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Entanglement of high-dimensional and multipartite quantum systems offer promising perspectives
in quantum information processing. However, the characterization and measure of such kind of en-
tanglement is of great challenge. Here we consider the overlaps between the maximal quantum mean
values and the classical bound of the CHSH inequalities for pairwise-qubit states in two-dimensional
subspaces. We show that the concurrence of a pure state in any high-dimensional multipartite
system can be equivalently represented by these overlaps. Here we consider the projections of an
arbitrary high-dimensional multipartite state to two-qubit states. We investigate the non-localities
of these projected two-qubit sub-states by their violations of CHSH inequalities. From these vi-
olations, the overlaps between the maximal quantum mean values and the classical bound of the
CHSH inequality, we show that the concurrence of a high-dimensional multipartite pure state can
be exactly expressed by these overlaps. We further derive a lower bound of the concurrence for any
quantum states, which is tight for pure states. The lower bound not only imposes restriction on the
non-locality distributions among the pairwise qubit states, but also supplies a sufficient condition
for distillation of bipartite entanglement. Effective criteria for detecting genuine tripartite entan-
glement and the lower bound of concurrence for genuine tripartite entanglement are also presented

Characterizing multipartite entanglement by violation of CHSH inequalities

based on such non-localities.

PACS numbers: 03.67.-a, 02.20.Hj, 03.65.-w

Introduction.— Quantum entanglement has been one
of the most remarkable resource in quantum theory.
Multipartite and high-dimensional quantum entangle-
ment has become increasingly important for quantum
communication[l, 2]. Recently, a growing interest has
been devoted to investigation of such kind of quantum
resource [3-7]. In [8] the authors have derived a general
theory to characterize those high-dimensional quantum
states for which the correlations cannot simply be simu-
lated by low-dimensional systems.

The Bell inequalities[9] are of great importance for un-
derstanding the conceptual foundations of quantum the-
ory as well as for investigating quantum entanglement, as
Bell inequalities can be violated by quantum entangled
states. Omne of the most important Bell inequalities is
the Clauser-Horne-Shimony-Holt (CHSH) inequality|[10]
for two-qubit systems. In [11] Horodeckis have present-
ed the necessary and sufficient condition of violating the
CHSH inequality by an arbitrary mixed two-qubit state.
In [12, 13] we have discussed the trade-off relation of
CHSH violations for multipartite-qubit states based on
the norms of Bloch vectors.

A similar question to [8] is that can we simulate high-
dimensional quantum entanglement by the violations
of CHSH inequalities for pairwise-qubit states in two-
dimensional subspaces? We present here a positive solu-
tion to this problem (see Fig. 1). For simplicity, we call
a “two-qubit” state, obtained by projecting high dimen-
sional d; ® ds bipartite space to 2 ® 2 subspaces, a qubit
pair in the following.
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FIG. 1: The concurrence of any two-qutrit pure state is equal
to the overlaps between the maximal quantum mean values
and the classical bound of the CHSH inequalities for nine pair
of qubit states. Thus entanglement can simply be simulated
by the violation of CHSH inequalities of qubit pairs. The
result holds for any pure states.

The second goal of this paper is to characterize genuine
multipartite entanglement (GME)[14] in high dimension-
al quantum systems. As one of the important type of en-
tanglement, GME offers significant advantage in quan-
tum tasks comparing with bipartite entanglement [15].
In particular, it is the basic ingredient in measurement-
based quantum computation [16], and is beneficial in
various quantum communication protocols, including se-



cret sharing [17, 18], extreme spin squeezing [19], high
sensitivity in some general metrology tasks [20], quan-
tum computing with cluster states [21], and multiparty
quantum network [22]. Despite its significance, detecting
and measuring such kind of entanglement turn out to be
quite difficult. To certify GME, an abundance of linear
and nonlinear entanglement witnesses [23-31], general-
ized concurrence for genuine multipartite entanglement
[32-35], and Bell-like inequalities [36], entanglement wit-
nesses were derived (see e.g. reviews [14, 37]) and a char-
acterisation in terms of semi-definite programs was devel-
oped [38, 39]. Nevertheless, the problem remains far from
being satisfactorily solved.

In this paper we investigate entanglement by consider-
ing the overlap between the maximal quantum mean val-
ue and the classical bound of the CHSH inequality. The
overlap is used to derive a lower bound of concurrence for
any multipartite and high dimensional quantum states,
which is tight for pure states. Thus we show that the
concurrence in any quantum systems can be equivalently
represented by the violations of the CHSH inequalities for
qubit pairs. The lower bound not only imposes restric-
tion on the non-locality distributions among qubit pairs,
but also supplies a sufficient condition for bipartite dis-
tillation of entanglement. Criteria for detection genuine
tripartite entanglement (GTE) and lower bound of GTE
concurrence are further presented by the overlaps. We
then show by examples that these criteria and the low-
er bound can detect more genuine tripartite entangled
states than the existing criteria do.

We start with a short introduction of the generators
of special orthogonal group SO(d) and the CHSH Bel-
| inequalities. The generators of SO(d) can be intro-
duced according to the transition-projection operators
Tst = |s)(t|, where |s), s = 1,---,d, are the orthonor-
mal eigenstates of a linear Hermitian operator on Hg,.
Set Pyt = Tgt — Ty, where 1 < s < t < d. We get
a set of 2=1 gperators that generate SO(d). Such
kind of operators(which will be denoted by L,,a =
1,2,---, d(dgl)) have d — 2 rows and d — 2 columns with
zero entries. For two-qubit quantum systems, the CHSH
Bell operators[10] are defined by

Icpsy =A1®B1+ A1 @ Bo+ Ay ® By — A2 ® B, (1)

3 . 3
where A; = a; - G4 = > aFok, Bj=bj-0p =Y, béofg,
k=1 =1

a; = (a,a3,a}) and b; = (bj,b7,b3) are real unit vec-
C s S ~ L 1,2,3
tors satisfying |ai| = [bj| = 1, 4,j = 1,2, o, are

Pauli matrices. The CHSH inequality says that if there
exist local hidden variable models to describe the sys-
tem, the inequality |[(Icgsp)| < 2 must hold. For any
two-qubit state p, one defines the matrix X with en-
tries x5 = Tr{por ® a1}, k,l = 1,2,3. Horodeckis
have computed in [11] the maximal quantum mean value
v = max |(Icusu)p| = 2¢/71 + T2, where the maximum
is taken for all the CHSH Bell operators I¢o g sy in Eq.(1),
71, T2 are the two greater eigenvalues of the matrix XX,

X' stands for the transposition of X.

Distribution of high-dimensional entanglement in qubit
pairs.— Let us first consider general d x d bipartite quan-
tum systems in vector space Hap = Ha ® Hp with di-
mensions dimH4 = dimHp = d, respectively. Denote
by L4 and LBB the generators of special orthogonal groups

SO(d). Let aj, b;- and o;s denote unit vectors and Pauli
matrices, respectively. Set & = (01, 02,03). We define
the operators AY (resp. Bf) from L, (resp. Lg) by re-
placing the four entries on the positions of the nonzero
2 rows and 2 columns of L, (resp. Lg) with the corre-

sponding four entries of the matrix d; - & (resp. b; - &),

and keeping the other entries of A (resp. BJ@ ) zero. We
then define the following CHSH type Bell operator:

Bos = AS @ BY + AY® B) + AS © Bl — AS @ Bj. (2)

Set Yop = Tr{(LHTLA ® (LS)TLE/)}. If yop # 0,

we define pos = ﬁLé ® LEBp(Ld @ LE) va5(p) =
1

a5 max Tr{Bapp}, where the maximum is taken over all

the Bell operators B,z of the form(2). Otherwise we set
Pap = 0 and v,5(p) = 0. We further define that

Qas(p) = max{y24(p) — 4,0}, (3)

which will be called the CHSH overlaps of p. If we can
find a certain pair of af such that Q,s(p) > 0, then
the two qudit state p € H 4p must be nonlocal as a Bell
inequality is violated.

For a bipartite pure state pap = |[¥){¥| € Hasp,
the concurrence is defined by [40, 41] C(J¢)) =

2 (1 —Trp%), where pa = Trppap is the reduced den-
sity matrix. For a mixed state p =Y, p;|¥;) (5|, pi > 0,
>; pi = 1, the concurrence is defined as the convex-roof:
C(p) = min ) _, p;C(|1);)), minimized over all possible pure
state decompositions.

We are ready to represent concurrence in high dimen-
sional systems by the CHSH overlaps Q.3(|¢)).

Theorem 1 For any two qudit pure quantum state 1) €
Hap, we have

C(1)) = § s Qasl). 4
af

Proof. For any two-qubit pure state |¢) =
Z?,j:l a;j|ij), the concurrence C(|¢)) and Qqp5(|p)) are
preserved under any local unitary operations. Thus to
prove the theorem, we justzneed to consider t}%e Schmidt
decomposition of |¢) = S5 | A\;|ii), where > 7 | A? = 1.

One computes C2(|¢)) = 4X223, and Q11(|¢)) = %.
By Zle A2 =1, we get
1
C*(lg) = 12u(19))- (5)

Then we consider two-qudit pure state |¢)) =
ijzl a;jlij), C*(]1)) can be equivalently represented



by [41, 44]

=4 Z Z |a7,ka]l azla]k‘

1<j k<l
(6)

where Cog(|V)(]) = (VlPag), [ap) = (La ® Lg)lW*),
and L, and Lg, o, 8 =1, ...,d(d—1)/2, are the generators

of group SO(d). From (5 ) and (6) we have

Z|caa ) ()|

C* (1Y) = > y2sC%(Itas))
apB

= Zyaﬁgaﬁ ).

[

It should be noted that in [42] the authors have com-
puted the optimal expectation value of the CHSH op-
erator in [43] for bipartite pure states in d dimension.
The result in [42] is derived by representing the Hilbert
space as a direct sum of two-dimensional subspaces, plus
a one-dimensional subspace if d is odd. While our Theo-
rem 1 above shows that the concurrence of any bipartite
high dimensional states can be equivalently represented
by the CHSH overlaps of qubit pairs. We can further
derive a lower bound for concurrence as an outgrowth of
the Theorem.

Theorem 2 For any bipartite mized qudit quantum state

p S ;lAB) we haUe
2 Oéﬂ (’[3 :

Proof. Assume that p = Y, pi[ti) (¢il, > pi = 1, be
the optimal ensemble decomposition such that C(p) =

> piC(|Y4)). We have

sz W)z = ZCQ yaﬁpaﬁ)
\/ aff

= > 124C%(pap)
ob

- ¢zyzﬁzqic2<paﬁ>
af i
Wz Vo> 1:Qus(0))
af 7

1
5 Zy?xﬁ Qaﬁ(p),
af

where in the first inequality we have used the theorem 1
given in [44]. L]

In [44] the authors have derived a lower bound of con-
currence in terms of the concurrence of 2 x 2-dimensional
substates. Here we present a lower bound of concurrence
in terms of the CHSH overlaps. Theorems above can be

C(p)

v

directly generalized to multipartite case. An N-partite
pure state in H1 @ Ha ®- - - ® H n is generally of the form,

d

=y

11,82, iN=1

Qiyigerin|i1l2 - iN), (8)

where a;,;,...iy s are entries of a complex vector with unit
length. Let o and o (resp.8 and B/) be subsets of the
subindices of a, associated to the same sub Hilbert spaces
but with different summing indices. « (or ') and 3 (or
B/) span the whole space of the given sub-indix of a. The
generalized concurrence of |¥) is then given by [41],

Ca (lw) =

>y

P {a,d’,8,8'}

|aaﬁao/,6' - aaﬁ'aa/ﬂ‘Qa (9)

where > stands for the summation over all possible com-

P
binations of the indices of & and . In (9) we have ignored
a overall constant factor for simplicity. For a mixed state

p = > pilti)(il, pi > 0, >, p; = 1, the concurrence is
defined by the convex-roof:

Cd mlnzpzcd W)z) (10)

minimized over all possible pure state decompositions.
By using Theorem 1 and Eq.(9) we obtain for any N-
partite pure state in the form of (8) that

(ca)? ZZ Vo) Qs(1)),  (11)

where y, ; and Q7 5(|¥)) are defined similarly to the bi-
partite case by considering |¥) as a bipartite state with
respect to partition p.

For any N-partite mixed state py, we get

ey zz W) Q(on). (12)

where y? 5 and QF ;(pn) are defined similarly to the bi-
partite case by considering py as a bipartite state with
respect to partition p.

Eq.(12) will be tight if pn is an N-partite pure s-
tate. Thus we conclude that the concurrence of any high-
dimensional multipartite pure states can be equivalently
represented by the CHSH overlaps of a series of pairwise-
qubit states (See Fig. 2 for three-qubit systems as an
example).

Detection and measure of genuine tripartite entangle-
ment by the CHSH overlaps.— In this section we consider
tripartite quantum systems Hio3 = H1 ® Ho ® Hs, with
dimH; =d,i=1,2,3.

A tripartite state p € 7Hi23 can be expressed as
P = Y Palta) (Yal, where 0 < po < 1, Y pa = 1,



FIG. 2: The concurrence of any three-qubit pure state is given
by the CHSH overlaps of six pairs of qubit states.

|the) € Hiaz are normalized pure states. If all |¢,)
are biseparable, namely, either [1,) = ’gp}» ® ’9033> or

[05) = |¢B) © |oh) or [vs) = [¢3) ®|p12), where |¢)
and |%) denote pure states in H¢ and H{ @ HJ respec-
tively, then p is said to be bipartite separable. Otherwise,
p is called genuine tripartite entangled.

For any p € Hi23, we define X = max,g Q;‘;g,Y =

maxa,g Qi‘ﬂlg and Z = maxqg Qi‘é?

Theorem 3 For any pure tripartite state |¢),
min{X,Y,Z} > 0 holds if and only if ) is gen-
uine tripartite entangled.

Proof. According to the definition, any bi-separable
pure state [1) must be either [1)) = [¢*) @ [p?3) or |1) =
|<,02>®|<,013> or |¢) = {¢3>®{g012>. On the contrary, if |¢)
is GTE (not bi-separable), then it must be not in any bi-
separable form, which can be represented by violating all
the CHSH inequalities for any qubit pairs of |¢)). This can
be further represented by min{X,Y, Z} > 0 according to
the definition of X,Y, and Z. n

The sufficient and necessary condition for detecting
GTE in Theorem 3 can be generalized to any pure multi-
partite quantum states. In the following we derive a suf-
ficient condition to detect GTE for any tripartite mixed
quantum states.

Theorem 4 If p € Hio3 is bipartite separable, then
X+Y+27Z<8 (13)
always holds. Thus if (13) is violated, then p is of GTE.

Proof. For any bipartite separable pure state, say,
V) = |<P1> ® ‘<,023>, one gets X =0,Y <4 and Z < 4,
which proves (13).

Now consider a mixed bipartite separable state
with ensemble decomposition p = > pg |Va) (Vo with
> pa = 1. By noticing that all X, Y and Z are convex

function of p and the summation of convex functions is
still a convex function, we have

X+Y+42Z <> palXa+YatZa) <8 pa=8. (14)

L]

The GTE concurrence for tripartite quantum systems
defined below is proved to be a well defined measure[32,
33]. For a pure state |¢)) € Hia3, the GTE concurrence
is defined by

Carn([¥)) = \/min{1 — Te(p), 1 - Te(p3), 1 — Te(p3)},

where p; is the reduced matrix for the ith subsystem.
For mixed state p € Hi23, the GTE concurrence is then
defined by the convex roof

Corp(p) =min Y paCore(|ta))- (15)
{Posltha)}

The minimum is taken over all pure ensemble decompo-
sitions of p. Since one has to find the optimal ensemble
for the minimization, the GTE concurrence is hard to
compute. In the following we present a lower bound of
GTE concurrence in terms of Q,3s.

Theorem 5 Let p € Hio3 be a tripartite qudits quantum
state. Then one has

1 2
CarEe(p) > 62 § \/%(yiﬁ)QQiﬁ(P) 3\ g

where the partitions p € {1|23,2|13, 3|12}.

Proof. We start the proof with a pure state. Let
p = |¥)(W| € Hias be a pure quantum state. From the
result in Theorem 1, we have

1 12342 1
V1 trot = M%j(ya;?’) Qi (19))?

and

d—1
\/1—trpi§\/77 k=23

Therefore,

1 2 /[d—1
1—tw%>mzﬁwzﬁv@zﬁ(m—g 1
P afB

Similarly, we get

Tos L »ogr - 2T
Ji-me 2 ﬁgéﬁj@aﬂmaﬁ(p) ks




where k = 2, 3. Then according to the definition of GME
concurrence, we derive

1 2 [d—1
Cere(|¥)) = m;\/gﬁ:(yzﬁ)zgiﬂ(p)_g £

(17)

Now we consider a mixed state p € Hioz with the

optimal ensemble decomposition p = Y q.|¢s)(Vs],

ZI q: = 1, such that the GTE concurrence attains its
minimum. By (17) one gets

Caere(p) = Z 0Came(|Ve))

1 2 /d—1
> Tﬁ;% ;(yﬁg(wfﬁ))QQig(\%))*g d
1 2 /d—1
> A2 @;‘(yzﬁ)z Pa(o) — 3\

where we have used ) ¢, = 1 and inequality
ORVOIEIESVOIODE S .

Let us now consider an example to illustrate further
the significance of our result for detection of GTE.

Example 1: Consider the quantum state p € H¢ ®
Hy @ HS,

X

o(z) = )l + o T, (15)

M=

where [¢)) =

operator.

% liti) and I stands for the identity

i=1

By the positivity of X +Y + Z — 8, we get the ranges
of z for different d such that o(z) is GTE (see table I).

TABLE I: Detection of GTE of o(z) by Theorem 4 (Range 1), Theorem 5 (Range 2), Theorem in [50] (Range 3), Theorem 1

in [24, 28] (Range 4).

Dimension d=2 d=3 d=4

Range 1 x > 0.839708 x > 0.699544 x > 0.567035
Range 2 x > 0.788793 x > 0.731621 x > 0.705508
Range 3 x > 0.8532 x > 0.83485 x > 0.82729
Range 4 x> 0.87 x > 0.89443 x > 0.91287

The data in Table I show that Theorem 4 and 5 in this
letter, independently, detect more genuine tripartite en-
tangled states than that in [50](by the lower bound of
multipartite concurrence), [28] and in [24](by the corre-
lation tensor norms).

The CHSH overlaps and distillation of entanglemen-
t.— The CHSH overlaps defined in (3) can be also ap-
plied to distillation of entanglement. In [46] Diir has
shown that there exist some multi-qubit bound entan-
gled (non-distillable) states that violate a Bell inequali-
ty. Acin further proves in [47] that for all states violating
this inequality there is at least one splitting of the par-
ties into two groups such that some pure state entangle-
ment can be distilled under this partition. The relation
between violation of Bell inequalities and bipartite dis-
tillability of multi-qubit states is further studied in [48].
The lower bound (12) has also a close relationship with
bipartite distillation of any multipartite and high dimen-
sional states. Note that a density matrix p is distillable
if and only if there are some projectors A, B that map
high-dimensional spaces to two-dimensional ones and a
certain number n such that the state A ® Bp*"A® B is

entangled[49]. Thus if

max Q7 5(p%") > 0 (19)

for a certain partition p, then there exists one subma-
trix of matrix p®", which is entangled in a 2 x 2 space.
Hence we get that p is bipartite distillable in terms of
bipartition p. The constraint (19) is equivalent to the
strict positivity of the lower bound in (12). Note that
max,p Qp5(p®") is generally not an invariant under lo-
cal unitary operations on the state p. It is helpful to se-
lect proper local unitary operations to enhance the value
of max,p QF 5(p®") from 0 to a positive number. Since
the separability is kept invariant under local unitary op-
erations, we have that if maxy, vy, ... v, maxag Qap (U1 ®

Uy @+ @Upp"Ul @ U] @ -~ @ U}) > 0 hold for proper
unitary U;s, i = 1,..,n, then p is entangled and bipartite
distillable.

Example 2: Consider the quantum state p € H{ @ HS,

1—2x

p(x) = ) (W] + —5—1,

7 (20)



d
where [¢) = ﬁ 21 |i4) and I stands for the identity op-
1=

erator.
By the positivity of max.s Qas(p), one computes the
ranges of x for different d such that p is non-local and

J

1-distillable (see table I, Range 1). Range 2 is derived
by the reduction criterion (RC), as violation of RC is a
sufficient condition of entanglement distillation[52, 53].

TABLE II: Distillation of non-locality and entanglement for p(x) in Example 2:

Dimension d=2 d=3 d=4 d=5 d=6 d="7
Range 1 x > 0.707107 = > 0.616781 = > 0.546918 = > 0.491272 = > 0.445903 = > 0.408205
Range 2 x > 0.33333 x> 0.25 xz>0.2 x> 0.16667 x > 0.142857 x> 0.125

Example 3: Consider the quantum state p € Hf @
d d
H2 oY HSa

11—z
o(x) = zlp) (Y| + 71’ (21)
d
where [1)) = ﬁ liti) and I stands for the identity

i=1

J

operator.

To check the bipartite 1-distillability of o(z), we com-
pare maxag Qp 5(p) with 0 for p = 1]23,2[13, and 3|12.
One computes the ranges of x for different d such that p
is 1-distillable (see table IT, Range 1).

TABLE III: Bipartite 1-distillation of entanglement for o(z) in Example 3:

Dimension d=2

d=3

Range z > 0.54692

x > 0.34917

z > 0.23182 z > 0.16188

Conclusions and remarks.— In summary we have con-
sidered the CHSH overlaps for quantum states. It has
been shown that the concurrence of any multipartite and
high dimensional pure states can be equivalently repre-
sented by the CHSH overlaps of a series of “two-qubit”
states. Based on the overlaps sufficient condition for dis-
tillation of entanglement have been obtained. As another
application of the CHSH overlaps, we have further pre-
sented criteria for detecting GME and lower bound of
GME concurrence for tripartite quantum systems. For
tripartite pure states, a sufficient and necessary condition
is derived to detect GME, while for tripartite mixed s-
tates, we have obtained effective sufficient conditions and
lower bounds for GME concurrence. An important ques-
tion that needs further discussion is to find a criterion
that discriminates W state and GHZ state.

Recently high dimensional bipartite systems like in N-
MR and nitrogen-vacancy defect center have been suc-
cessfully used in quantum computation and simulation
experiments[51]. Our results present a plausible way to

measure the multipartite concurrence in these system-
s and to investigate the roles played by the multipar-
tite concurrence in these quantum information process-
ing. Our approach of the CHSH overlaps of qubit pairs
can also be employed to investigate the distributions of
other quantum correlations in high dimensional systems.
Another important question that needs further discus-
sion is to find a criterion that discriminates W state and
GHZ state, as GTE is a common property of W state and
GHZ state, but there is no local unitary transformation
to relate them.
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