2\ 7da—1\ /da—1 02 SRsRsRS ) 3 25
(ncucisen) 2 @mmg a2 O 0o )

s—2 s—2 s—1 s—1

where 2 < s < dy, (S ) = (di =2/ ((di — s)!(s = 2)1), i =1,--- .4, > stands for summing

over all possible s ® s ® s ® s mized subtates psgsosss-

Proof. Consider the terms on the right hand side of Eq.(24):

) .
|ai0j0ko7“0apofmtoho - apojokomaiolmtoho| o 7é Po. (26)

When jg # qo, ko # to and ¢ # hg, there are (d1_2) (d2_2) (d3_2) (d4 2) different s® s ® s® s

s—2)Us—2) 52
substates. We have |0)sgs0s0s = G1ROGoR@G3R0G 4|0) dyodywdsds» Where Gy = i) (io|+[po) (po| +
S i [0l Ga = [j0) (ol + |q0){(qo| + Zj s 1100, G = ko) (Kol + [to)(to| + Zi‘;kg |k} (k| and
Gy = |ro)(ro| + |ho){ho| + D 1= s |r)(r| with iy < dy, js < da, ks < d3 and ry < dy respectively.
When 5o # qo, kg = to and rq = hg, we have (d;__;) (‘?__22) (dj’__ll) (d4 1) different s ® s ® s ® s

substates. We have |¢©)sgspses = G1 @ Ga ® Gy @ Gy |0) i, 0dy0dseds, Where G = |ko)(to| +
S 1) (K| and G = |ro) (hol + 321, Ir)(r.



When jo = qo, ko # to and rg = hg, there are (6?:22) (d;:f) (13:22) (ds“:ll) different s ® s ® s ® s

substates. We have |¢0)sgspses = G1 @ Gy @ G3 @ Gu|@)d,0dyedseds, Where Gar = |j0){qo| +
js . .
J=7a 1) (-
When jo = qo, ko = tg and rg # hg, there are (11:22) (C?:ll) (‘23:11) (‘184:22) different s ® s ® s ® s
substates. We have |¢)sgsosos = G1 @ Gy @ G3r @ G4|9) dy 0dsodssds -

When jo # qo, ko # to and rg = hg, there are (‘?:22) (Ciz__;) (‘153__22) (‘184__11) different s ® s ® s ® s

substates. We have [¢)sgsgsas = G1 @ Go @ G3 @ Gy |©) dy0dywdsds -

When jg # qo, kg = to and rq # h,, we have (6?:22) (”?:22) (d;:ll) (d;:;) different s ® s ® s ® s

substates. We have [¢)sgseses = G1 © Ga2 @ Gy @ G4|©) dy0dywds@ds -
When jg = qo, ko # to and rg # hg, we can get (‘11:22) (‘182__11) (d3_2) (‘14__22) different s ® s ® s ® s

s—2

substates. We have |90>s®s®s®s = Gl X G2’ & G3 ® G4|80>d1®d2®d3®d4-
Noting that (7)) < (\)), (25) < (%)), (U0 (02) < () (05 and (20 (03) <

(C?—_f) (Ciz__gz), we have

(") (M) nenonen) 2 X e 0D

Therefore we obtain that

1
C? d1®d2®d3®dy > d1—2\ (do—2\ (da—1\ /da—1 C? 5Qs@s®s ) - 28
() ) (52 (°2) (5 0) (@ >Z () ) (28)

s—2 s—2 s—1 s—1

For the mixed state pg, gdy,0dsed,, We have

C(Pd1®d2®d3®d4) = nin Zpi0<|90i>d1®d2®d3®d4)

1 1
> ) i 02 1/ SRsRsRSR S 2
= \/(d1—2 PR mn Zi:p (Z (lpi)sws@s@sms))

) () () (5

S 1
VDD (53 (53
1 1
> [Z(mm Z PiC(|¢:) swswsses))’]?
VD (E2) (BTh (4) ;
— 1 [Z C2 (ps®s®s®s®s)] %7

VD (E) (BT (5

miny_ (3 piC(6)saseseses))’]H

10



where the minimum is taken over all possible pure state decompositions of the mixed state
Pdy@dy@dsed, 11 the first three minimizations, the minimum in the last inequality is taken over
all pure state decompositions of psgsgses, the first three > stand for the summation over all
possible s ® s ® s ® s mixed subtates |¢;)sgsases and the last > stands for summing over all
possible s ® s ® s ® s pure subtates psgsgsps- The Minkowski inequality (32;(3_; zij)%) 3 <
>0 x?j)% has been used in the second inequality. O

Remark 2. In Theorem 4, we derive the lower bound of concurrence for four-partite
quantum systems, thus Theorem 4 is a generalization of the Theorem 1 given in [18]. Theorem
2 in [14] gives the lower bound of concurrence of m ® n ® [ tripartite quantum states, i.e,

C*p) > (™)) ("2 (i:ll)]*l " C*(pswsws)- Thus, Theorem 4 is also a generalization of the

s—2/ \s=2
Theorem 2 in [14].
Example 2. Let us consider the 2 ® 2 ® 2 ® 3 state
1—2z
16

where [¢) = $(]0000) + [0012) + [1100) + [1112)) and 0 < 2 < 1. By Theorem 4, the lower

> V7V a+20y/BaF 1 +4a2 42—/ 2—2a+/3r+ T+422 42
= 1 5+3x

P1234 = L + x|Y) (Y], (30)

. From the lower

bound of concurrence is C'(p1234)

bound in [23], one has C(pia34) > 25+, From Fig. 1, our bound is better than that of [23]

for % < x < 0.4, showing that our bound from Theorem 4 provides a better estimation of
concurrence than that of [23].

Choosing different subspace dimensions s may give rise to different lower bounds. We can
obtain a new lower bound by convex combination of these lower bounds.

Corollary 1 For a four-partite mixed quantum state pg,ed,dsed, € H1 ® Hy ® Hs @ Hy,

d; < dy < d3 < dy, the concurrence is bounded by

S Ps
CZ(pd1®d2®d3®d4) > Z Z d1—2\ (d2—2\ (d3—1\ (da—1 02(p8®5®8®8)7 (31>
s=2 (s—2)(s—2)(s—1)(s—1)
where 0 < p, <1,5s=2,---,m, ZZLQpS =1, (f:;) =(d;=2)!/((di =) (s=2)1),i=1,--- 4,
and ) sums over all possible s ® s ® s ® s mixed subtates psgswsws-

Remark 3. Our above approach can be generalized to multipartite quantum systems,

by taking into account the terms on the right hand side of Eq. (20), |av /vy’ @ny/hy’ by’ —

11
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Fig. 2: Lower bounds of concurrence from Theorem 4 (solid curve) and from [23] (dashed line).

/ . . . .
Ay ot oo Gyt o | 717 7 ha'. Similar analysis provides lower bounds of concurrence for

multipartite quantum states.

4. Conclusion

We derived lower bounds of concurrence for tripartite mixed quantum states pg,gd,eds
by projecting to three-qubit quantum states using the monogamy property of concurrence.
The results are generalized to multipartite quantum systems. Moreover, by analyzing the
concurrence of a pure four-partite quantum state |¢)4,0dydscd,, We have projected a high-
dimensional four-partite quantum state to lower s-dimensional systems, and lower bounds of
concurrence for any four-partite quantum mixed states are obtained. By detailed examples we
have shown that these bounds are better than other bounds given in the literature.
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