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Abstract

In this paper, we provide the notions of connections, exterior covariant derivatives, and
connection Laplacians on a graph. We prove a Weitzenbdck formula in this setting. We also
define a discrete Yang-Mills functional and study the solutions to its Euler-Lagrange equations.

1 Introduction

Gauge theory is of fundamental importance in both modern physics and mathematics. From a
physical perspective, it provides an elegant geometric framework to describe electromagnetism,
weak interactions, and strong interactions uniformly. From a mathematical perspective, the study
of gauge invariant functionals reveals astounding information about smooth structures of low di-
mensional manifolds [1}[2].

To understand the quantum aspects of gauge theory better, the physicist Kenneth Wilson for-
mulated it on a lattice in 1974 [3]. His methods were later developed into a mature area of research
nowadays known as lattice gauge theory [4]. Lattice gauge theory has many successful applications
in quantum chromodynamics calculations [5]. However, the geometry flavor of gauge theory is lost
after this discretization. On the other hand, there exist other discretizations of physical theories
where the geometry flavors of the original theories are preserved, for example, Robin Forman’s dis-
cretization [6] of Witten-Morse theory [7]. Inspired by Forman’s work, here we present a formulation
of gauge theory on a general graph. The paper is organized as follows:

In Section 2, we review the standard definitions of a differential form and an exterior derivative
on a graph. We also introduce the notion of a (Hodge) Laplacian and derive an explicit formula for
it. In Section 3, we extend the notion of an exterior derivative d to an exterior covariant derivative
da. We define the curvature 2-form F' through the standard formula F' = d4 o d4 and show that F
satisfies the second Bianchi identity d4F = 0. In Section 4, we extend the notion of a Laplacian A
to a connection Laplacian Ay and prove an analogue of the Weitzenbock formula in this discrete
setting. In Section 5, we provide the definition of a Yang-Mills functional and derive its Euler-
Lagrange equations. Unlike the continuous case, this functional is bounded from above. We prove
that the maximum of the functional can always be achieved if the graph satisfies some topological
conditions. We also compute a few examples for an abelian gauge group. In Section 6, we generalize
the discrete Yang-Mills functional by introducing a Higgs scalar field. Section 7 discusses a few
possible future research directions of the present work.

The research for this paper was performed in 2020. Later, the paper by [8] by Ginestra Bianconi
appeared where she also presented an approach to gauge theory on graphs. More recently, she has



further developed her approach. It turns out, however, that her and my approach are different from
each other.

2 Differential forms

Definition 2.1. A (finite simple) graph is a pair I' = (V, E), where V = {1,--- /n} is a finite set,
E C (‘2/) is a set of 2-subsets of V. The elements of V are called vertices, and the elements of F
are called edges.

Once the set F is specified, we automatically get sets of cliques of higher order.
Definition 2.2. The set of k-cliques K (T") C (Z) is defined by
{i1, -+ ik} € Kp(T) <= {ip, iyt € E, foralll<p<gq<k.

In other words, a k-clique is just a complete k-subgraph of T'.
A maximum clique is a clique of maximum possible size in I'. Its size is known as the clique
number of T', denoted by w(T"). Let K(T') be the set of all cliques of a graph T, i.e.,

w(l
K(T) = 0D Ky ().
By construction, K (T") is an abstract simplicial complex and is called as the clique complex of T.

Definition 2.3. A k-form isamap f:V x---xV — R such that
——

k+1
Fla@), viom) = (1)1 flio, -+ ix)
for {ig, -+ ,ix} € Kg+1(T'), where o € Sgy1 and |o] is the sign of o, and
flig, -+ ig) =0

fOI' {i(], cee 7ik} ¢ Kk-+1(r‘)
We denote the space of k-forms by QF(I'), and put

w(l)—1
Q) = e k).
Definition 2.4. The k-th exterior derivative dj, : QF(I') — Q**1(T) is defined by

k+1

(dkf)(i()a e 7ik+1) = Z(il)jf(z(h o aiAja e aik’-‘rl)'

J=0

By definition, diy1 o di = 0 for all k. The k-th cohomology group of I' can be then defined as
the quotient H*(T") = ker(dy,)/im(di_1). We use d to denote the exterior derivative on Q(T).
We can put an inner product (-,-) on £(I') by setting

(f.9)= D flio, - ik)glio, + ,ix),
i< <l

where f and g are two k-forms, k =0,1,--- ,w(T') — 1. Q(T') becomes a finite dimensional Hilbert
space. We denote the adjoint of the exterior derivative d by d*.



Remark 2.1. It is not hard to work out an explicit formula for d*. For a k-form f, we have
d* flio,- - vin-1) = > f(lyio, ++  ik—1).
1
Definition 2.5. The (Hodge) Laplacian on (I") is defined as
A =dd* +d*d.
A k-form ¢ € QF(T) is said to be harmonic if
Ap = 0.

Since A preserve the degree of a differential form, the space of harmonic forms ker A is canoni-

cally a graded vector space.
Theorem 2.1. H(T") = ker(A) as graded vector spaces.
Proof. The proof can be found in, for example, [9,/10].

One can work out an explicit expression for A. On one hand,

d*df ZO) ' de l ZO7 ,i )

k
:Z flio, -+ ik Z Flioy - iy yir) |
1

j=0

where the summation outside the bracket is taken over vertices [ which together with g, -

form a (k + 2)-cliques. On the other hand,

k
dd” f(io, - yix) = d" f(in, -+ ig) + D (1" fio, -+ ,ij,++ ip)

Jj=1

k
:Zf(LZlv 7'Lk)+Z(_1)JZf(llea 7@) 7Zk)
i j=1 l
k
:Z(_l)jzf(l’io"” 7{;’... Jik),
j=0 l

where the second summation in the third line is taken over vertices [ which together with ig, - - -
Q41,0 form a (k + 1)-cliques. It follows that
k
Af(i()a"'aik):deg(i()v"'a?'k)f ZO) 30 +Z ZleOa"'aija"'aik)a
=0
where the second summation is taken over vertices ! which are non-adjacent to 4;, deg(io, - -
is the number of (k 4 2)-cliques containing g, - - - ,ix, k > 0. For k = 0, we have
Af(i) = d*df (i) = deg(i) Zf

where the summation is taken over vertices [ which are adjacent to .

7ik

y -1,

7ik)



3 Exterior covariant derivatives

Definition 3.1. Let G be a Lie group. Let I' = (V, E) be a graph. A principal G-bundle over T is
apair P=(V xG,E). Let (VxV)g={(i,j) € VxV|{i,j} € E}. A connection on P is a map
A (V xV)g — G such that A(j,7) = A(i,5)"*. A gauge transformation of Pisamap g:V — G.

Let A be the space of connections on P. Let G be the set of gauge transformations on P. Note
that G is a group and has a canonical (left) action on A defined by

(94)(i, 5) = g() A, 5)g(7) "
for g € G and A € A.

Definition 3.2. Let W be a vector space. We call Wr = (V x W, E) an associated bundle to P if
W carries a representation of G through p. A section of Wr isamap s: V — W.

Let s be a section of Wr, a gauge transformation g acts on s via
(g5)(i) = p(g(i))s(i).
Definition 3.3. A W-valued k-form on T is an element in QF(T') @ W.

We denote the space of W-valued k-forms by QF(I', W), and put Q(I', W) = EB:(:%)_lﬂk (T, W).
A gauge transformation g acts on a W-valued k-form f via

(gf)(207 o 7Zk) = p(g(lo))f(l()a e 7ik)a
where ig < - -+ < ip.

Definition 3.4. An End(W)-valued k-form on T' is a map ¢ : V x--- XV — End(W) such that

k+1
©(ig, -+ ,ik) = 0 for all {ig, -+ ,ix} & Kp1(T).

Remark 3.1. An End(W)-valued k-form ¢ is not necessarily alternating. Therefore, d(dp) # 0 in
general.

We denote the space of End(W)-valued k-forms by QF(T, End(W)), and put Q(T, End(W)) =
@L,:(:%)_lﬁk (T',End(W)). Let ¢1 be an End(WW)-valued p-form and 2 be an End(W)-valued ¢-form,
their product @12 is a End(W)-valued (p + ¢)-form defined by

901@2(7;07 s 7ip+q) = 501(7;07 cee 77;p)<)02(7:(h cee aip+q)-

Definition 3.5. Let ¢ be an End(W)-valued p-form and f be a W-valued g-form. The action of
@ on f is defined by setting

(@f)(os -+ yiptq) = @(io, s ip) fip, 1 iptq)
and
(‘Pf)(ia(())v T aid(p—&-q)) = (_1)‘0‘ (L,Df)(io, T 77;p+q)

forip < -+ <ip <0 ipyg, 0 € Spygy1



A gauge transformation g should act on ¢ via

(99) (o, -+ vi) = p(g(io))p(ios -~ »ir)p(g(in)) "
From this point of view, we can interpret the connection A as an End(W)-valued 1-form on T

Definition 3.6. Let s be a W-valued 0-form, i.e., a section of Wr. The covariant derivative V of
Wr is defined by setting

(Vs)(i, ) = p(A(i, 5))s(5) — s(i),
and
(Vs)(4,4) = =(Vs)(i, )
for i < j, {i,j} € E, where s is a section of Wr.

Remark 3.2. Since s(j) and s(4) live on different vertices, to compare them, A is used to “trans-
port” the vector s(j) from j to i, hence the name “connection”.

‘We have

p((gA)(i,4))(gs)(4) — (95)(7) =

In other words, V is compatible with gauge transformations.
Definition 3.7. The (exterior) covariant derivative d4 : Q¥(I', W) — Q*¥+1(I', W) is defined by

k+1

(daf) oy yint1) = p(Alio, 1)) f(irs- - yinga) + D (=1) a0+ si5 -+ s iks1)

j=1
and
(daf)iv)s viorsr) = (=D (daf) (G0, yirs1)
for ig < -+ < igy1, where o € Skya.

Proposition 3.1. d4 ods = F, where F is an End(W)-valued 2-form defined by
F(i,j, k) = p(A(i,4)A(J, k) — p(A(i, k)

We call F' as the curvature 2-form of A.



Proof.

k42
da(daf)io, - yikr2) = p(Alio,i1))(daf)(in, -+ vikg2) + 3 (=1 (daf) (o, iy, yiksa)
Jj1i=1

k+2
:p(A(i()vil)) p(A(ihZé))f(in'” 7'k+2 + Z j2 lf 117"' aij’zv"' 7ik+2) -

J2=2

k+2
(dAf)(i05i27"' Zk+2 + Z jl dAf Z07 ©e aijlﬁ"' 7ik+2)
J1=2

k42
= p(A(io, 1)) | P(A(i1,i2)) flia, -+ yikra) + D (=127 fin, oo yigyee e ing) | —

J2=2

k+2
p(A(7’0722))f(227 Zk+2 + Z ]3 lf 7’07217"' 7ij37"' 7ik:+2) +
Jj3=2
k+2 k+2
Z(_l)]l p(A(i(Jvil))f(il""ijlv'" Zk+2 + Z ZO» PR VPR 7ik+2)
Jj1=2 Ja=1
= (p(A(io,i1)A(i1,i2)) — p(A(io,i2))) f iz, - yik+2)—
k+2 k+2 _
Z(_l)js_lf(io’ilv"' 2y 7ik+2)+ Z (_1)j1+J4f(i0a"' ORI SR 7ik+2)
Ja3=2 Ja=1,51=2
= F(io,i1,72) f(i2, -+ ,ikt2)—
k+2 k42
Z (_1)]3_1f(i0a Z.la T 7ij3a T 'Lk+2 + Z Jl+1f lo’il, e ’ij17 s 71‘]@-‘,—2)
Jj3=2 J1=2
= (Ff)(io, -+ ,irt2)-
To pass to the second last equality, we use the alternating property of f. O

Remark 3.3. Let A = A — 1. We can write dy = d + A. For a trivial connectioy, Afzf 0 and dx
reduces to the exterior derivative d. Moreover, it is not hard to show that F' = dA + AA.

Remark 3.4. Let G be an abelian Lie group, for example, U(1). Let P be a trivial principal
G-bundle over a n-manifold M, n > 2. Let A be a connection 1-form and F' be its corresponding
curvature 2-form, F' = dA, applying Stokes’ theorem, we have

AA:LF,

where o is a homology cycle of dimension 2 on M and v = do. From this point of view, another
reasonable definition of the curvature 2-form on a graph is

F(i,j, k) = A(i, ) A(j, k) Ak, 7).

For later use, we denote p(F) by F,.



Let s be a section of Wr. Let ¢ be an End(W)-valued 0-form. We have
(V(ps) = 0(Vs))(i,5) = p(A(4, ) (5)s(5) — (2)s(i) — (i) (p(A(i, 5))s(5) — 5(1))
= (p(AG,3)e(7) — @(i)p(A( 5)))s(5)-
Definition 3.8. The covariant derivative V : End(Wr) — QY(I', End(W)) is defined by
(V) (i, 5) = (A 3)e(7) — ¢ (D)p(A( 7))
for {i,j} € E.

By definition, V satisfies Leibniz’s rule. It is also easy to check that it is compatible with gauge
transformations.

Definition 3.9. The (exterior) covariant derivative d4 : QF(I', End(W)) — QF1(I", End(W)) is
defined by

k
(da)(io, -+ sirs1) = p(Aio,10)p(in, - ikrn) + D (=1 @0, sig,- -+ sikg1)
j=1

+ (_1)k+1§0(i07 T 7ik)p(A(ik7 Z'kJrl))'
Proposition 3.2. Let f be a W-valued g-form. Let ¢ be a End(W)-valued p-form. We have
daef) = (dap)f + (=1)Pp(daf).

Proof. This follows from direct computations.

(dA@)f(iOﬂ T 77;p+q+1) + (_1)p§0(dAf) (iOv T 7ip+q+1) = p(A(io, il))‘p(ilv T >ip+1)+

p+1

Z(_l)j@(ih Sty ipy1) F (=1 (i, - -- sip)p(Alipyip+1)) | flipt1, o yiprqr1)t
=1

p+q+1
(=D)P(io, -+ sip) | P(A(ips ip+1))f (ipt1s - yiprgr1) + Z (=177 P flipp1s - 5 t5, s ipygtt)

Jj=p+1

p+q+1 4 R
= p(A(io, 1))@ f)(in, - viprgrr) + D (1 (@) (in,- i yiprgt)
j=1

= dA(QOf))(im e 7ip+q+1)
for ig < --- <ip+q+1. ]

Proposition 3.3 (Second Bianchi identity). d4F = 0.
Proof. This follows from the observation
0= (daodaoda)(:)—(daodaoda)()
= da(F(-)) = F(da())
= (daF)("),
where we use Propositions [3.1] and [3:2} O



4 Weitzenbock Formula

Let W be a vector space endowed with an (hermitian) inner product (+,-). Let p be a representation
of G on W that preserves (-, -). We put a gauge invariant inner product (-, -) on Q(T', Wr) by setting

<f17f2>: Z (fl(iﬂa"' 7ik)7f2(7:07"' aik’))7
i< - <ip

where f1, fo are two W-valued k-forms. It is not hard to show that the adjoint d% of d4 with
respect to (-, -) takes the form

d:kﬁ\f(z(h e 7ik:71) = Z p<A(ZUa l))f(l7l07 e 7ik71) + Z f(l7i0a e 7ik71)-
I<ig I>1ig
Definition 4.1. The connection Laplacian on Q(T', Wr) is defined as
Ay = dAdz + dj‘dA.

Let {ig,--- ,ix} be a (k + 1)-clique, ig < - -+ < ir. We have

k
dAdj?{f(ZO7 7Zk) :p(A(lOall))dAf Zla 3 0 +Z ]dAf ZOa o 7Z]a 7ik7)
j=1

= p(A(io, i1)) <Z p(AGiy, D) f(Lin, -+ k) + Y f(lyin, -+ Jk)) +

1<iy 1>

k
Z (Z A(ZOal))f(lvlm’27?Zk>+2f(l710?7{;772k)>

I<ig >0

= Zp(A(io,il)A(il,l))f(l,il,-" +Z ZQ,’Ll l NIPEER ,ik)+

1<y >
k o~ ~
Z <Z A(ZOal))fa?’LO?7Z]77Zk>+z.f(l72077lj,7zk)>a
j=1 1<ig >0

where the summations inside the bracket of the last line are taken over vertices [ which together
with 4o, -+ ,4j_1, tj41,- - , i form a (k+1)-cliques, j = 1,--- , k, and the summations in the second
last line are taken over vertices ! which together with 41, - , i form a (k + 1)-cliques.



We also have
dZdAf(va e aZk) = Z p(A(ZOa l))dAf(laan to 7Zk) + Z dAf(la iOa e 77:k)
1<ig I>ig

k

= Z ZO? p(A(lﬂZO))f Z07 N Z Jf l 107 o ,{;7"' ,ik) +

1<ig j3=0

k
Z f(iov"' ’ik) 7:0(A(Z‘O7l))f(l,ila' b Z jf l y 80, 7{;7"' aik) +

io<1<iy j=1
k

Z f(zoa7216)710(‘4(10721))]0([;7'177 Z jfll()a "a@a"’,ik)

[>iq j=1

= deg(i07 e 7ik>f(i07 o azk) - Z p(A(ZO7l))f(l77’1a e 7ik?) - Z p(A<ZO77/1)>f(lalla e alk)

1<iq 1>

k

- Z(_I)J <Z p(A<ZOa l))f(l77’07 ol + Z f l 207 s Zj7 T 7ik)> )

1<ig I>1ig

where the summations in the last two lines are taken over vertices [ which together with g, - - , %
form a (k + 2)-cliques.

Proposition 4.1 (Weitzenbock formula). For k> 0 and ig < --- < ix, we have

Auflio, -+ yir) = A f(do, - )+ Y Flio,in, D) f(Lin, -+ yik), (4.1)
1<iy
where the summation is taken over vertices | which together with ig,--- ,ix form a (k + 2)-cliques.
A’ can be viewed as a gauged version of the Hodge Laplace operator A, it takes the form
A/f(i07 e 7i ) = deg(i07 T ik?)f@()a e 7ik:) (42)
+Z Z()77/1 7'17l))f(l7i17"' +Z 20721 l ila"' 7219)
l<11 >4y
+Z (Z A(Zo,l))f(l,lo,7l/;,,Zk)+2f(l,lo7,2/;,,lk)>7
1<io [>ig
(4.3)

where the summations in the second line are taken over vertices I which are non-adjacent to ig and
the summations inside the bracket of the third line are taken over vertices | which are non-adjacent
to Zj .

Remark 4.1. In , fix ip and i1, we can apply a gauge transformation g such that A(ig,l) =1
when [ is adjacent to ig and A(ig,41) = A(i1,]) = 1 when [ is non-adjacent to ig. In such a gauge,
we have A’ = A at the k-cliques containing the edge {ig,i1}. Note that, however, the curvature
term in can not be eliminated by a gauge transformation.



Remark 4.2. For k = 0, we have

Aaf(i) = diydaf(i) = deg(i)f(i) = Y p(AGE, D) f (1), (4.4)

l

where the summation is taken over vertices [ which are adjacent to ¢. We can apply a gauge
transformation such that Ay = A at ¢ € V. A similar formula like (4.4) is given in [11] and is used
there to prove a generalized version of the matrix-tree theorem in graph theory. A natural question
is then if the Weitzenbock formula can be applied to study problems in graph theory.

5 Yang-Mills functional

Let W be a vector space endowed with a (hermitian) inner product (-,-). Let p be a representation
of G on W that preserves (-,-). For an endomorphism ¢, we denote its adjoint w.r.t (-,-) as o
The gauge invariant inner product (-, -) on Q(I',End(W)) is defined by

il)! 4 Z Tr(p1(io, -+ i)palio, - in)T),

20,70 5Tk

(p1,p2) = (&

where ¢1, @2 are two End(W)-valued k-forms. It is not hard to check that (-,-) is (conjugate)
symmetric and non-degenerate, hence well-defined.

Definition 5.1. Let I" be a graph with w(I") > 3. The Yang-Mills functional on A is defined as

Y M,(A) = =(F, F). (5.1)

DN | =

Remark 5.1. Note that
F(io, i1,42) F (i, ia, i2>T =2- Fp(ioaila i) — Fp(i07i1,i2)T
and
Te(Ep (o, i1, i2)) = Tr(Fp(io(0)s i (1), io(2) ")),

where o € S3, and

Fy(igyi1,i2) " = Fp(io,in, i)'
We can also write the Yang-Mills functional as
1 = S
Y M, (A) = 3 > Te(2— Fp(i,4,k) — Fp(i,5,k)1). (5.2)
i<j<k

This form of the functional can be found in a lot of literature on the lattice gauge theory, it is referred
to as the “Wilson action”. Here we managed to define it on a general graph. It corresponds to the
leading order term in the lattice approximation to the continuous Yang-Mills functional. See, for
example, [12] for a more detailed explanation.

Proposition 5.1. Y M, does not depend on the order of the vertices.

10



Proof. This follows directly from the cyclic property of the trace and formula (5.2]). O

Since we have obtained the functional, it is very natural to ask what its Euler-Lagrange equations
are. Note that

OF (i, j, k) = 6A(i, j)A(G, k) — 6 A, k) + A(i, ))0A(, k) = (dadA)(i, j, k),

where dA is the variation of A, i.e., an End(W)-valued 1-form, and §F is the variation of F, i.e.,
an End(W)-valued 2-form. We then have

SY M,(A) = (da(5A), F) = (3A, d',F),

where d% is the adjoint of d4 with respect to (,-). Note that §A cannot be an arbitrary End(W)-
valued 1-form. Since A(j,4) = A(4,7)~!, we must have

It follows that
(6A,d4F) = ZTr(éA(@j)(dZF(@j))* )
= Z (Tr (A, ) (A4 F(i,5))") + Tr (3A(5,i)(d4 F(5,9)7))

=Y Tr (3A(, §) (A2 F (i, )T — AGG, ) (A F(5,) A3, 7)) -

i<j
Proposition 5.2. The Fuler-Lagrange equations of the Yang-Mills functional is
daF(i,j) = A(i, §)da F(5,) A(i, j) (5.3)
for all {i,j} € E. We also refer to (5.3) as the Yang-Mills equations.

It is not hard to work out an explicit formula for d%, which is

) . 1 . ) .
dyp(io, -+ yik—1) = a1 Z p(Alio, 1)e(l,dg, -+ k1)
l
k—1 4
+ Z(_l)]@(l()a e 77;j717 lu Zjv T uikfl) + (_1)k80(107 e 7ik71a l)p(A(LZkfl))
Jj=1

With this formula in hands, it is not hard to show that

A5 F(ig,i) = = Y Flio,1,i1).
l

Thus, the Yang-Mills equations ([5.3) become

D F(i,,5) = A(i,§) Y F(5,1,4)A(i, 5)-
l l

11



Or equivalently,
N E(i,1,5) =Y Fy(i, 4,1).
1 1

Since the functional (5.1) is gauge invariant, we can choose a proper gauge to simplify the
calculations. Let T" be a connected graph. Let T = (V;, E;) be a spanning tree of T', i.e., a subgraph
that is a tree which includes all of the vertices of I'. One can then consider the following procedure.

1. Pick a vertex a € V4, let g(a) = 1.
2. For any vertex b adjacent to a, choose g(b) = A(a,b).

3. For any vertex ¢ adjacent to b, choose g(c¢) = A(c,b). Since T is a tree, ¢ is distinct from a
and its adjacent vertices b, g(c) is well defined.

4. Repeat the Step 3 until all vertices of T are exhausted.
We then have A(i,j) =1 for all {¢,j} € E;. In particular, we have A/G = pt when T is a tree.
Definition 5.2. The above procedure is called the spanning tree gauge fixing.

Example 5.1. Let G = U(1). We choose the spanning tree T as in Figure There is only one

/\

Figure 5.1: The complete graph K.

degree of freedom, namely, A(2,3). The solutions to (5.3|) are
A(2,3) = 1.

The solution A(2,3) = 1 is the (global) minimizer of the Yang-Mills functional, and the solution
A(2,3) = —1 is the (global) maximizer of the Yang-Mills functional.

Note that the Yang-Mills is bounded from both below and above. More precisely, we have
0 <YM,(A) < 2ws, where ws is the number of 3-cliques in I'. The global minimum can be easily
achieved by setting the connection A to be the identity.

Proposition 5.3. For a (connected) graph T with w(T') > 3 and trivial 71(K(T")), the global
mazximum of the Yang-Mills functional on T' can always be achieved.

Proof. Let T be a spanning tree of I'. For any two vertices i and j of T, we set A(i,j) = (—1)%i~!
if {¢,j} is an edge of I', where d;; is the length of the path connecting ¢ and j in T. In particular,
A(i,7) = 11if {i,j} is an edge of T, i.e., we are in the spanning tree gauge. Now fix an edge {4, j}
of T which is not in T'. {4, j} together with the path connecting ¢ and j in T forms a cycle C in T'.
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Since 71 (K(T)) is trivial, C' can be partitioned into triangles. For any such triangle {4, j', k’'}, we
assume that, without loss of generality, di/y = dyvj» + djrpr. 1t follows that

Fp(i/,jl,kl) _ A(i/7j/)A(j’,/€’)A(/€’,i/) _ (_1)di/j/—1(_1)d_7»/k/—1(_1)—d7¢/k/+1 = 1.
Therefore, A is a global maximizer of the Yang-Mills functional on I'. O

Definition 5.3. We call a solution to the Yang-Mills equations trivial if it is a global mini-
mizer/maximizer of the Yang-Mills functional.

Example 5.2. Let G = U(1). We choose the spanning tree T as in Figure There are three

2

4
N

Figure 5.2: The complete graph Kjy.

degrees of freedom, namely, A(2,3), A(2,4), A(3,4). Let G = U(1). The solutions to (5.3)) are

A(2,3) = A(2,4) = A(3,4) = +1,

A(2,3) = A(2,4)7! = —A(3,4)7! = exp(ia),
A(2,3) = —A(2,4) = A(3,4) = exp(ia),
A(2,3) = —A(2,4) = —A(3,4) ! = exp(ia).

The solution A(2,3) = A(2,4) = A(3,4) = 1 is the minimizer of the Yang-Mills functional, and

Figure 5.3: The space of nontrivial solutions to the U(1) Yang-Mills equations on Kjy.

the solution A(2,3) = A(2,4) = A(3,4) = —1 is the maximizer of the Yang-Mills functional. The
space of nontrivial solutions is depicted in Figure [5.3] The two intersection points correspond to
the solutions

A(2,3) = —A(2,4) = A(3,4) = +i.

This space has a S3-symmetry, which is inherited from the S3-symmetry of the pair (K4, T).
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Remark 5.2. The computation of solutions to the U(1) Yang-Mills equations on the complete graph
K,, becomes much more harder for n > 5. However, we know the space of nontrivial solutions (if
nonempty) should have a S,,_1-symmetry.

To simplify the computation, a natural idea is to decompose the graph into easily computable
pieces. For example, if a (connected) graph T' can be obtained by connecting two graphs I'; and
I'; connected by a path (see Figure , then it is easy to show that the space of solutions to the
Yang-Mills equations on T' is the Cartesian product of the spaces of solutions to the Yang-Mills
equations on I'y and T's.

Iy — — —ee----- — — Iy
Figure 5.4: A graph I" obtained by two graphs I'; and I's connected by a path.

6 Yang-Mills-Higgs functional
Definition 6.1. Let I" be a graph with w(I") > 3. The Yang-Mills-Higgs functional is defined as
1 1

where ¢ is a section of Wr and V is an non-negative function on the space of sections of Wr.

Let’s derive the Euler-Lagrange equations to (6.1). For simplicity, we set V(¢) = 0. The
variation of the second term of (6.1]) with respect to A is

(6A¢,dag) = > Tr(8Ad(i, )(dad(i, /)T

=2 Tr (84G, )6 ()(AG, )6 () — 6(0)")
=D Tr (840, 5) (6()6() Al 1) = 6(7)e(0)')) -

Recall that
(6A,dyF) = Tr (6AG, §) (daF(i, )" — A, ) (da F(,9) A(,4))) -

1<j
We arrive at the Euler-Lagrange equations for the connection A, which are
A5 F (i, §) — AL, §) (A F(5,1) Al 5) = (0)o()T — Al 5)o()o ()T, (6.2)

or equivalently,

STE(i15) = > Fplin5.1) = Ali.5)6()6(5) AG. ) — ¢(D)(i) A, 1). (6.3)
l l
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The variation of the second term of (6.1) with respect to ¢ is
<dA5¢7dA¢> = <6¢7 AA¢(Z)> = Oa

where A4 is the connection Laplacian. By (4.4)), the Euler-Lagrange equations for the scalar field
¢ are

deg(i)¢(i) — > A(i,1)¢(1) = 0. (6.4)
l

7 Conclusions and future directions

In this paper, we have developed a discrete setting for gauge theories which preserves most of the
flavor of the original continuous setting. Possible future research directions can be a more detailed
study of the solutions to the Yang-Mills(-Higgs) equations, and incorporations of further concepts
and theorems (e.g., Wilson’s area law [3]) from lattice gauge theory into this framework.
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